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Lattice QCD spectroscopy
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Systematically-improvable
first-principles calculations

* Discretise spacetime in a finite volume
* Compute correlation fns. numerically
(Euclidean time, t 2 i t)
Note:
* Finiteaand L
* Possibly heavy u, d quarks
(= unphysical m_)
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Lattice QCD spectroscopy Systematically-improvable
first-principles calculations
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* Discretise spacetime in a finite volume
$ a * Compute correlation fns. numerically
(Euclidean time, t 2 i t)

Note:
* Finiteaand L
* Possibly heavy u, d quarks
(= unphysical m_)
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Finite-volume energy eigenstates from: E

Ci;(t) = (0|0;(1)01(0)| 0} L

Excited spectra: large bases of operators with appropriate structures



Scattering and resonances

Most hadrons are resonances and decay strongly to lighter hadrons

180°




Scattering and resonances

Most hadrons are resonances and decay strongly to lighter hadrons
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Singularity structure of scattering
matrix (poles = state content)
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Scattering and resonances in lattice QCD

Can’t directly compute scattering amplitudes in lattice QCD

Liischer method [NP B354, 531 (1991)]

and extensions: relate discrete set of

finite-volume energy levels {E__} to
infinite-volume scattering t-matrix. p= f(nxa Ny, nz)
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Scattering and resonances in lattice QCD

Can’t directly compute scattering amplitudes in lattice QCD

Liischer method [NP B354, 531 (1991)]

and extensions: relate discrete set of

finite-volume energy levels {E__} to o
infinite-volume scattering t-matrix. p= f(nxa Ny, nz)

Elastic scattering: one-to-one mapping E_, <> t(E

cm)

Coupled channels: under-constrained problem
(each E_, constrains t-matrix at that E_)

Param. t(E_,) using various forms, e.g. K-matrix (unitarity)
[see e.g. review Bricefio, Dudek, Young, Rev. Mod. Phys. 90, 025001 (2018)]

Analytically continue t(E_,) in complex E_, plane, look for poles.

Demonstrated in calcs. of p, light scalars, b,;, charm mesons, ...

[Complication: reduced sym. of lattice vol. 2 mixing of partial waves]






Charm (D) and charm-strange (D) mesons
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Charm (D) and charm-strange (D) mesons
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Charm (D) and charm-strange (D) mesons

D (cT) ... Ds(cd)
2400} D6(2300) T | | DK
> (= —)
ot Do D*(2317)
2°°°_D - Exotic structures seen
: in LHCb ~ 2900 MeV
1800} T 17 ot 1* 2+ |1 0~ | (C_gud and Cgud)




Other calculations

Some other lattice QCD work on DK and/or D scattering:
 Mohler et al [PR D87, 034501 (2013), 1208.4059];

* Liuetal [PRD87,014508 (2013), 1208.4535];

 Mohleretal [PRL111, 222001 (2013), 1308.3175];
 Langetal [PR D90, 034510 (2014), 1403.8103];

« Bali et al (RQCD) [PR D96, 074501 (2017), 1706.01247];

e Alexandrou et al (ETM) [PR D101 034502 (2020), 1911.08435];
* Gregoryetal [2106.15391];

 Yanetal [2404.13479].

Also:

* Martinez Torres et al [JHEP 05 (2015) 153, 1412.1706];

» Albaladejo et al [PLB767,465(2017),1610.06727];

* Duetal [PR D98, 094018 (2018), 1712.07957];

* Guoetal [PRD98,014510(2018), 1801.10122];

e Guoetal [EP)C79, 13 (2019), 1811.05585];

* Lutz, Guo, Heo, Korpa [PR D106, 114038 (2022), 2209.10601];
* Korpa et al [PR D107, L031505 (2023), 2211.03508];

* Asokan et al [PR D107, LO31505 (2023), 2212.07856];

* Gil-Dominguez, Molina [PRD, 2306.01848].



