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QCD at finite density

●What is the equation of state for QCD at finite density?
●How does the quark distribution function change  
  from baryonic matter to quark matter?
●What kind of phase is realized?   
  An inhomogenous phase?

The phase diagram of dense QCD 5
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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as
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QCD2
We study  at density using 
density matrix renormalization group 
(DMRG)technique.
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QCD2

●Gauge fields are nondynamical
●Hilbert space is finite dimensional 

  in Open Boundary Condition(OBC)

Properties of (1+1) dimensions

We study  at density using 
density matrix renormalization group 
(DMRG)technique.

QCD2



(dimensionless )   HamiltonianQCD2

H/g0 = J
N−1

∑
n=1

E2
i (n)

+w
N−1

∑
n=1

(χ†(n + 1)U(n)χ(n) + χ†(n)U†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)

Electric field term

Hopping term

Mass term

J =
ag0

2
, w =

1
2g0a

, m = m0/g0 We use  unitg0 = 1



Elimination of Link variables  U
Sala, Shi, Kühn, Bañuls, Demler, Cirac, Phys. Rev. D 98, 034505 (2018)

Atas, Zhang, Lewis, Jahanpour, Haase , Muschik , Nature Commun. 12, 6499 (2021)

Θχ(n)Θ† := U(n − 1)U(n − 2)⋯U(1)χ(n)
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Θχ(n)Θ† := U(n − 1)U(n − 2)⋯U(1)χ(n)

Electric fields term 

Hopping term

mass term

ΘHΘ† = J
N−1

∑
n=1

(
n

∑
m=1

χ†(m)Ti χ(m))2

+w
N−1

∑
n=1

(χ†(n + 1)χ(n) + χ†(n)χ(n + 1))

+m
N

∑
n=1

(−1)nχ†(n)χ(n)



●We employ a matrix product state

●Optimize the wave function by  
density matrix renormalization group technique

|ψ⟩ = ∑
{ni}

|n1⟩⋯ |nN⟩trMn1
1 ⋯MnN

N

[Mni
i ]ij :  matrixD × D

E = min
ψ

⟨ψ |H |ψ⟩
We employ iTensor

As a variational ansatz of wave function



Numerical results



SU(2) QCD with Nf = 1



Color SU(2)，1 flavor，vacuum
single baryon state J = 1/20 w = 5 V = 15

Baryon size ~ 1

volumedimℋ = 2300

m = 1.0
Quark distribution functionBaryon number density



dimℋ = 2320V = 40J = 1/8 w = 2

Pressure Energy density

Color SU(2)，1 flavor，vacuum



dimℋ = 2320V = 40J = 1/8 w = 2

Chemical potential Sound velocity

Color SU(2)，1 flavor，vacuum



Inhomogeneous phase (density wave)
dimℋ = 2320V = 40J = 1/8 w = 2



Wave number dependence
dimℋ = 2320V = 40J = 1/8 w = 2

Wave number dependence



Wave number dependence
dimℋ = 2320V = 40J = 1/8 w = 2

Wave number dependence Hadronic picture
If hadron interactions are repulsive

1/nB

1/nBdistance ⇒ k = 2πnB



Wave number dependence
dimℋ = 2320V = 40J = 1/8 w = 2

Wave number dependence Hadronic picture
If hadron interactions are repulsive

1/nB

1/nBdistance ⇒ k = 2πnB

Quark picture
If interactions between quarks 
Fermi surface is unstable

k = 2pF = 2πnBdensity wave ⇒



Quark distribution function
J = 1/8 w = 2 dimℋ = 2480V = 60

●Low density  
No Fermi sea
●High density 
　Fermi-sea   
　+BCS like pairing 
      (density wave)

baryon quark transition around nB ∼ 0.2



SU(3) QCD with Nf = 1



Pressure Energy density
dimℋ = 2144V = 12J = 1/8 w = 2

Color SU(3)，1 flavor



Chemical potential Sound velocity
dimℋ = 2144V = 12J = 1/8 w = 2

Color SU(3)，1 flavor，vacuum



dimℋ = 2144V = 12J = 1/8 w = 2
Color SU(3)，1 flavor

Baryon quark transition around ?nB = 0.3

Wave number dependence Quark distributiondensity wave



Summary
●We study QCD  at finite density with one flavor 
for two and three colors.
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●We employ Hamiltonian formalism 
and density matrix renormalization group techniques

●We find inhomogeneous phases both  
two and three colors.


