Exact quantum state preparation

Rafael Nepomechie
Physics Department
University of Miami

Student Workshop on Integrability
Eotvos Lorand University, Budapest

June 2025




Introduction



Huge international investment ($) in building quantum computers
Hope: advantage over classical computers for certain problems, such as in many-body physics

Ex: spin-1/2 chain of length L

) € (C?)®*F dimension 2% grows exponentially in L S

# qubits L grows linearly in L 7 exponential advantage?

r

\

How to exactly prepare a given state |¥) (say, an eigenstate of a Hamiltonian) on a quantum computer?

Beautiful ideas & techniques!
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Quantum computing basics



“Never underestimate the joy people derive from hearing something they already know.”

o) =)

“qubit” : 2-state system | |
— Enrico Fermi

basis: 0)

(

® device with 1 qubits

“Quantum computer’’:

“computational basis”

n—1
basis:  |T)n = |Tn-1) ® - ® |T0) r; € 10,1} T = Z x ;27 integer 0<x<?2"
j=0

binary bits
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“Never underestimate the joy people derive from hearing something they already know.”
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n—1
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Tensor products are often suppressed!

T)n = |Tn—1) - |T0)



“Never underestimate the joy people derive from hearing something they already know.”

o) =)

“qubit” : 2-state system | |
— Enrico Fermi

basis: 0)

(

® device with 1 qubits

“Quantum computer’’:

“computational basis”

n—1
basis:  |Z)n = |Tn_1) @ - @ |T0) z; € 10,1} T = Z z;2’ integer 0<x<2"
. : 7=0
binary bits

e can initialize each qubit |0)®"

® can perform unitary transformations on qubits (decomposed into |-qubit & 2-qubit unitary “gates” )



“Never underestimate the joy people derive from hearing something they already know.”
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r

® can perform unitary transformations on qubits (decomposed into I-qubit]& 2-qubit unitary “gates” )
\.

Example: NOT X =0" = (O 1) X100 =11 Xl|z)=lz®1) r € 10,1}
P 1 0 X|[1) = |0) ’
@ :addition mod 2




“Never underestimate the joy people derive from hearing something they already know.”

o) =)

“qubit” : 2-state system | |
— Enrico Fermi

basis: 0)

(

® device with 1 qubits

“Quantum computer’’:

“computational basis”

n—1
basis:  |Z)n = |Tn_1) @ - @ |T0) z; € 10,1} T = Z z;2’ integer 0<x<2"
. : 7=0
binary bits

e can initialize each qubit |0)®"

r

® can perform unitary transformations on qubits (decomposed into I-qubit]& 2-qubit unitary “gates” )
\.

(10) + 1))
(10) = 1))

1 1 (1 1
Example: Hadamard H=-—=(X+2) = — ( ) H|0) = 5

V2 V2 \1 1

H|l) =
1= —

==l



“Never underestimate the joy people derive from hearing something they already know.”
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“qubit” : 2-state system | |
— Enrico Fermi
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n—1
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e can initialize each qubit |0)®"

1

® can perform unitary transformations on qubits (decomposed into |-qubit &|2-qubit|unitary “gates” )
J

.

“target” changesto X|y) if z =1

Example: CNOT C*|x)y) = |x) |z D y)
T T @ :addition mod 2

“control” does not change
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quantum CIrcuit PrObablllty ‘Oéa;‘Z



“Circuit diagrams’”:

® represent qubits by horizontal “wires” :

T)n = |Tn—1) ® - @ |z0)

® represent gates symbolically:

Examples: X

X

l

T

“control”

(1N
N




“Circuit diagrams’”:

® represent qubits by horizontal “wires” :

7o)
‘x>n — |37n—1> SURICIN 020 ‘QZ'()> —
Tn—1)
® represent gates symbolically:
e “time” flows to the right:
n
VU|D), v, s Tol—Tv

> time



Currently: n ~ 10°  1BM,Google, ... “noisy” - make many errors! Noisy Intermediate-Scale Quantum era

Dream: n ~ 10% fault-tolerant

In the meantime, can test algorithms (“quantum circuits”) using noiseless simulators

Here: IBM Qiskit simulators n ~ 30



Exercise: show Changing the order of CNOT gates




Exercise: show Changing the order of CNOT gates

by

‘£U0> ‘ZZ’JQ>
z1) EZD l forall x; € {0,1}
22) 22) <|> CX|a)ly) = [o)z & v)

l.e.




