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Baryons and mesons
•Baryon = Particle composed of quarks

' ✏a1a2a3qf1a1
qf2a2

qf3a3

•Pions = Nambu-Goldstone (NG) bosons :

<latexit sha1_base64="PJ9DfYbY7mHMovp80EUP7YMFP1I="></latexit>

⌃(x) = exp

✓
i⇡a⌧a
f⇡

◆
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Skyrmion
•Can the baryons be made by pions (rather than quarks)?

Skyrme (1961)

•Baryon as soliton = Skyrmion •Topological charge :

<latexit sha1_base64="eOeDF5ph4u2WtjkWVAPWxECWpv8="></latexit>

jµB =
✏µ⌫↵�

24⇡2
tr(⌃@⌫⌃

†⌃@↵⌃
†⌃@�⌃

†)

- R3 surrounds the configuration space of 
the pions S3 : π3(S3)

Hedgehog
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Solitonic phase in QCD

•Solitons appear in the ground state of QCD at finite B and μB.

Chiral Soliton Lattice (CSL)
<latexit sha1_base64="H5O2DHGU4ucjXHdpltsgnkfApQE="></latexit>

B

π0 DW

π0 Domain Wall (DW)

π0 DW

Brauner and Yamamoto (2017)

•Energy of solitons is generally larger than that of uniform state since the 
solitons are spatially localized configurations.
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CSL

CSL is unstable
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What I want to explain today
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ChPT w/ topological terms
•Normal terms :

<latexit sha1_base64="KyLagJPo1m9UmTBvTnPS5VVZS8g="></latexit>

LChPT =
f2
⇡

4
tr
�
Dµ⌃D

µ⌃†�� f2
⇡m

2
⇡

4
(2� ⌃� ⌃†)

•Baryon current in terms of mesons = π3(S3) topological charge
<latexit sha1_base64="gfhgv/t3l3uulgLZ0ZYUMXVtuyo="></latexit>

jµB = �✏µ⌫↵�

24⇡2
tr{L⌫L↵L� � 3ie@⌫ [A↵Q(L� +R�)]}

Skyrimon charge U(1)em gauged part

Son and Stephanov (2008); Goldstone and Wilczek (1981)

•Effective Lagrangian :
Son and Stephanov (2008)

<latexit sha1_base64="PghGzpp7NM6JErE6yvu0qTSMq5w="></latexit>

LB = �Aµ
BjBµ , Aµ

B = (µB,0)

- “trial and error” U(1)em gauging while preserving the baryon number conservation

<latexit sha1_base64="PLGDG1O3QuGd0+l6m7q7Jcunosg="></latexit>

Lµ ⌘ ⌃@µ⌃
† , Rµ ⌘ @µ⌃

†⌃

Q = diag(2/3,�1/3)
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sine-Gordon theory 
with the topological term

•I first ignore π±:

•Reduced Hamiltonian (B is oriented in z-direction) :

<latexit sha1_base64="UFqrBZ7c/vo7inZYusQNrSxzsKo="></latexit>

⌃ = ei�3⌧3

•B≠0 → Finite 1st derivative term → Favor φ inhomogenity

•What is a ground state at finite B?

- The last term stems from the 2nd term of the skyrmion term.
<latexit sha1_base64="b2EQjSfWFH3t0Spq1XPd2QSOJZg="></latexit>

LB = �µB
✏0ijk

24⇡2
tr{LiLjLk � 3ie@i [AjQ(Lk +Rk)]}

Brauner and Yamamoto (2017)

<latexit sha1_base64="Y0ZeGbMg4Nitz+TAuAj6wHFEZWI="></latexit>

H =
f2
⇡

2
(@z�3)

2 + f2
⇡m

2
⇡(1� cos�3)�

eµB

4⇡2
B@z�3
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Chiral Soliton Lattice
•EOM = Pendulum:

•Analytic solution :

•Period :
<latexit sha1_base64="jkhIDv2BpMgJftrqrVwa4ZdkdC0="></latexit>

�(z + `) = �(z) + 2⇡

<latexit sha1_base64="h7JOKOnOxkiUJ9e/aLcJYgncD4A="></latexit>

@2
z�3 = m2

⇡ sin�3

Brauner and Yamamoto (2017)

<latexit sha1_base64="w8MYGOMPmSl6JJUvk75KGEdWlfQ="></latexit>

�̄ = 2am (z/,) + ⇡

：Elliptic modulus
<latexit sha1_base64="uakLKl4veSuU6ca4GQ4hUnPbaq0="></latexit>

<latexit sha1_base64="fbpxcQEFv9Nczj41Dod+CW+1VJY="></latexit>

` = 2K()

: The complete elliptic integral of the first kind
<latexit sha1_base64="tWVPyVzPXQHbqsBg/eeLkDoJwvo="></latexit>

K()
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Minimization of the total energy
•Minimizing the total energy gives us the optimal κ.

