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Associated physics: Confinement, Bjorken scaling,
QCD foundations.

What works:

Perturbation theory at high energies

Lattice calculations at zero chemical potential
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YM is highly non-linear, and strongly interacting
What doesn’t work:

Negative beta functions invalidate perturbation
theory at low energy scales

Lattice theories breakdown at:
finite chemical potential
Large Volumes

Small lattice spacing.
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YM Calculations: The Path Forward

We need non-perturbative analytic methods for
non-abelian gauge theories!

We have them for scalar QFT, Ads/CFT, and
condensed matter (SYK).

This talk provides a novel approach to non-abelian
theories by combining:

Background-field theory calculations
Hubbard-Stratonovich transformation
Laplace’s method.






The Background Field Method

Main ldea:




The Background Field Method

Main ldea:
Start with the Yang-Mills partition function




The Background Field Method

Main ldea:
Start with the Yang-Mills partition function

Z= / DA{%IX(I’Q‘”)Q



The Background Field Method

Main ldea:
Start with the Yang-Mills partition function

Z= / DA{%IX(I’Q‘”)Q

Split the gauge field into:



The Background Field Method

Main ldea:
Start with the Yang-Mills partition function

Z= / DA{%IX(I’Q‘”)Q

Split the gauge field into:
background field + fluctuations.

AL(x) = Bi(x) + au(x)
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Main ldea:
Start with the Yang-Mills partition function

1 Fa )2
Z:/DAe SRR (1)

Split the gauge field into:
background field + fluctuations.

AL(x) = Bi(x) + au(x) (2)

This allows for an expansion around B in terms of

a
au.






The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):




The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):

— [ 15(F2,)?—S—S
Z:/B/Dae o (3)




The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):

— [ 15(F2,)?—S—S
Z:/B/Dae G sl (3)

So gives the quadratic contributions in a7, S gives
the cubic and quartic terms.




The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):

— [ 15(F2,)?—S—S
Z:/B/Dae G sl (3)

So gives the quadratic contributions in a7, S gives
the cubic and quartic terms.




The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):

— [ 15(F2,)?—S—S
Z:/B/Dae G sl (3)

So gives the quadratic contributions in a7, S gives
the cubic and quartic terms.




The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):

— [ 15(F2,)?—S—S
Z:/B/Dae G sl (3)

So gives the quadratic contributions in a7, S gives
the cubic and quartic terms.

The general strategy: reduce the complexity of S;.




The Background Field Method

Z becomes a single integral over Bj and a path

integral over a7 (x):

— [ 15(F2,)?—S—S
Z:/B/Dae G sl (3)

So gives the quadratic contributions in a7, S gives
the cubic and quartic terms.

The general strategy: reduce the complexity of S;.

So, quadratic contributions, are calculable
(Gaussian).
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The Background Field Method

How can we simplify S; (cubic and quartic terms)?

Sy :/Xgo(D“aﬁ)fabca a; +éf(fabc abames W
Just drop 5,7
This gives the one-loop [-function, but also IR
divergences generic ny.
However, | discovered that IR divergence perfectly
cancels for nf = 12.

Elements of Confinement for QCD with Twelve
Massless Quarks: arXiv:2310.12203
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Stable background field configurations B

Boy ~ 4.2TN - (5)

Romatschke and | further found a vanishing
Polyakov loop expectation value under a critical
temperature T, ~ .81Ay;s, and a non-zero
expectation value for T > T..

We see this as a validation and proof of concept
for applying the BGFM to non-abelian theories.
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For generic ns, contributions from S; are needed
General strategy: reduce S; complexity.

Technical method: Hubbard-Stratonovich
transformation
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Hubbard-Stratonovich transformation

Simple Example:

. /dxeN[(A+m2)x2/\x4] (6)
HS—

| ~ /dA/ dxe—NIA+mM+in)x?]+ 5 A2 )

iA acts like an additional ” effective mass” coming
from the x* term

x can be integrated out: It’s Gaussian!
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Gap Equation from Laplace’'s Method

Left with some integral that looks like:

[ dAe=NF&)

In the large N limit:

[ dAeN(B) x o= NF(R)

A minimizes f(A)

The minimization condition: _%f(A) = 0 is the gap
equation!

In QM f(A) stems from a Hermitian operator.
If Minimization gives a non-trivial state...
“Gapped Hamiltonian”

“gap equation” comes from BCS theory.

Energy gap in the electronic spectrum of a
superconductor.
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What to do next?

Calculate Pure Yang-Millsind=3+1at T =0
How?

Apply a HS transformation to a background field
expansion of Z

This gives:

—2Y(BA"2— 1 Indet [050

S 5 20 ] +In det [Oghost

where:
0 = —(D?)2S + 2A%F,, + ABA*S,,,.
OGhost = 7(D2)ac

The effective action is gauge invariant.
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Results

Zeta-function regularization, and running coupling

renormalization allows for an exact continuum limit
calculation.

The beta function matches the one-loop result for

perturbative YM.

dg(p) _ —11g%(n)
dIn(p) 4872
Running Coupling

(9)
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Results
Independent gap equations are given for the

background and auxiliary fields.
Functional dependence on A: -In Z(A, B)

Functional Dependence of the Auxillary field A

5

f(A)

A

Gap: -
A — 2.82898.