[Yeo, Thomas, Wilson (HadSpec),
DK /m with SU(3); sym 2403.10498 (JHEP)]

SU(3) flavour symmetry (m =m =m,)
D5 (D, D,) = 1960 MeV; ng (10, K, ...) = 690 MeV
N, = 940 MeV

Elastic D3 ngscattering:3 ® 8=3 @ 6 P 15
(S-wave, JF¢ = 0*)
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[Yeo, Thomas, Wilson (HadSpec),
DK /m with SU(3)F sym 2403.10498 (JHEP)]

SU(3) flavour symmetry (m =m =m,)
D5 (D, D,) = 1960 MeV; ng (10, K, ...) = 690 MeV
N, = 940 MeV

Elastic D3 ngscattering: 3 ® 8 =3 @|6 P 15
(S-wave, JF¢ = 0*)

Exotic flavour (can’t be just qq)

* Study dependence of DK /m scattering on light-quark mass
* Disentangle different SU(3); multiplets

(I=0) DK-Dyy: 3615 (I=1Y) Dr-Dn-D,K:[356)515

[See also PR D87, 014508 (2013) (1208.4535); PL B767, 465 (2017) (1610.06727); PR D98, 094018
(2018) (1712.07957); PR D98 014510 (2018) (1801.10122); EPJ C79, 13 (2019) (1811.05585);
arXiv:2106.15391; PR D107, L031505 (2023)]



[Yeo, Thomas, Wilson (HadSpec),

DK/T[ with SU(3)F sym — 3 2403.10498 (JHEP)]

P=[0,0,0] JF=0% (4", ...
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- [Yeo, Thomas, Wilson (HadSpec),
DK /m with SU(3)F sym — 3 2403.10498 (JHEP)]

E.n/MeV
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Constrained by 8 energy levels



- [Yeo, Thomas, Wilson (HadSpec),
DK /m with SU(3)F sym —3 2403.10498 (JHEP)]

Eom/MeV
2600 2650 2700 2750 2800 2850 2900

21,12
P 0 40

Effective range (b)

— (
055 | omm e ewe| BOUNd state pole at m = 2432 — 2439 MeV
(210 — 220 MeV below thresh.)

ol 2
0.30 |lamp| strongly coupled to D3 Ng
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~ consistent with conventional quark model state
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Constrained by 8 energy levels



[Yeo, Thomas, Wilson (HadSpec),
DK /m with SU(3)F sym —6 2403.10498 (JHEP)]

P=[0,0,0] JF=0% (4", ...

0.67 7 = D3ng
\ — D;wﬂ \\
0.66 . _

Use many D3 ng, ...
operators
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DK /7 with SU(3); sym — 6

reo ol
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[Yeo, Thomas, Wilson (HadSpec),

2403.10498 (JHEP)]
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[Yeo, Thomas, Wilson (HadSpec),

DK/TL’ with SU(3)F sym — 6 2403.10498 (JHEP)]

E../MeV
pg ] 9 2600 2700 2800 2900 3000
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0.200 - ~——— K—matrix (d)
~ | a mp | 2 —— Qther reasonable fits
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Constrained by 14 energy levels
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DK /7 with SU(3); sym — 6

[Yeo, Thomas, Wilson (HadSpec),
2403.10498 (JHEP)]

‘f azk cot 0 0.5 -
P s
k cot &6
—— Effective range (b)
0. ——— K—matrix (d)
—— Otbher reasonable fits 0.4 -
0. ¥ 16° [o00jAT '
++ 20 [000]AT
0 4 243 [000]AT
3
HH 247 [100]A4 0.3 -
0. B 24® [110]4,
0. 7 i
0.2 -
0. =1
=

able fits

=~

—0:1. <

[0 (@)
0.005 0.010 0015 0.020

(atk)2 a’tEcm

J

Constrained by 14 energy levels
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[Yeo, Thomas, Wilson (HadSpec),
DK /m with SU(3)F sym —6 2403.10498 (JHEP)]
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Constrained by 14 energy levels
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DK /7 with SU(3), sym — 15

0.67

=[0,0,0] J* =07, (4,
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NS
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[Yeo, Thomas, Wilson (HadSpec),

2403.10498 (JHEP)]
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24

Use many D3 ng, ...

operators

a4 )
Weak repulsion.
No poles in energy
region considered
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[HadSpec, 1607.07093, 2008.06432,
DK/T[ with SU(3)F sym 2102.04974, 2403.10498]