Exercise: show Changing the order of CNOT gates

l.e.

forall x; € {0,1}

C™ |z)ly) = [z)|z © y)

LHS: 1 |zo)|z1)|zo)

20 D w2)|w1)|20)

1
2

3 |0 @ x1 ® x2)|T0 ® 21)|0) 3 |zo @ 1 @ ma) |21 )|zo)
4 |wo @ w1 @ @2)|wo @ ar)|ve) =LHS v



Bell states

Buy) = —s(910)+ (<1)"ly @ 1)11) vy € {0,1)
1
Ex:  |Bo,o) = ﬁ(|0>\0> +|1)[1))
The 4 Bell states form a basis of 2-qubit states
Exercise: show ) _ H
B.y) = — |
v ———
: 3
1 |ylz)
2 ) Hle) = ) 75 (10) + (~1)711) = Z=(9)10) + (1)) 1)
3 %(\?Mm H (1) X(y)1)) = %(\yﬂm F(=1)"|ly @ 1)[1))



Bell measurement
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Bell measurement of Bell state:
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Bell measurement
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Bell measurement of Bell state:
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Bell measurement

H HA

/7{_

Bell measurement of Bell state:

H—/ A x) —
‘Bw,y> { —
A )

|
Bx}<9x><

Bell measurement of general 2-qubit state:

X

! H
=3 %,ywx,y>{

z,y=0

A
V-
A

with probability  |a ,|°



Bell measurement

— A

Bell measurement of Bell state:

50

H

A

A

A

Bell measurement of general 2-qubit state:

1
W) = Z | Ba,y)

z,y=0

W) = | Bz y)(Bzyl|¥V)

{

H

X

A
V-
A

X
H A ) — A
= Y
<|> <|> A y) — A

} |B,,) with probability |, ,|°




GHZ states & dynamic circuits



GHZ (Greenberger-Horne-Zeilinger) states

GHZ,,) = 7(|0> 1)°")
For n=2;:
GHZs) = 7(|0>|0>+\1>I1>> Bell state |Bo,0)

For n=4;:

0) ‘— 1 |0)®
. %3 ®3 L 1 @4 23
0) 2 [0)P2H10) = 0)%° Z=(10) + 1)) = —Z=(10)% +10)%°|1))
Gty 3 —_(j0)® + |0)%2[1)1))




> time
For general n:

‘width™ =#qubits=n_ ) |0) <I> “size” = #2-qubit gates = n-1

-~

“depth” = # time steps = n

Noisy Intermediate-Scale Quantum era : focus on circuits whose size & depth does not grow too rapidly with width



> time
For general n:

‘width™ =#qubits=n_ ) |0) <I> “size” = #2-qubit gates = n-1

“depth” = # time steps = n
Noisy Intermediate-Scale Quantum era : focus on circuits whose size & depth does not grow too rapidly with width

Can we prepare GHZ states in constant depth (independent of n) ?

Yes - use “dynamic circuits’! mid-circuit measurements/feed forward operations - not unitary!



Conditional gate

r € 40,1}
— A X is (or is not) applied, depending on the result of the measurement

X[ X"

“Principle of deferred measurement”

A _

H
N

Merging conditional gates

— X A — — A ‘ & :addition mod 2




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H j\ lo) -[H
|0) \1/1 o) é-vd-E |0>'£
o) .y, 0 ﬁ X
> %139 = :Iog—?é-a{ q 0
) T reehyes




Constant-depth preparation of GHZ state

Claim:

Proof:

o) =[H
o — b

Changing the order of CNOT gates

€
D
|

|0>-£

o 0>
I0>-£

|o) =

H
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|o)

o) —=¢€

|o)

|o)

|o)

o)

Baumer et al. 2308.13065 - Appendix A



Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
lo) =[H]
¥ _’L\ul 0>
—— - vt
o) =& 0>
o) -CL\ I
Proof: 0)
o) - H’j\ loy =[H]— /r
F— K SU—
o) %1 = lo) 7 5
X 5 — il S
o) 1\ |o) CJ\)