•Energy minimization condition :

Brauner and Yamamoto (2017)
•Critical magnetic field :

<latexit sha1_base64="jXaucv2jP16NIzEDuq7AWDoyIac="></latexit>

BCSL = 16⇡f2
⇡m⇡/µB

<latexit sha1_base64="MZRgHFGzfoaovxgp5b/VA1x5yN4="></latexit>

Etot =
Z `

0
dz
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2
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2
⇡(1� cos�)� µB

4⇡2
B@z�

�

positive negative!
<latexit sha1_base64="V1K/7lSnzPONjh97vCWeNxUv4fc="></latexit>

�(`)� �(0) = 2⇡

: The complete elliptic integral of the 2nd kind
<latexit sha1_base64="PcNCkfV0Mz+BPhKI1hpUugMdzzY="></latexit>

E()

<latexit sha1_base64="PQuT5ufGkqL/Q3Br3W9N7nSEOVo="></latexit>

d
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✓
Etot
`

◆
! E()


=

µBB

16⇡m⇡f2
⇡

Optimal κ!
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µBB

16⇡m⇡f2
⇡

- The energy density with the minimization 
condition is smaller than that of φ3=0. 11



μB-B phase diagram

Brauner and Yamamoto (2017)
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CSL
What is a true ground state?
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What we overlooked
•The baryon current contains the Skyrmion charge, which is O(p2).

Skyrmion : π3(S3) Baby Skyrmion : π2(S2) become stable at finite μB !

- In the unstable region, π± is important element.
- The Skyrmion charge term becomes finite only when π± is considered.

<latexit sha1_base64="AHx1LJ0cH9xrLLAhfTSolXoC77w="></latexit>

µBB@z�3 ⇢ LB

<latexit sha1_base64="b2EQjSfWFH3t0Spq1XPd2QSOJZg="></latexit>

LB = �µB
✏0ijk

24⇡2
tr{LiLjLk � 3ie@i [AjQ(Lk +Rk)]}

•When Σ has Skymion number, 1st term decreases the energy density!
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Non-abelian soliton
•The single soliton:

•More general solution :

- The collective coordinate :
<latexit sha1_base64="k2lg0AEnJRGIrGATN9sc9Puhzm4="></latexit>

� 2 C2 , �†� = 1

<latexit sha1_base64="P1m1Jaq4/74Q0qLVpV35SIT4CVI="></latexit>

g�3g
† = 2��† � 1

<latexit sha1_base64="cqnnbFQbLIP88b5cwdL9DbO3Rn4="></latexit>

⌃0 = ei�3✓ , ✓ = 4tan�1em⇡z

<latexit sha1_base64="yCOSxcUT8uJlA1dqVJkE+TyC0BM="></latexit>

⌃ = g⌃0g
† = exp(i✓g⌧3g

†) , g 2 SU(2)V

•Σ0 is invariant under U(1) transformation :

•SSB of SU(2)V → U(1)

<latexit sha1_base64="Z/lD3HshXkBc0p2UILW2G96BL4A="></latexit>

g = ei⌧3✓

<latexit sha1_base64="BZ3afbdtSNyThgim6itc8feJEI8="></latexit>

SU(2)/U(1) ⇠= S2

Nitta (2015); Eto and Nitta (2015)
<latexit sha1_base64="nkY+m+Q2eTWtI+MO1+mCcwnXWNg="></latexit>z

<latexit sha1_base64="sO80F18YVX3R//Z8Qiw3BwqscFs="></latexit>�1 <latexit sha1_base64="rgY9YZmrs2LkEIpuzQHmpzA+yPE="></latexit>1<latexit sha1_base64="xeoss+OtKYSUNr5oL1a9Vp0cGXU="></latexit>

0

<latexit sha1_base64="GCbKtrN+zJeaaBsIH3jsoTeRZ9s="></latexit>

⌃0 = ei⇡�3

<latexit sha1_base64="D2MoMTbYIXYaEMlZK1bxnKQfnng="></latexit>

⌃0 = 12

<latexit sha1_base64="D2MoMTbYIXYaEMlZK1bxnKQfnng="></latexit>

⌃0 = 12

<latexit sha1_base64="PUVbrAG16oVI0sjvVhefDU97AVo="></latexit>

� : S2 moduli

Moduli (NG mode)
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EFT of the DW
•Construct DW world effective theory via the moduli approximation.