2800
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[HadSpec, 1607.07093, 2008.06432,
DK/T[ with SU(3)F sym 2102.04974, 2403.10498]

2800 - Note: Dy pole position may be 1
lower than PDG exp. mass. J Dss
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DK /7 with SU(3); sym

2800 1
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E/MeV
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2000 1

[HadSpec, 1607.07093, 2008.06432,
2102.04974, 2403.10498]
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T, T¢e seenin D°D%r™ at LHCb [2109.01038, 2109.01056]
Close to DD threshold, JP=1*, |1=0, exotic flavour (ccud)

s 10¢ | —
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S.}J
oo
Q

BT B 3.9
MpOp0+ [Ge\// c }



T, T¢e seenin D°D%r™ at LHCb [2109.01038, 2109.01056]
Close to DD threshold, JP=1*, |1=0, exotic flavour (ccud)

o O T T a1 Otherlattice calcs:
2 cob LHCh 3% 1] + Padmanath & Prelovsek
Sk SR + i3 [2202.10110, PRL];
2 50F | i3 J( 139 e+ Chenetal
~ B > 155— + : Eln
< F 10f Jr 4 [2206.06185, PLB];
= 40F- s A4 iyt |3
- N T Fos=i 1 e Lyuetal (HALQCD)
oL em e, ST TN (230200505, PRL
- T eckwromnd 1« Collins, Nefediev,
201 J{ o BI(T]';E hreshold - Padmanath, Prelovsek
- H : J[ 1 [2402.14715, PRD];
10 HJHP # J(J( H _— See also:
NS 4 ﬂ‘f TLJ[ ++ %ﬂ + i * Du et al [2303.09441, PRL];
E . . 4 e+ Mengetal
3.87 3.88 3.89 39 [2312.01930, PRD].

MpOp0+ [Ge /c }

What about higher energies (coupled DD*, D*D")?



Coupled DD*, D*D~ scattering

First l[attice QCD calculation
of coupled DD*,D*D*
scattering (1=0)

m_= 391 MeV (D" is stable),
3 lattice volumes

Use many meson-meson-like
DD* and D*D™ ops

[Whyte, Wilson, Thomas (HadSpec), 2405.15741]
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Coupled DD*, D*D~ scattering

P=[0,0,0] JF=1", ..

(0007

2\

N\

O\
N

a Ecm
First lattice QCD calculation 0t74 B
of coupled DD*, D*D* |
scattering (1=0) 0.73
m_= 391 MeV (D" is stable), 0.72
3 lattice volumes
0.71
_ []
Use many meson-meson-like 0
DD* and D*D" ops |
0.69 |-
ju}
0.68 |
16

[Whyte, Wilson, Thomas (HadSpec), 2405.15741]

’.I l) I.‘
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T..and T, in coupled DD*, D*D* scattering

Papytizaissl?

L' bppsy s pprgs) JP=1t
D‘D“{:‘Sl}—yrD“D*{“Sl}
08 -

DD*{35,} — DD*{3*D,}
D*D*{gsl} — D*Dt{.'{Dl}
06 | PD{D:i} - DD*{*D;}

DD*{385,} —» D*D* {38} ——
D*D*(3D,} » D*'D*?D,} ——

Use 109 energy levels

04
0.2 |
%,
4
0 T T Eem (MeV)

3900 3950 4000 4050 4100
163 . . s s o
203 . © 8 000 8 ° SIEINNN IS 0 S MNBB® OB o
243 . 00 0 R ENCHNING SO B WMIEIIEEE ¢ o

T T T T T Eem (MeV)
3900 3950 4000 4050 4100

[2405.15741]



T..and T, in coupled DD*, D*D* scattering

Papytizaissl?

