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Introduction

@ Quark confinement is well understood based on the dual super conductor picture where
condensation of magnetic monopoles and antimonopoles occurs.

Gluon confinement is less understood with the dual superconductor picture.
We recall the color confinement criterion derived by Kugo and Ojima (1979).

If the Kugo and Ojima (KO) criterion is satisfied, all colored objects cannot be observed.

OOl/O

The KO criterion was derived only in the Lorenz gauge 0".«7, = 0, and clearly gauge
dependent.

i

The KO criterion is not directly applied to the other gauge fixing conditions.

@ In the Lorenz gauge, KO criterion is also derived as the condition of the restoration of the
residual gauge symmetry with the special choice of the gauge transformation function
w(x). (Hata(1982))

@ What is the residual gauge symmetry?
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Introduction

@ The residual local gauge symmetry is the local gauge symmetry remaining even after imposing the
gauge fixing condition.

@ This symmetry is “spontaneously broken” in the perturbative vacuum.

@ We consider the color confinement phase to be a disordered phase where all of symmetries are
unbroken.

@ The residual gauge symmetry is also restored in the true confining vacuum of QCD and we can
consider the condition of restoration as the condition of the disappearance of the massless NG
pole associated with sponteneously breaking.

@ We can generalize the condition of the restoration of the residual gauge symmetry into more
general gauge transformation including topological configurations. (Kondo, Fukushima(2022))

@ In the previous work, we have used the infinitesimal gauge transformation.

@ To correctly take into account topological configurations, we must consider a finite gauge
transformation.

— In this talk, we reconsider the condition of the restoration of the residual local gauge symmetry by
using finite gauge transformation.
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The restoration condition of the residual local gauge symmetry in the Maximal Abelian
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

@ In the operator formalism on the indefinite metric state space ), we suppose that the (nilpotent)
BRST symmetry exists.

@ Let Vynys be the physical state space with a semi-positive definite metric (phys|phys) > 0. Using
BRST charge Qg,

Vonys = {|phys) € V; Qg [phys) = 0} C V. (1)

@ We choose the Lorenz gauge fixing:
el (x) = 0. (2)
@ The Lagrangian density in the Lorenz gauge is given by
L = Linw + ZLGF1EP,
L =~ FATA L Lo, D),

Lerirp = —ids {?A (aw;‘ + %@A)} . (3)
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The restoration condition of the residual local gauge symmetry in t orenz gauge

@ We consider the finite local gauge transformation U(x)

Uy (x) =Qu (@) + U (@) (2)UT (2) — (), | Qu(@) :=ig™ ' U(2)0, U () |

Sy B(z) =U(2)B(x)UT (z) — B(z), uC(z) = U(x)€(z)Ut (z) — €(z), 6u€(z) = U()C(x)UT(z) — C(x).

(4)
For U(z) to be a residual symmetry for the Lorenz gauge, U(z) should satisfy
P, = 9 (@) — igU [, QUT = 0, (u(a) = —ig~'UT (@)9,U (). (5)
@ We can calculate the Noether current ¢/ associated with (4) and the divergence of this current is equal to the
transformation of the Lagrangian density under the transformation (4)
Op =002 = 6y Loprp = — iU 08 [tr {(g‘(aﬂm n %35)}] — _ibgéy [tr {(E(aﬂ% T %,@)}]
= — i6g[tr{2,Cig ' UTO U} = i6s[(2,%) A 1O0HA. (6)

— The local gauge current /[‘]‘ is conserved in the physical state space.((6) is BRST transformation dg exact)
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The restoration condition of the residual local gauge symmetry in t

orenz gauge

@ The restoration condition of the residual symmetry is written as the condition of the disappearance of the massless
pole. In the one-gluon sector ® = /B (y), we focus on the following Ward-Takahashi (WT) identity

i0 ( 74 (@)@) = 67 (x — y) (V) + i (0p Ik (2) 7 () - )
@ Performing Fourier transformation, we obtain
/ dPx PG (@) ) = (6 AP @) + i / P e (U 2 (@) () (8)

@ From (6), the second term of (8) is reduced to
i / dPx =) (s 2(x) P (y))

== /dDm PEVQA (@) (§(2u6) N @) (9) = - /deL“ PEVA (@) (2u6) N (@)84 (y))