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H] loy I
:g _KLW':L‘ o) —?é—ﬂp |0>-€g
U -[H 1%
. = = iy 9>
o) u%l P
l0) (N
Proof: 0)
o) —{H o) =[H]— A
o) ?\\uj\ lo) u’g Ilo; ulll \'E
[0} O loy —é}érﬁ-* i o) —D—1
:o; &1 = b T = b &
5 D 0 Ob1 o) D—r
o) _CTDI lo) 5 lo) &
o) D o) CJ\) o) D _




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A

loy ={H] o) -[H

— °>—?é‘§']3 o

< o -[H X
:2; &1 — 0) GB = —IO>—-£
wj\ 0) - . .
. P R 0> These qubits are involved only at the very end,
L/ 0) -
- . so we cah use them beforehand and then reset

Proof: H_> - H|O>

|o) —[H |o) ={H}— |0y =[H]—¢ —[Al—s

9 _fTou-/T\ o / & o 'y :oi : —

lo) o1 lo) —6}%—- 4y 0) H—e 1 lo) H—s

o) W:T\ — lo) 1 Y, — 0) & — P = 0>-£

— i — —————

0 & o ) & ; = 1

lo) 2} loy L ¢ Z) D :o; - W°>




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H o) -[H
s —d1 '°>‘?’55EE v
0 o X H1x]
) $1 = = AV §
|0> \ul\ 5
|0
o) Wgu‘ u
Proof: +) = H|0)
o) ~[H o) =[H}— loy ~[H loy ~[F]—s B ——
o) —él lo) }J u’g_ o) ] CE B = |o>-£ [ = Io>-£
o) P lo) ——€D-cH¢ " 9 |0y —D— " 0y ——H—s oy ——H—
|o) \ul — |o) j \u — |o) uw, — |+) X IO)“£ — [+ o) |0>-£
5 O o S T B S o & o &
|0> Wj\ |0> N |0> U |+> = 1'\0)—& |+> X 10)-5
o) D |o) oD |0 D o) D |o) N




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H
:0; —‘1@1 |0>-£
0 D
o) %1 — E
|o) \U1 -5
|0
o) W% »
Proof: +) = H|0)
|o) ~[H |o) =[H]— o) =[H]—¢ loy ~[F}— |+) —
|o) 7\\1/1 lo) / u’g lo) CE |+) = lo)-ég |+) X I0>-€E
0 P l°>—€>¥-7 i [0} —D—1 " 0y ——D—rt 0) ——H—rt
lo) \ul — lo) 1 % — o) N — [+ X |0)"£ — 1 =X |0>’£
|o) \u-;l\ |o) D |o) H—e fr lo) 2> o) o
o) \ujL o) 74 |o) &b 14 410)_5 |+) 41@.5
loy D lo) S lo) D lo) o lo) S,




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H]
:g %1 I0>{g
G — - 3o
o) “%1 >
|o) N

Proof: +) = HI0)
o) —{H o) ={H]— o) - o) =[Al—e R —
|0) j‘t‘\uj\ lo) }J GI)_ |o) alll J)_ :; : = Io)-£ ||; X I0>—£
9 O - o—D T~ _  b—b— 1- o) —— - —sp o) —D—1
9 o1 = T = b e — B = |o>—€g - B = |o>-65j
o Ot o SPTT o — " & o &
:z; ' Ig> I o) T [+ «1@-& B 41@.4;

D |o) oD |o) D o) 3 o) N
—
x| |o
B =L o {HF 10 {H




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
lo) =[H]
:o; %1 I0>{g
0 D
0 _GI);L — : E
|0> \ul -5
o)
|o) WH} ?
Proof: H_> B H|O>
o) o) ~{F]— o) ~{F— oy {F— y—tp
|0) j‘t‘\uj\ lo) }J GI)_ lo) J)_ |+) < |o>-£ ) = I0>-£
lo) O o) —D-o—¢ " 9 |0} ——p—s " oy ——EH—s L —s
o) \u]\ — |o) 7 ", — o) D — |+ = |o)—£ — |+ < |o)—£
" Gt B - T " &——1 o b o &
|o) \UI |o) o) 5. 1) 41{0}-& |+) 410)-4;
) D o) e ) b 10) )
1/ 1/