1 2 Imy/s / MeV
DD*{#8,} - DD*{38,} —— jP= 1"' 50
D'D*{331}—)D*D*{331}

DD {35} » D*D*{35,} —— \/— ~
08 | s =~ 3971(35) MeV

DD*{38,} = DD*[*D,} m_ =391 MeV 40

DtD* {3511 } s D*D* {.’{D1 } . TT
06 L DPD{*Di} > DD{*D} I'=1 1(13) MeV
D*D*(3D,} » D*'D*?D,} —— 30

04 20
0.2 | 10 <

'00 *\&.‘5 O*\e(‘“

% Vs ~ 3834(31) MeV N N
0 | E(:m. (MCV) 0 ] t O T T T O ‘R.e\/g / MeV
3900 39560 4000 4050 4100 3850 3900 3950 4000 4050
163 .
203 . ® 0 2 00 0 P CIEMINNN IS F0 D NOE® B » * . o . .. .
243 ® S0 0 CEEL I ENEHIINS S8 CEE W@ & o * z .. o um oo o +42 —
E. (M[}V) - *e @ @ 0 GNIN IS ¢ ‘00 -
I I I ‘ I e |Ec1n (ME‘V)

3900 3950 4000 4050 4100

3,
\ T T \ T
3800 3850 390(/ 3950 4000 4050

Virtual bound state (T.) Resonance (T,.) pole on (+, -)

below DD™ threshold sheet below D*D* threshold
V/'s /= 3834(31) MeV (might be seen in DD, DD)

[2405.15741]



T..and T, in coupled DD*, D*D* scattering

Papytizaissl?
1 -

08

06 L DD*Di} » DD*{*D}
D*D*{Sﬂl} — U*D*{le}

DD*{#8,} - DD*{38,} ——
D'D*{331} Y D*D*{SS1}

DD*{38:} - D*D*{35} ——

DD*{*8,} = DD*[*D,}
D*D*{:‘}S]} s D*D*{HD_I}

2 Imy/s / MeV
JP=1* 50 -
m_ =391 MeV 107
30

V5 & 3971(35) MeV
I~ 11(13) MeV

04 20
02 | 10 - .
o, *\;6(‘ O*\"“
Vs ~ 3834(31) MeV N N
0 T B (MeV) 0 — O , —O | Rey/s / MeV
3900 3950 4000 4050 4100 3850 3900 3950 4000 4050

163 .
203 . « e o
243 e ese e

0 0 BN IES ¢ S SN0 WMINMINBEE ¢ o

® 0 CEDOHNID 00 00 O WINOB N IO ¢

T
3900

Virtual bound state (T,.)
below DD* threshold
Vs ~ 3834(31) MeV

[2405.15741]

T T I T Eem (McV)

L
[ ] LI . * & & 0 SED NG e 42
- *e o @ 0 G IS S 00 00 = I ’

3950 4000 4050 4100

T T I 1 E{"m (ME‘V)
390(/ 3950 4000 4050

Resonance (T,.) pole on (+, -)
sheet below D*D* threshold
(might be seen in DD, DDm)

Effect of left hand cut from mt exchange

(=18 MeV below DD* threshold)?
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Charmonium scalar (0**) and tensor (2**) resonances

Experimental situation:

 Ground state y.o(1P) and y,,(1P) below DD threshold.
Above that it is less clear...
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Charmonium scalar (0**) and tensor (2**) resonances

Experimental situation:

 Ground state y.o(1P) and y,,(1P) below DD threshold.
Above that it is less clear...

* x:0(3860) - DD (Belle). Not seenin Bt - D*D™K™ (LHCb).
Theoretical reanalyses: may be from pole below DD thresh.

e X(3930) — DD (LHCb)

« X(3960) — D.D. (LHCb)

* X(3915) - J/Yw (Belle)

* x:2(3930) - DD (Belle, BABAR, LHCb)

19



Charmonium 0O+t

and 2** resonances

m_= 391 MeV,
3 lattice volumes

Use many

fermion-bilinear (cI' D ... ¢)
and meson-meson-like ops

(nen, DD, nen’, DsDs, DD,
DsDg, Yw, D*D*, Y, n.o,
Xc0,20, .)

First ‘complete’ lattice study
of this energy region.