•Promote the moduli to a field on 
2+1 dim world volume

<latexit sha1_base64="fWkq3Znh6LWRXL0RPqT1/BYm0Bs="></latexit>

� ! �(x↵) , (↵ = 0, 1, 2)

•Integrating over the codimension z :
<latexit sha1_base64="fmlxG9VZtoaPhQYx5aJW008m7bs="></latexit>

LEFT =

Z 1

�1
dz LChPT + LB

Substitution
<latexit sha1_base64="/QCtzIfi1pdSirLKeSB2t9eTUrw="></latexit>

�CSL
3 = 2am

⇣m⇡z


,

⌘
+ ⇡

<latexit sha1_base64="K9UoduhBZOON1eDYWx4RHB7rA6o="></latexit>

⌃ = exp(2i✓��†)u�i�CSL
3

<latexit sha1_base64="FUeyc5sUwNkIKSJPygJf7tdHumA="></latexit>

` = 2K()

<latexit sha1_base64="cskdZLif4RKEPN2OtCDiTuw3pLY="></latexit>

� : S2 moduli on DW•This EFT identifies S2 moduli φ as dof.
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•Effective Lagrangian :

•DW tension :

•Kinetic term : •Topological terms :

- The condition that the DW tension is negative gives BCSL.

<latexit sha1_base64="7WsdFvlQ/0He3QvKOOdTD/t+YVI="></latexit>

LEFT = Lconst + Lkin + Ltopo

Stabilizing the baby Skyrmion at finite μB 

π2(S2) topological charge (density) :

<latexit sha1_base64="5+HIfuNhdxjqrn7eVHP4aWEAmoE="></latexit>

q ⌘ � i

2⇡
✏ij@i�

†@j� , k =

Z
d2x q 2 Z

<latexit sha1_base64="SrK1LZq+xj2yDVKODQk6hQAFQWI="></latexit>

Lconst = �E +
eµBB

2⇡

<latexit sha1_base64="eMUX925XATnhYnjbTFCTZ1EaL6w="></latexit>

Lkin = C()[(�†D↵�)
2 +D↵�†D↵�]

<latexit sha1_base64="fSbPsBQw/ztbV7bRThcGLzRuonw="></latexit>

C() ⌘ 16f2
⇡

3m⇡

(2� 2)E()� 2(1� 2)K()

3

 Eto, KN and Nitta, JHEP 12 (2023) 032

O(3) nonlinear sigma model
<latexit sha1_base64="qdrHyk0kVYgFh70e5xFsuK59W30="></latexit>

na ⌘ �†�a�
<latexit sha1_base64="Ut0i4L5w5h6sU/2RelVI+/Bv/5c="></latexit>

|n| = 1

<latexit sha1_base64="oDZSO3MpEoppU+w8YsUWD6e7L90="></latexit>

�µB
✏0ijk

24⇡2

Z 1

�1
dz tr{LiLjLk � 3ie@i [AjQ(Lk +Rk)]}

<latexit sha1_base64="U9iA1g2r2ozAh5LDtSdE6Cw0xD8="></latexit>

Ltopo = �2µBq +
eµB

2⇡
✏03jk@j [Ak(1� n3)]

17



Baby Skyrmion
•Configuration on DW surrounding S2 :

<latexit sha1_base64="ZfKV1KKzZf15xgO8a1IYrJQt0fY="></latexit>

R2

<latexit sha1_base64="maS8haDRoruP7BgIfVcKILexdlE="></latexit>n1

<latexit sha1_base64="qWAp7LRypLVR6fLNdlBrrqWffzc="></latexit>n2

<latexit sha1_base64="EqR2cZoIJtsPyLkBA4T+i1UTaAg="></latexit>n3

= <latexit sha1_base64="oMWxc8RE7FvV2S7QUgJaqLPhIyU="></latexit>na
<latexit sha1_base64="0O6wjYR6t0clJ8oH/uRzcpvBkao="></latexit>

n2 = 1

Polyakov and Belavin (1975)18



Bogomol’nyi bound
•Baby Skyrmion naturally appears when minimizing the Hamiltonian.