) - oroy Loy _
=~ [as cre @@ [BEP G-+ (g - BE ) e x @@ 0] o

where we have used (dg|---]) = 0 and Schwinger-Dyson equation [ du M;ST)eiSF =0.
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

@ We obtain the restoration condition of the residual local gauge symmetry in the one-gluon sector ,cszB(y)

I% = lim dPg eP@—y) QB(;E) - Q“B(m)ﬁ §P(x —y) + Q“A(m) — 90y uAB(T —vy)
v = ’ v o2 Ty Juv a2 Ty
= 0 restoration
{;ﬁ 0 no restoration (10)
where we have defined the Kugo-Ojima (KO) function u“Z in the configuration space
907 VoA 1O
(guu S ) (9(7" x €)M (2)(2,€)" () = — (gw - 53 )u”(m - ). (11)

@ In the non-compact gauge theory, it is enough to condider the infinitesimal gauge transformation and residual symmetry
QHA(z) = Q*A(x) = §2CbH (C is arbitrary component of the Lie algebra).
— (10) is reduced to Kugo-Ojima criterion as shown by Hata(1982)

0= lim [6AB +uAB(p2)].
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restoration condition of the residual local gauge symmetry in t

@ We restrict the topological configurations satisfying

0= lim / dPp P[0 B () — 4B (1)) 5V 5D (1 _ 4
p— 0 02
Pk ~ kuk
= li & —ilp—R)Y kB (p _ kY — QBB () — nhv 1
R Bomul Q= (p — k) (r = K= (13)
@ |If the condition (13) is satisfied, the restoration condition of the residual gauge symmetry (10) is reduced to
2= tim [ Ok =it (g, Bk (guB (, _ 1)5aB L B _ jyuAB (2], (14)
Y T ps0 ) (2m)2 " k2
@ Unlike the KO criterion (12), § and u have different factors, Q* and QK.
@ In order to examine the effect of the topological configuration to the restoration of the residual symmetry, in
SU(2), we consider following topological configuration with one defect:
A AT 9 & z¥
Qll«(l,):o' nuuﬁh(z )7 QM(QT):—O' nuuih( ) (H’al’zlv"' 7D)- (15)

@ This topological configuration is the residual symmetry.

o If h(:): ) =1, (15) includes D = 2: Abrikosov-Nielsen-Olesen vortex, D = 3: Wu-Yang monopole,
= 4:Alfaro-Fubini-Furlan meron but the Euclidean action is dlvergent
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

— In order for such configurations to give a finite Euclidean action and to contribute to the
path integral, h(z%) — 0 moderately as z — 0

e™E >0 < Sg < oo (16)
o To obtain the finite Sg, h(z?) must approaches 0 of order r2° (r = (xQ)%, d>1/4)in
r < 1 and it must approach h. (a finite value) rapidly in » > 1. (D = 2: Kondo(2018),
D = 3: Nishino et al. (2018))
h(.’L‘2)A

hoo |0 (i)

r=(a")7

0r<1 MZI=-R r>1

(0. ]
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restoration condition of the residual local gauge symmetry in the Lorenz gauge

@ Weputg:=p—=F%
B - D iqr (B OB - D iqx ()B
Q#(q).—/d r "0 (), Q#(q).—/d z "] ()

APk N
lim /W (Q (@) g — © B(Q)kg>- (17)

p— 0
o We fix p < 1.
k
q k
D q D
0 0 0
g+ k=p=fixed Beg>1 ()gx1
or<l=g¢g>»1l= k>1
— UV region (of k).
or>1= ¢<1l= k=p— 0
— IR region (of k).
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The restoration condition of the residual local gauge symmetry in the Lorenzn gauge

@ When h(gc2) = 1, Fourier transformation of the topological configuration (15) is given by

X 2q ~ 2q 1 D D
2 @) 1= iCoul, . @) 1= —iCl, . Cp =277 B () (18)

@ Inr <1, wetake h(r?) ~ 2% (6 > 1/4).
— In g > 1, it corresponds to dividing 2(q), Q(q) of (18) by ¢°

