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why three-body systems?

O hadron spectroscopy

O nuclear structure / neutrino physics

O precision tests
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The Roper?

0 Not so simple...

[the Roper]

N(1440) 1/2_|— I(JP) - %(%+) Status: K Xk X X

Older and obsolete values are listed and referenced in the 2014 edi-
tion, Chinese Physics €38 070001 (2014).

Mode Fraction (I';/T)
1 N 55—75 % O
o Nn <1% oo Oe N7t ]
'3 Nnm 17-50 %
4 A(1232) 7, P-wave 6—27 %
5 No 11-23 % [the nucleon]
6 P7, helicity=1/2 0.035-0.048 %
"2 n7, helicity=1/2 0.02-0.04 %




Key questions to answer

[ JWhich enhancements in cross sections are actual resonances?
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Key questions to answer
[_(JWhich enhancements in cross sections are actual resonances?
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[_JIf real, what is its inner structure?
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Key questions to answer

[ JWhich enhancements in cross sections are actual resonances?

1
A~ log(s — St) VS. d% ™ 7} Y
s — (mpr— 5I')
“just a poser” N “the real deal”
. . . ? ," ~‘\ l I ] |
[JIf real, what is its inner structure ! X(2370); ——
¥ ' £ —— ETMC 18

— ETMC 20

[JGiven structural information, can we say anything
about the nature?

[J Can we deduce general principles from the QCD spectrum?



Overarching goal

non-perturbatively constrain two- and three-hadron scattering
amplitudes directly from the standard model (including electroweak & BSM probes)
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Overarching goal

non-perturbatively constrain two- and three-hadron scattering
amplitudes directly from the standard model (including electroweak & BSM probes)

three questions to answer

[Jwhy are three-body so much harder? &

O,
[ Jwhat has been done? &

o5

[Jwhat can we expect to be done? &



Arsenal of non-perturbative tools

Scattering theory

Benefits
M analytic description,
M correct singular behavior,
M infinite-volume Minkowski observables

Limitations
[Junknown real functions

Im|[s]

Re[s]
| (3m)>? EFTs can be understood as a subset of this




Arsenal of non-perturbative tools

Scattering theory Lattice QCD
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Benetits Benetfits
M analytic description, M treats dynamics exactly,
M correct singular behavior,
M infinite-volume Minkowski observables Limitations
[Jcomputationally costly
Limitations [finite Euclidean spacetime
[J unknown real functions [no asymptotic states
Im|[s] Im|[s]

}M()—()’VWW Re[s] l-——-—-()——O-O-O-()O- Re[s]
(3m)?



Arsenal of non-perturbative tools

Scattering theory Lattice QCD
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short-distance dynamics D sssmmsmEsssEsEsmmnn A

nearly a continuum of references:
Rusetsky & Polejaeva(2012)

RB & Davoudi (2012)

Hansen & Sharpe (2014+)

RB, Hansen, Sharpe, ...(2017+)

Mai & Doring (2017)

Jackura & RB (2023)
RB, Jackura & Costa (to appear)
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Arsenal of non-perturbative tools

58S

short-distance dynamics

iMs = &ﬁ'? +% L

Scattering theory

satisfies an integral equation

(WhereD:./\/le./\/lz and
dz—G—/G./\/lzd




Arsenal of non-perturbative tools
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short-distance dynamics

Scattering theory

iMs = &ﬁ'? +% +...+?:p( L

C

]CS real and non-singular
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short-distance dynamics
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Scattering theory




Integral equations

We need to solve:

dmax
d(plv Svp) — _G(plv Sap) o / (
O

Need to resort to numerical solutions.

d>q
270)3 2wy

G(pla S, q)MZ(Q7 3) d(q7 S p)



Integral equations

We need to solve:

dmax
d(plv Svp) — _G(pla Sap) o / (
O

Need to resort to numerical solutions.

d>q

277)32wq G(p y S q)MZ(Q7 3) d(q7 S p)

Three correlated challenges:
13D integral equation,
[need to project to angular momentum and parity,
[Jintegration kernel is generally singular.



Partial wave projections

The one-particle exchange is one of the main sources of singularities.
Let us consider the case where § = O:

K 1
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Partial wave projections

The one-particle exchange is one of the main sources of singularities.
Let us consider the case where S = O:

K 1

~ G(p, k) = ,
0000 )S:O _ 1
(F —wg —wp) — k? —p? —m? — 2pk cos 6 + i€

S
Projecting to total /| = 0 amounts to integrating over all angles:
k
M o e 1 1

3 Zpk —

~ G(p, k :—/ dcosO G(p, k) = log =
o (0.K) =5 [ deosfGlp k) = 1 2 log P

(p. k) = (FE — wg — wp)? — k% —p* —m?

| &



Partial wave projections

In general...

lrrs'ns L
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Legendre functions



Partial wave projections

In general...