(10)
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Free-energy density at A: —InZ(B, A)
Vacuum Free Energy Density

0.02+

0.00

=0)

-0.02-

F(B,T:

-0.04+
-0.06

Gap:

- 2.25885A2 A
B — TYM 4B
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Results

Vacuum Pressure:

InZ
;T = 6 x 0.0592377A . (12)

The scalar glueball mass is read off as:

M&jue = V BA2A = 2.52789Aypm. (13)
Lattice calculations give:
MEue = 3 ~ 4\qcp

Non-Perturbative Yang-Mills Beyond One-Loop
Order: arXiv:2407.13042
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Calculating the propagators
Confinement/Polyakov loop

Finite temp YM

Full QCD

Finite temperature and chemical potential QCD
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Defining the Background Operators
From spliting the gauge field:

k. Dis a.(x) — DEsB (x)s fabcaﬁ(x)a

% pv

where:
D3¢ = 0,6°° + F*°BP(x)

Square 7, to get:
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Gauge Fixing and Local Gauge Invariance

Gauge Fixing condition:

chaﬁ(x) =0

After gauge fixing Sy is invariant to:
aZ(X) = aZ(X) = fabcﬁb(x)a;(x)
Bi(x) = Bi(x) + Bi(x)Du5%(x) (19)
b (x) = c B i R )

The effective action remains invariant to this
transformation after applying a HS transformation.






The Eigenspectrum of Sy
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The Eigenspectrum of Sy

D3 = 8,0% + AR, (20)

where A is the hermitian matrix consisting of the
sum generators in the adjoint representation.

Then:

—(D?)% = — (85)0% — (81)6° + i(AB)* (x190 — x001)
+ 3 (A (8 + )

— (83)67€ — (83)0° + i(AB)* (x302 — x203)

+ %(AzBZ)"’C (>3 +x3).
(21)
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In the diagonal basis of A these zero eigenvalues
Let A’ be a six-by-six diagonal matrix containing
the non-zero eigenvalues of A

Now use:
0,1 1 1%,
GBS '“/ it 2( A/)2XH
(BA'):
(22)
0,1 1 hegh
C;TL: k #,1 5( A')2%,
(BA')?

— (D?) =BA’ |:(C0 +ic]) (co — ic1) + 1] - -

BA’[(C2 + /cg) (C2 — iC3) + 1],
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For zero eigenvalues of A contributions of D?
vanish in dim-reg or zeta-reg.

The remaining contributions are quantum harmonic
oscillators

Eigenspectrum of Sj:

(AD)mn=(2n+1)BX; + (2m + 1)BX, + 2B,

24
(A ) = (20 -+ 1)BAy + (2m + 1)BA, = 2835, 21
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Evaluating the Path Integral

HS transformation is applied to Z of the form
s o R a a fabc b ,c
/ Da/ De¢Rele! S i (=) = 1, (25)
—00 0

under the ansatz that ¢, is diagonal in Lorentz
space.
Some elbow grease gives:

EAd
(BAL)

3l
Z = /DaDcDE Re[exp[—/(ﬁjﬁ)z n 22
X 0

4g02
+ a3 [ = (D?)*¢6,, + 2A°°F,,

T ABAac(swj] 85 +e [(_(DM)2)5C} CC]} BA






Heat Kernels

d 1 2

Indetd = —[gﬁ :

dTT571K9:| ,

where
b —70/ 12
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Heat Kernels

Indetd = —

where

KGhost Z 5

&

il Zﬁ

d 1 2
& ),

Ko =Teib e 0/

167T

TB)éIA
47T2 2

dTT571K9:| ,







Indetf’s
Ghosts:

In det ghost = — Y _ BV
/

(
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Indetf’s
Ghosts:

(BN)? B
In det Oghost = Z}:ﬁv T In 2
Glues:
1 R BV(BN)?
— 5 Indet[0g},] = z/: =
d 1 00 DN
— | = 2/ drng et
ds [ T(s) 0
= 2 Tn—l(ﬁB)\’A)n 1
+/ dTZ IHZ :
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o
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Evaluating the Path Integral
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The equation:

kel “(B))2

bR g2

(BA')2 B!
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Evaluating the Path Integral

The equation:

nZ (BN
BV 4
B2 B\
e (487rg [11 In (2> TEAc =G IUAy e Ul 5 )
H BA
(32)
where

CG=In (Welz)
g(A, B, 1) = 3A%1In (iﬁl) + 121In(A)
O Sy (ln (6471'6) T |n(2))

+12A1n (r [A;zD — 24¢(10) <—1, A2+2> .
(33)







Renormalization

Use:
(B .
g%(n) g

48728
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Renormalization

Use:
1 =
g2(p)
Gives:
InZ (BX)?
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Renormalization

Use:

1 1
= = 5 g A Ba/-L
g*(n) g5 48w ( )
Gives:
InZ (BX)? Bt
e ] o =S G
BV 29 L e R
a

Solve the gap equations and get results!
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