A ) A 2q = A ) _A Qv
Qu (q) ~ 1CD77“L,W1 Qu (q) ~ *10Dn“um~ (19)
@ We discuss the condition (13) by using these 2,,,$2,,.
D
(13) = QCD (D + 5) lim 2 / / abe ot
1m €4A P
ve (2m)P {02 4 a(l— a)p2}€+5+1
D 5\ T@ra-sr(L)yr(L)
=i =+ - lim 2 4 , =k —ap). 20
(3 %3) TR T (s S Faasr’ @)™, €=k —ap o)
where we take y = 0.
@ In this case, we can take the limit p — 0 in the integrand of the k when we estimate the contribution from the UV region
k>krie p<Lk
Cp 1
(13) = iDi lim 264A,,pp —= | (21)
s(am) = (2 41) 77 ° k3

— & play the role of avoiding the UV divergence (§ > 1/4).
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

@ Since ¢ < 1 correspondstor > 1, § — 0.
@ We cannot avoid IR divergence when the configuration has only one defect.
— We introduce the topological configuration with the multiple pairs of defect.

n

01w = > L (o — 0% (v = 1. D) 22)
s=1 s
9(=)
1 -
: «irl :
@ | | @

e When topological defects are sufficiently separated, the IR region of one defect (1)
corresponds to the UV region of another defect (2).
— IR divergence can be eliminated.
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The restoration condition of the residual local gauge symmetry in the Lorenz gauge

@ In D = 3, we consider the topological configuration consisting of the multiple monopole.
— Magnetic monopole plasma cause the Debye screening. (Polyakov(1977))
— The gauge field becomes massive.

@ This corresponds to the origin of the appearance of the dimensional scale M~! = R of
h(z?). (D = 4:Callan-Dashen-Gross(1978))

o If we introduce a topological configuration with multiple defects, these results are
consistent with the confinement picture where the vacuum condensation of topological
defects leads to confinement.
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restoration condition of the residual local gauge symmetry in the Maximal Abelian gauge

@ We decompose the Lie-algebra valued quantity to the diagonal Cartan part and remaining off-diagonal part.

@ The gauge field o7, (z) = szfTA with the generators T4 (A =1,--- , N2 — 1) of the Lie algebra su(N) has the decomposition:

o, (x) = o (2)Ta = al,(2)H; + Al (2)Ta,

where H; are the Cartan generators and T, are the remaining generators of the Lie algebra.
@ We choose the Maximal Abelian (MA) gauge

(2"[a]Ap(2))* = 0" A% + gf*I"a"I AL () = 0.
@ Since MA gauge does not fix the diagonal components, we further impose the Lorenz gauge for the diagonal components
a”ai =0.
@ The GF4FP term of the Lagrangian in the MA gauge is given as below
_ « ) . a
Lerirp = —ids {c“ ((@“[a]AH)“ + 53“) +&(0"al, + 5bf)} .

@ Assuming Abelian dominance, we can calculate the divergence of the Noether current /{,‘ as in the Lorenz gauge:

Oy FY = 60 L = 6 Lorsrp = — 1055 [tr {f (a“% + %%) +9C%(a* x Au)“}] 00, & M

@ U is residual local gauge symmetry, it must satisfy

9" (x) = 0.
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The restoration condition of the residual local gauge symmetry in the Maximal Abelian gauge

@ The restoration condition of the residual local gauge symmetry in the one diagonal gluon sector ai(y) is obtained as in the Lorenz
gauge:
T

o5 0y
hm /d z e PEY <Q“J(x)g — QM (z) g >5D(9c—y) (29)

x
ky =0 restoration
w
k2 ) {75 0 no restoration * (30)

77

i dPk
= 1m
p—0/) (2m)P

e iRy <Qw' (p— k)guw — QOHI (p—

@ If the condition:

) ) o oroy
. D ipT [y QM n-v oD _ —
plgnO/d p PP () — Q (x)]iag 7 (x—y)=0 (31)
is satisfied, (30) is reduced to
; dPk ; kuk ;
Jo_ 1; —i(p—k)y nhy ni(o
I’ _ph_f”o/ P © <g,w = )Q (p— k). (32)

@ Similar to the discussion of the condition (13), this restoration condition is satisfied for the same €2,,,Q,, (indeed, it satisfy the
condition of residual gauge symmetry (28)) by correcting the topological configuration to contribute to path integrals and
introducing multiple pairs of topological defects.
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@ We gave the generalization of the color confinement criterion in the Lorenz gauge, the
MA gauge as the residual symmetry restoration conditions for the one gauge field sector
with the finite gauge transformation.