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H
:o; j‘\uj\ |0>-£
0 D
o) $1 — = |T>-£
|0) \u1 -5
|o)
o) W% .
Proof: +) = H|0)
|o) —[H o) =[H]— o) ={H]— loy =[H]—¢ ) -+
o) —”‘ij\ lo) / \’E‘- o) GT)_ B = |o>-€g | X I0>-€E
o Ot I0>—€>¥- 4y |0y ——H—2 1- lo) ——EH—s oy ——B—¢
S — = i - % . ==
(¥ 0 G () L — lo) D lo) D
o) %1 ) 3 0 _ & i = *1@_5 i = *1@-4;
loy D lo) S lo) D lo) o lo) D

[
C &; = |o>-_§ '*>% - |o>-£ Easy identity:
= = = oy - P ——
4—@_9'7 =1 S W}zi . loﬁ Ch— ~ E_
4_(%——@ ( O b




Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
lo) —{H] o -[H
:Oi j‘w-’l\ 0) —?&EE |0>'£
0 D o -[H X
loy gl — o) é—i}' = m
|0> Wj\ 0>‘H : X
% P o) -y 0>
o) N 0y -[H X
=H
Proof: +) 0)
lo) ~{H o) ={H}—¢ |0y ~[H]— o) =[Fi]—¢ B -
o) —’T*\ul lo) - u’T}- o) 5 B = |o>£ [+ = |o>-£
o) O oy —¢ 3~ ) —eb—p - ) ———s > —@—1
S — - T Tl E - et - b—Tars
(¥ 0 G () L — lo) D lo) D
9 %1 9 ap o) (E [ = —*10)5 [ = ae]lo)-g
lo) S, lo) g lo) D lo) o lo) Y

[ t -GE ) 1)

C &9_‘ 2| o) B IO)-g = ~ _g_
- _ &él GEW = -

7‘1«' I@-&

Changing the order of CNOT gates



Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
lo) —{H] o -[H
:Oi j‘w-’l\ 0) —?&EE |0>'£
0 D o -[H X
loy gl — o) é—i}' = m
|0> Wj\ 0>‘H : X
% P o) -y 0>
o) N 0y -[H X
=H
Proof: +) 0)
lo) ~{H o) ={H}—¢ |0y ~[H]— o) =[Fi]—¢ B -
o) —’T*\ul lo) - u’T}- o) 5 B = |o>£ [+ = |o>-£
o) O oy —¢ 3~ ) —eb—p - ) ———s > —@—1
S — - T Tl E - et - b—Tars
(¥ 0 G () L — lo) D lo) D
9 %1 9 ap o) (E [ = —*10)5 [ = ae]lo)-g
lo) S, lo) g lo) D lo) o lo) Y

qv

B 1 4 1) +
(_&;_. - |0>-£ | &% = Io)-g % T < Io)-ég' '

— = |o>_e§ - g _g - | -GE
b+ = e Ere - e =
( % b = ( \D%I* lo>‘£ (_é 11\* lo)é

“Principle of deferred measurement”

é—i’-ﬂ I0>-g;
’I“‘ : i 5 |o)
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Constant-depth preparation of GHZ state

Claim:
|o) =[H]
s _’T‘w;L 0
0 L/
—a— - o
0
|0) ng\ @'5
|o) U

Proof:
lo) ~[H S
|2> —’T;\U-/L llz) il / (E\-
o> D |o) —G)—%—‘
|o) -’I\ |o)

€
D
|

fr
lo) ' D -
o) W%j\ loy i
|0> U IO) C

Baumer et al. 2308.13065 - Appendix A
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I0>-€E
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=S

I®+£;

[y

Use definitions



Constant-depth preparation of GHZ state

Claim:
|0> ={H 0) -H
:0; j‘wl 0) —?—é—‘ = |0>'£
0 D o -[H X
o Op = B é—z}-l q 0
|o) Wj\ o) I ! Mg
|o) \Uj\ lo) - [k |0)'£
o) N 0y -[H X
Proof:
o) ~{H loy —[H]—
o —él o - &
o) \Uj‘\ lo) —G)—%—-
o) lo)