Numerical tests

= unitarity

1.00-
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0.901
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0.00+
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o analyticity

Jackura Dawid Isla

& Efimov physics

# mirror pole

? heet —1
Efimov states 3¢ |thr. |f loops SHEE
AF, AE, AE,
- ‘.\\
sheet 0
(physical)
resonance AL
pole loops
sheet +1
L conjectured sheet +2

“missing” poles
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short-distance dynamics D sssmmsmEsssEsEsmmnn A
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& Two point correlation functions:

C(t) = (0]0()0T(0)]0) = Ycpe Ent =

n




Arsenal of non-perturbative tools
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short-distance dynamics D sssmmsmEsssEsEsmmnn A

Latthe QCD ““““ - ...................
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& Two point correlation functions:

C(t) =(0]0(6)07(0)]0) = Ycpe™ "t =

& The energy of three identical spinless bosons in a box satisfies:

F3_1(Pn7 L) T ]C3(Pfr%) =0 +0 (e ™k

Hansen & Sharpe (2014+)



JTT Scattering

(I=2 channel, m, ~ 390MeV)
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JTT Scattering

(I=2 channel, m, ~ 390MeV)

det|F'—

(P,L)
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JUTIT

(I=3 channel, m, ~ 390MeV)
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JUTIT

(I=3 channel, m, ~ 390MeV)
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JUTIT

(I=3 channel, m, ~ 390MeV)
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JUTTIT scattering

(I=3 channel, m,; ~ 390MeV)
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JUTTIT scattering

(I=3 channel, m,; ~ 390MeV)
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Quark-mass dependence
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Overarching goal

non-perturbatively constrain two- and three-hadron scattering
amplitudes directly from the standard model (including electroweak & BSM probes)

three questions to answer

M why are three-body so much harder? &

O,
1 what has been done? <&

o5

[J what can we expect to be done? &



what can we expect to be done?

Formal issues:

(] coupled 2-3 bodies,
] non-identical particles, [the ROper]
[] electroweak production,

] non-zero intrinsic spin,

[] electroweak probes,

...

N7 ~ 25-50 %]

— e
@ [the nucleon]




what can we expect to be done?

Formal issues: Exploratory lattice QCD:
[coupled 2-3 bodies, [(Jresonant / strongly interacting mesonic systems
[ ] non-identical particles, (137 channels
(] electroweak production, O7.. < DD* < DDxn
[_] non-zero intrinsic spin, []... Nm — Nntrr...?
[] electroweak probes,
...



Symbiotic byproducts

Formal & numerical tools being developed are universal.

These will impact studies in
M hadron structure,

M nuclear structure / nuclear-astrophysics,

/] fundamental symmetries, ee

M universal phenomena,....

P
lattice QCD

few-body techniques




rapidly developing field!

P
& formal developments
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{ actual lattice calculations

# mirror pole

3 heet —1
Efimov states 3¢ |thr. | loops BISS
AVEUN Ex A B, :
- -.\\
sheet 0
(physical)
- pb}’Sjcaj axs
resonance ‘/
pole loops C
‘ sheet +1
. conjectured sheet 42

“missing” poles

&1 further explorations
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Two particle in finite volume

Similar story as before...except momenta are discrete k = 2nn/L

Foo.00 Foo:11  Foo:10
Fi1.00 Fi1.11 Fii:10
o Fio.00 Fio:11 Fio:10

non-diagonal matrix over partial
waves...because angular momentum is not
a good quantum number



Two partlcle in finite volume

Sim tory as before...except momen k 2T /L
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Two particle in finite volume

Similar story as befor cept momenta a crete k = 2nn/L

My = X ):(+>Q>(
Cxx
T

v

. 1 1 B
—)ZMI—I—FM det| '™ " 4+ M| =




Some comments
det[F~1 (P, L) + M(P?)] = 0

& exact up to O (e”™nl)
@ Mapping, not an extrapolationg,
I Not one-to-one [no asymptotic states & angular momentum is not a good quantum number],

@ For moderate energies, low partial waves saturate the amplitude,

& We know F arbitrary boost, so we can further constraint the amplitude by considered

mL =8

/{ 1maginary
| |

boosted systems. 60

—601 1

E*/m



Going to higher energies

Im|[s]

9,0.0.0.0,.0.0,0.0,0,.0.0_.1C0

(2m")? (3m)°

working on it!

there also be dragons! done!



Outline

« Formalism
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JTT Scattering

(I=2 channel, m, ~ 390MeV

AR

(L)Lmﬂ'
P4

)

%

=
_|_

=
_I_

\[11

N\

[/

S

W7

20 24 920 24

20 24

20 24 20 24
1
pcotd — ip

det

F~Y(P,L) + M(P)] =0

~

)

o 20° [000] @ 243 [000)
= 205 [001]  * 243 [001]
0 20° [011] =243 [011]
v 20° [111] w243 [111]
A 207 [002] A 247 [002




JTT Scattering

(I=2 channel, m, ~ 390MeV)

det|F'—
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JT7T Scattering

(I=1 channel)
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JT7T Scattering

(I=1 channel)

180

L Mg = 391 MeV

m, = 236 MeV

700

600
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resonance pole

/<

8—80

so = (mgr —il'g/2)?

T, =2-Im(E,)/MeV

—50}

—100+

—150¢

300 900

m, =Re(E,)/MeV

K

m, =536 MeV
m, =391 MeV

m, =236 MeV

m, =140 MeV, Lattice QCD + UxPT

m, = 140 MeV, Roy Equation

m, = 700 MeV




Coupled rtrr, KK and the fo’s

& Above K K-threshold, spectrum satisfies:

@ No one-to-one correspondence,

@ Parameterize amplitude and perform global fit.
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