@ We discussed the restoration of the residual local gauge symmetry by correcting the
topological configuration to contribute to path integrals.

@ The axial-like gauge is under way.

2024/08/22
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@ To give the complete discussion for confinement, it is necessary to consider interactions
among various fields, including different kinds of fields such as the ghost and gauge field.

@ A physical picture of symmetry restoration due to topological configurations contributing
to the path integral is provided. Therefore, based on this picture, it is necessary to discuss
the condensation of topological defects in arbitrary dimensions.

@ The concrete calculation in the axial-like gauge.
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We calculate the expected value contained in the integrand. If we break it down into a
longitudinal part and a transverse part, we get

(ZuE ()67, )
=000 (772 (). 1)
A _ oror _
SN @A) + (00— gl ) (27626 )
aror _ oA _
Sl (@O @ ) + (a0 - D) ot < A2 ) (39)

050%
where we have used (gup — %) oL =0.
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59{??(@ = _i(@papcg_)B( )

or. . .
part of (33) that excludes 35in the first term is

If we note the left derivative = 0, "B (z) + a BB (z), the

’ M’B( )

9% (26" (2)8.7(y))
_ / du €58,(2°6)E ()64 (y)

_ / du &S[(2°0,%)P ()65 (y) + (90,° x €)P (2)54 )]

— / dp e [z 5 ;jx) 8.2 (y) + ( ((f; - agg> X ?)B (a;)w,f‘(y)] . (34)
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From Schwinger-Dyson equation | du&}%@)( ) =0,

[duesi 5;35(@ 657 (w) = | d 5(52(%) S5 )~ [ dn S5 A
= / dp e 5 ng @ 8. (y) = — <(W§@)(%%)A(y)> = 489,00 (x —y).  (35)

Similarly,

s 08  \* ; 5
/du e’ <g X ‘5> ()8 (y) = [ du e*¥gfPF G ()8, (y)

3% 3%C (z)
-/ dumfc(x)[eisngCE%E@)wVA(y)] +i [ du SgOEEE ) %ﬁ(m) s(y)
_ 5 B
= —ig < (fg x 5 %(x)éd,f‘(y)) > =0. (36)
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Moreover
- / dp €5 ga (B x €Y (2)5D(y) = / dp ¢5gad(B x C)Ma)dy) =0 (37)
Finally, the first term of (33) is reduced to
o5 ((26)" ()62 (y)) = =647 0,67 (& —y) (38)
Then, (8)

i / Pz PV GT (gl (2)D(y))

=Q,(x) + /de ePTQIA (1) [a;;fffé[)(x —y)
oroz _
~ (o= 22 ) tatore %)%(%%)A@»I (39)
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In what follows, we demonstrate that the finite gauge transformation §;; and the BRST
transformation g commute.

The BRST transformations are given by

Sty = DulA))C = 0,6 — iglet),, €]

0BE = ig€C

656 = i%B

g# = 0. (40)
The finite gauge transformations are given by

Suty, = U, U +ig U9, U — o,

Su€ =UCU —%

Su¢ =UCU" - ¢

ouB =URBU" — B. (41)
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backup

Then, we obtain
SudsB =0, Sg6uRB =Udg BU' — 658 = 0,
Sudsl = iy B =i(UBU' — B), 556y € = Usg €U — 6¢ = iUBU' — i
SUdsE = igsy (€6) = ig(UCECUT — ¢%),
680U E = USg €U — 656 = igUCCU" — ig€¥,
Subs sy, = 6u(DuH|C) = UD,|A|CUT — 2,|#C,
Sy, = Ss(Us, U +igud, Ut — a,,),
=Uspg ot U — Spt, = UD,[HCU" — 2,[)F,
where we have used
Su(PuH)C) = 6u(0u€ — ig[,, €])
=8, (UCU") —iglU,U" +ig~ U8, U, UCU"] — (8,% — igl,, €))
=U0,6U" —igU[e,, €)U" + U8, UT,UsUT| + 8, U6U" + U%o,U"
=U8,¢U" — igU[et,, €1U' — 0,UcU" —U%a,U" +8,UsU" + U€d, U
=U8,6U" —igU[e,, €)U" = U9 )€UT,
following
vo, Ut = —p,uUt.