€
D
|

fr
|0> ' fan e
[0} W%j\ o) 7
|0> N W |°> C

Baumer et al. 2308.13065 - Appendix A

4 1. %
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D
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Y
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I0>-€E
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I0>'€g

n 0

0>

Merging conditioned gates



Constant-depth preparation of GHZ state

Claim: Baumer et al. 2308.13065 - Appendix A
o) =[H
:g; —”T\wj\ |o>-eg
——br— = 1 0
o i >
lo) }
Proof: +) = HI|0)
|°>-H—;L o) ={H}—¢ Ty loy ~[H]—¢ oy =[F]—¢ |4y ——sr
o) O lo) f D o) B X |0>-€g D = |0>-€E
o — — ¢ >

€
54
]

A
L/
Y
L/
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(N |o) N\

g
rI\‘ - lo) lo) —
—_— 0 . —_—
_/L : 1 D — :0; T 5 = =X I@-& I = I0>-£
3/ N 0 Yy — IO) |0>
|0 \uj\ |o) 7 o) - QT}_ 14 *1@_& |+) «]l\o)-&
|o) |o) €

|2 &‘ = Io)-£ |+)&% |> _g |+)%9 _ - Io)-£- ) é_ " _g
D2 = ,’ - o) —D-
— 3 o _ 1 — 5 Cé }EI o =




Matrix Product States



Matrix Product States (MPS)

n-qubit state:  |y) = ’ m) m) = |Mmy, ... mamq) m; =0, 1 r=1,...,n

—

m

qubits “physical space”
am = (LA™ ... A2 AT R)

A X XX  matrices

X  “bond dimension”



Matrix Product States (MPS)

n-qubit state:

) = |m>

—

m

am = (LIA™ .. AT AT |R)

Al

1

X XX

X

matrices

“bond dimension”

basis

j=0,1,...

7X_1

qudit

)

“physical space”

“bond space”



Matrix Product States (MPS)

—

m

n-qubit state:  |y) = ’ m) m) = |Mmy, ... mamq) m; =0, 1 r=1,...,n

qubits “physical space”
am = (L|A ... A2 AT R)

A X XX matrices basis ‘]> 7=0,1,...,x—1 qudit “bond SPace”

1 —_—

X  “bond dimension” L),|R) boundary states  “auxiliary”, “ancilla”’, “memory”, “virtual”



Matrix Product States (MPS)

n-qubit state:  |y) = ’ m) m) = |Mmy, ... mamq) m; =0, 1 r=1,...,n
‘ ‘ ‘ ‘ qubits “physical space”
am = (L|A7™ ... A3 AT |R) {LHAHAHAHAHR
A X X X matrices basis  |]) 7=0,1,...,x—1 qudit “bond space”

X  “bond dimension” L),|R) boundary states  “auxiliary”, “ancilla”, “memory”, “virtual”



Matrix Product States (MPS)

n-qubit state:  |¢)) = Z a |m) m) = |my, ... momq) m; = 0,1 i=1,...,n
; ‘ ‘ ‘ ‘ qubits “physical space”
am = (L|A7™ ... A3 AT |R) {LHAHAHAHAHR
A X X X matrices basis  |J) 7=01,...,x—1 qudit “bond space”
X  “bond dimension” L),|R) boundary states  “auxiliary”, “ancilla”, “memory”, “virtual”
Can represent any state ¥) this way, for sufficiently large X  — can be useful if X is not too large

Entanglement entropy 5 ~ log x Energy of first excited state - Energy of ground state > 0 for n — oc

For the ground state of a gapped Hamiltonian: S ~ area  (i.e, S ~ n®! D=# space dimensions )

= In | space dimension, S = constant (independent of n)

= X = constant (independent of n)



) =) g |m) Ay, = (L|A™ . AT2 A | R)

For GHZ state:
]‘ Xn Xn
\GHZ,,) = —2(\0> +11)=")
(Ll =1 1)
1 O 0 O
0O 1 _ —
Ai_(o o) A@'_(o 1> JRUNNE B4R R X =2
R)= (1) =HD
translational invariant
Note
(AO)2 = A, (A1)2 = Al AA'=0= 44" = m’s are either all 0’s or all |’s!
= Loif m=0.0 or s=1.1
Ay, —
0, otherwise v
Also

A™g) = om j7)