•Bogomol’nyi bound :

•Completing the square of the kinetic term is useful!

<latexit sha1_base64="iGHBOmMprMofNMlDCoPytZCPOIQ="></latexit>

= 0 → BPS equation → Baby Skyrmion!

<latexit sha1_base64="iix0MMdaDXzK+ZWPV2MCOYfmqhw="></latexit>

(@in)
2 =

1

2
(@in± ✏ijn⇥ @jn)

2 ± 8⇡q � ±8⇡q

 Eto, KN and Nitta, JHEP 12 (2023) 032

<latexit sha1_base64="ruVaeOCyM0y+SiWXZPD7H8f2oh8="></latexit>

HDW =
C()

4
@in · @in+ 2µBq �

eµB

2⇡
✏03jk@j [Ak(1� n3)]

Can it be negative here? Let us consider anti-lump! Some constraints on the lump

<latexit sha1_base64="KXuS9GvjVCVgU/OpkXo5vf2C2lg="></latexit>

EDW � 2⇡C()|k|+ 2µBk � eµB

2⇡

Z
d2x✏03jk@j [Ak(1� n3)]
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Constraint on baby Skyrmion

•k anti-Baby Skyrmion solution:

•EDWSk, for the k anti-baby Skyrmion:

•Critical baryon chemical potential:

Can it be negative here?

•In order to minimize EDWSk, bk-1=0.

<latexit sha1_base64="epNI7C9DSoDDPD/0N2CXKRW3zcs="></latexit>

n3 =
1� |f |2

1 + |f |2 , f =
bk�1w̄k�1 + · · ·+ b0

w̄k + ak�1w̄k�1 + · · ·+ a0

<latexit sha1_base64="AyuTkzh/odaseYyArnlgRcEXHIY="></latexit>

EDWSk = 2⇡C()|k|� 2µB|k|+ eµBB|bk�1|2

<latexit sha1_base64="zXpuqDXkxk4lyMDLXkEb7mPYlJ0="></latexit>

µB � µc = ⇡C()
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Domain wall Skyrmion
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Thank you for your attention!
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Back up

23



Elliptic integrals and functions

•The elliptic integral of the first kind :
<latexit sha1_base64="n2e5Otxoc6Rq/MIzSHrYMGIdmnY="></latexit>
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•The elliptic integral of the second kind :
<latexit sha1_base64="IZF0VFWKTDGA1YP0P6ivKbzROK0="></latexit>
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<latexit sha1_base64="ej37QX1GenE1dfji7wed2FUvgP4="></latexit>

k0 =
p

1� k2
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Fluctuations of π±
•Fluctuation around the CSL background :
•CSL is unstable against fluctuations of π± above Bπ±BEC

- Derive the effective action up to the 2nd of the fluctuations from the CSL

- When ω2<0, the fluctuation is tachyonic and CSL becomes unstable.

- Calculate the dispersion relation ω

<latexit sha1_base64="Umt/8+eyf1Ho7K9n4zxcJ+0c/ZE="></latexit>

B⇡±
BEC =

m2
⇡

k2

⇣
2� k2 + 2

p
1� k2 + k4

⌘<latexit sha1_base64="xRETosdjBXFvH1kRBnkKvbDSGGY="></latexit>

E(k)

k
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µBB
⇡±
BEC

16⇡m⇡f2
⇡

<latexit sha1_base64="7DmH/LRqQ1F45NAjpot88EvjmEs="></latexit>

k = k(B⇡±
BEC)

Brauner and Yamamoto (2017)25



EOM of the fluctuations
•Fluctuation around the CSL background :

<latexit sha1_base64="M94V2gSOr74+FJOKZlRlGtBAFf0="></latexit>

!2⇡+ =


�@2

x +B2
⇣
x� py

B

⌘2
�
⇡+ + (@2

z + 2i@z +m2
⇡e

i�3)⇡+

Giving the Landau quantization

•Chiral limit :

Deducing the energy!

<latexit sha1_base64="PU1UFBSG0kc1jzrX4VQVsxnloIo="></latexit>
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µBBpz
2⇡2f2

⇡

+ (2n+ 1)B

•ω2<0 : Brauner and Yamamoto (2017)
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