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Bethe states



Bethe ansatz review



closed isotropic (XXX) spin-1/2 Heisenberg quantum spin chain

Deceptively simple model of magnetism (1928)

•

L spin-1/2 spins (qubits) arranged in a circle•

Each spin interacts isotropically with its neighbor
Hamiltonian
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Deceptively simple model of magnetism (1928)
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periodic boundary conditions

matrix

Brute force doesn’t go very far…

2L ⇥ 2L
Can be realized experimentally;

connections with CFT, AdS/CFT, …
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Problem: find eigenvalues and eigenvectors of H
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Coordinate Bethe ansatz (1931)

Remarkable solution!

Reduces the problem to solving a system of polynomial equations “Bethe equations”

Only special models can be solved in this way  “quantum integrable”

Many conserved commuting quantities
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ground (0-particle) state:

1-particle state:

provided 

1-particle energy

Eigenvectors are multi-particle (“magnon”) states 
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2-particle state:

2-particle
S-matrix
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M-particle state:

provided Bethe equations

Bethe state

signature of
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SU(2) symmetry ) degeneracy

Example: M = 0, 1, 2
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Bethe state preparation



Closed periodic spin-1/2 XXZ chain
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Van Dyke, Barron, Mayhall, Barnes, Economou  2021

Sopena, Gordon, García-Martín, Sierra, López  2022

•

•

coordinate BA probabilistic; ancillas, real Bethe roots

How to prepare corresponding Bethe state             on quantum computer?

Assume Bethe roots                       are known.
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algebraic BA deterministic; QR decompositions

Ruiz, Sopena, Gordon, Sierra, López  2023• analytical formulae for unitariesalgebraic/coordinate BA

Ruiz, Sopena, López, Sierra, Pozsgay 2024

•

F-basis

Yeo, Kim, Sohn, Jeong 2025• coordinate BA probabilistic;  ancillas, real Bethe roots, 
constant depth

•

Raveh, RN 2024 coordinate BA deterministic; no ancillas, explicit

• Sahu, Vidal 2024 coordinate BA deterministic; ancillas; log depth

Zi, Nie, Sun 2025• [coordinate BA] deterministic;  ancillas, constant depth

• Lutz, Piroli, Styliaris, Cirac 2025

algebraic BA

— adiabatic; approximate



Bethe state
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Bethe state
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Bethe state
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Ex:  (L,M) = (4,2)

Figure 2: The complete circuit diagram for the open XXZ Bethe state with � = 0.5, h =
0.1, h′ = 0.3, see (A.8), for the case L = 4, M = 2, and Bethe roots 0.682741, 1.38561. Here
the barriers separate the di↵erent Wm, see (3.7) and (3.11). The fourth and fifth u-gates
correspond respectively to b = 10 and b = 01.

Figure 3: The complete circuit diagram for the closed XXZ Bethe state with � = 1.005, see
(A.1), for the case L = 6, M = 3, and Bethe roots 0.0112138, 1.04159 − 0.7291i, 1.04159 +
0.7291i. Here the barriers separate the di↵erent Wm, see (3.7) and (3.11).
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Same as circuit for Dicke state          except for angles & these gates
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Bethe roots from VQE



hybrid quantum/classical algorithm for estimating the 
ground-state energy  of a Hamiltonian  using the variational theorem
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Variational Quantum Eigensolver (VQE): 

Raveh, RN 2404.18244

To test this idea, we instead used classical simulators.

classical simulators

Bethe equations are generally hard to solve. Can quantum computers help?

Estimate Bethe roots using VQE,  taking exact Bethe states as trial states,
and treating Bethe roots  as variational parameters 
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Classical simulators:

Qiskit Statevector simulator:

Qiskit Aer simulator:

performs matrix arithmetic to compute exact expectation values 

noiseless simulation using 10,000 shots (trials)



Ground-state Bethe roots:

Closed chain
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Newton’s method - Mathematica



Ground-state Bethe roots:

Closed chain
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Instead of minimizing 
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Excited-state Bethe roots:
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Conclusions



•

• Can use intermediate measurements/feedforward operations to reduce circuit depth

MPS is useful for preparing quantum states with low bond dimension (entanglement)•

The quantum state preparation problem is interesting and challenging 

• Much room for improvement of Bethe state preparation

Thank you for your attention!