Thus, the finite gauge transformation 6y and the BRST transformation g commute.
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0 =UT[o"Q, + " (U=,U"U
=ig \UT"Ud,UU + ig” ' UU"O,UTU + UT0MU o4, + ,0,UTU
=ig Lt o"U'UU9,U + ig~' 09, UU + igW.et, — o, UT"U
=ig~ '8, (0"UU) + igQter), — iget, QU
= —ig r o (UTO*U — ig|et),, OH]
=0, — iglet,, "] =: 2,Qm (48)
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backup

A
ag
Ay (w) = Tﬁ,fyzuF(Iz)

is a typical example that satisfies the Lorenz condition. As a residual symmetry, we consider

A
~ o
Q@) = — 7, @ H(z")

2
in this case,
9,8, =0,
A B A _B
& g _A 2y 9 _B 2 oo _A _B 2 2
[, Qu] = 777,“4qu(33 )7777/1,;7po($ ):| = [777} YIWTIW%%F(% JH(z™)
. ABCUC _A _B 2 2 A 2 2
= ie 77]“Vnupwl,pr(x YH(z%) = 1727](;,,,,3:,,3ch(90 YH(z%) =0,

where we have used
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Now, gauge fixing condition is
n*(z) <, (z) = 0. (54)
Lagrangian is

L = Lom + Lorrp + £,
LA = 72(‘9?‘“,)2’
Lorrrp = —ids <<@Z*‘ (Mw;‘ + %55’*)) = i€ n"(2,%)" + B0t et} + B4 B,
Ly =PI+ BAKA (55)

To derive the propagator, we consider up to the second order of the field

X X
oA~ 50, A
" L)

= (¢"'0 — 8"0") o, + B n" + I = 0. (56)
If we take the divergence, we get
1
_ BA _ A b g A A _ nA

Opd"t = "0, 8% +0un" B% = BY = — om0, 0. (57)
Then we obtain
5B (x) 1
§JuB(y) —  8,mP +nrd,

(B (), (v)) = 8,07 (x — y)64F (58)
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2QC'D + 5 1 / / dPe QB HI-1p2 (59)
1m
n”*p @M {2 4 a(1 — a)p2} T O

If we estimate the contribution of the UV region k > kr > 1 to I, we can take the limit p — 0 of the integrand, which
is equivalent to the replacement £, = k,:

.2Cp . N © gk kP— 1a2+51
1— D ( +6)plgn()2a4AV)\p / da/dQD/k T)DW

R
2QC D G
:iDQ—D (— -0—6) lim 2£4AUAPA/ da/ Ak 226+1
mET(§+1) N2 '
2 11
:i% hm 2e4400 D+§](l) [_*W}
amEr(Z+1) 7> 20K e
20 1
D hm 224 AvaD> =0 (6>1/4), (60)
26(47r) Er(f+1)m kR
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If we think

JZ{;UI (l’) = O-Aﬁ;jl/

, gauge fixing condition is satisfied.
424’ =, + v, =0 (|z] = 0) (62)

If we introduce the polar coordinate (7,601,602, 03) as

T 7 sin 64 sin 65 sin 65

x2 | | rsinfysinfs cos b3 63
x3 | rsin 01 cos 69 (63)
T4 r cos 01

Naoki Fukushima Chiba University in colaboration with Restoration of residual gauge symmetries due to topologi 2024/08/22



Then,

Uy = cos 011 + sin 6 sin 05 sin 0301 + sin 01 sin 63 cos 302 + sin 61 cos O203

. sin 04 sin 63 sin @301 + sin 6 sin 05 cos 0305 + sin 01 cos O303 7 cos 01
U; = exp |ir arctan

\/r2sin? 07 + A2

Therefore, if we rescale » — 7p, U is 0 order of p, where since X is unphysical parameter, we can take A =+ 0 asp — 0

Naoki Fukushima Chiba University in co

\/sin? 01 + (\/r)2

e — +
Vr2sin2 6, + A2

|:‘ sin 61 sin 02 sin 0301 + sin 04 sin 05 cos 0302 + sin 04 cos 03 < cos 61
= exp |t arctan

\/sin?2 01 + (A /r)?2

(64)
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