[Wilson, Thomas, Dudek, Edwards
(HadSpec), 2309.14070 (PRL),
2309.14071 (PRD)]
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Charmonium 0O+t

and 2** resonances

m_= 391 MeV,
3 lattice volumes

Use many

fermion-bilinear (cI' D ... ¢)
and meson-meson-like ops
(nen, DD, nen’, DsDs, DD,
DsDs,yw, D*D*, Yo, nco
AQXLZOU-u)

First ‘complete’ lattice study
of this energy region.

[Wilson, Thomas, Dudek, Edwards
(HadSpec), 2309.14070 (PRL),
2309.14071 (PRD)]

P=[0,0,0] JF=0%, (47, ...)
[000] AT

Ecm/

MeV|

4000

3900

3800

3700

3600

3500
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Charmonium 0** and 2** resonances [2309.14070, 2309.14071]

2 2 ~
pipsltil JPe =ott pipslti] JPC =2t ma~ 391 MeV
L - L 1 . 1
058 pp{isy} — DD{'Sy) 057 DDA T?Z} _’_DD{_Dj}
D.D.{ 'S0} = D.D.{'50} DD'{"Dz} = DD"{"Ds}
Ly Sop — sLs1 20 il \ jl
0.4F prp*rig1 o prp*ils 0.4f D.D.{ —l"?_-; "I'l}\.()._‘_’lll}_llL
D*D*{'Sy} — D*D*{ 'Sy} D D35} - D*D+{35,)
0.3 0.3F
0.2+ 0.2k
0.1F 0.1F
O : o=05 S o o
DD{'Sy} — DD 'Sy} B .
0.2 DD{'Sy} — D*D*{'S,} 0.2F DD{'D2} = DD"{*Ds}
DD{'Dy} — D*D*{"Ss}
0.1 o.1F PP D2} = DT D{7S:}
o— ' e T o— '
{-‘w'{lSU} — hw] ]Su} ”“”{302} = ment ng}
011 5en{ So} — nen{'So} 01f vwlSa} = v 5}
vo{'Sa} = vo{'So} 5. v6{"S2} = 4o{°S2} .1
B . ' o o — . Oh—0
DD D.D, Yw DD g DD DD* DD, vw D'D*  Eem/MeV
o aoo L-L-N-] oo O 00 OO 00 -] -] L] a o o ©oo @ oo e o o oo oom oo oo ®mIo O o w
0: o o o o o uago QCDDQ GDO ° o ° oo auou o a6 a0 -] :oouno [-F-¥-] Qoﬂ L-=-] wmﬁ% -]
m/MeV

Use more than 200 energy levels
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Charmonium 0** and 2** resonances
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[2309.14070, 2309.14071]
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Charmonium 0** and 2** resonances [2309.14070, 2309.14071]

2 v 2 9 ~ 2 r
pipjltil JPC' =0+t pip;lti;l JPC — o+t my == 391 MeV
rlL =L 1 N 1

058 po(is,) - DD(S) 0t DD('Ds} » DD{'Dz)

A St N g TN DD*{*Da} — DD*{*Dy)

LA Ligy 20y » Llg s Dog oA rln . P Slno
04F prp*rle  pep*lle 04F DDt Dap = DDy " Daj

D*D*{'S5} — D*D* {8y} D*D* (353} — D D" {53}
0.3 0.3F
0.2k 0.2k

0.1 /ﬁ 0.1f

* Onlyone y. and one y., resonance up to = 4100 MeV.
* No large scattering amps in channels with cc + light meson

* Above ground state y.o no other 0** bound states or
near-DD / D.D, threshold resonances.
c.f. claims for an additional y.¢(3860) by Belle [1704.01872],
lattice calc by Prelovsek et al [2011.02542], some models and
some reanalysis of experimental data.

* (Also bound state in 2t and narrow resonance in 3*%.)
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* Afew examples of recent lattice QCD calculations of charm and
charmonium(-like) mesons.

* DK /m at SU(3); sym. point — bound state in 3 and
exotic-flavour virtual bound state in 6.

 T..and T;. in coupled DD*, D*D* scattering.

e Scalar and tensor charmonium resonances
(only one of each in energy region investigated).

Study evolution as vary light-quark masses

Effect of left hand cut?

* Three (or more!?) hadron scattering

* Probe structure, e.g. transitions and form factors

[F3 =555, DiRAC had/gpec
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