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Very brief introduction of inflation

1. Solves the causality 
problem

2. Solves the flatness 
problem

3. Solves the magnetic 
monopole problem

4. Generates the seed of 
large scale structure



Very brief introduction of inflation

• To solve the problems, 40 to 60 e-folds is required, 
BUT we can only observe ten!



Slow roll models

Measured by  
CMB and LSS

No measurement

• We usually assume 
a potential.

• Use it to calculate 
𝑛!, 𝑟 … ϕ

V(ϕ)
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Slow roll models
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<latexit sha1_base64="+ohZH0l8Yz481ngbJAcUzsuDKzQ="></latexit>
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• The inflaton must couple to some spectator field. 
• The masses or couplings in the  spectator sector can be 

changed drastically due to the evolution of the inflaton field. 



Phase transitions in the spectator 
sector
• 𝜙: inflaton field                        𝜎: spectator field

ϕ

V(ϕ)

Example 1:

Example 2:
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Phase transitions in the spectator 
sector

Evolution of 
inflaton

Phase transitions in 
spectator sector

Gravitational 
waves

ϕ

V(ϕ)

𝜙: inflaton field                            𝜎: order parameter in the spectator sector

We focus on first-order phase transitions in this talk.



Models of first order phase 
transition during inflation
• Models in the literature:
• Open inflation

• GUT phase transition at the beginning of inflation

• Obtained the correct UV behavior of the GW spectrum 
H. Jiang, T. Liu, S. Sun, Y. Wang, 1512.07538

Y.-T. Wang, Y. Cai, Y.-S. Piao, 1801.03639

K. Sugimura, D. Yamauchi, M. Sasaki, 1110.4773



Outline

• Conditions for first-order phase transitions to 
complete during inflation
• Properties of GWs from first-order phase transition 

during inflation
• Possible detections
• Summary and outlook



First-order phase transition during 
inflation
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, determines the 
rate of the phase 
transition.

• Phase transition completes if 𝛽 ≫ 𝐻.



First-order phase transition during 
inflation
• Bubble radius also determined by 𝛽.
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Generic features of GW spectrum

f

dρ
dlogk
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𝑘%: Physical	momentum	when	it	is	produced.
Δ%: Duration of the phase transition.

IR

UV

Oscillatory



How to calculate GW?

• In E&M:
• We solve the Green’s function first.
• We convolute the Green’s function with the source.

• In GR: 
• We solve the Green’s function first. (instantaneous and local source)
• We convolute the Green’s function with the source.
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GW from instantaneous and local 
sources (qualitative study)
• E.O.M. of GW

• For an instantaneous and local source, the source can be 
seen as delta funtion in both space and time. 

• E.O.M. in Fourier space
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GW from instantaneous and local 
sources (qualitative study)
•

−∞ 𝜏′

The horizon fixes the 
amplitude of ℎ

𝑘𝜏A ≈ 0
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GW from instantaneous and local 
sources (qualitative study)
•

−∞ 𝑘𝜏A ≈ 0𝜏′

The horizon fixes the 
amplitude of ℎ
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GW from instantaneous and local 
sources (qualitative study)
• The conformal time between the source and the horizon is 

fixed.
• The phase of ℎ at the source is fixed. 
• The value of ℎB at the horizon oscillates with 𝑘.
• ℎB is the initial condition for 

later evolution.



Quasi-de Sitter inflation as an 
example
•

•

!
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De Sitter inflation as an example

•

•

𝜏 = 0

!
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De Sitter inflation as an example

•

•

!
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After inflation

• ℎB(𝑘) is the initial amplitude for the GW oscillation after 
inflation.
• All the modes start to oscillate with the same phase.
• Example, in RD, the oscillation is sin 𝑘𝜏 /𝑘𝜏
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After inflation

• ℎB(𝑘) is the initial amplitude for the GW oscillation after 
inflation.
• All the modes start to oscillate with the same phase.
• Example, in RD, the oscillation is sin 𝑘𝜏 /𝑘𝜏

The end of inflation
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Spectrum of GW from a real source

• |𝑘𝜏F| > 𝜂A (the mode produced inside horizon)
• At the end of inflation

• After inflation (damped oscillation)

•



Generic features of GW spectrum

• Inflation models
• de Sitter inflation

• 𝑡% inflation

• Evolution after inflation

• In RD, 

• In MD, 

• In 𝑡 &% ,
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Flat space-time Quasi de Sitter
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Spectrum distortion by inflation



Redshifts of the GW signal
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Redshifts of the GW signal
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Flat space-time Quasi de Sitter

<latexit sha1_base64="XgTrWF9o5VXyhijVy4YPrZ09j30=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLTsa27ohuXFe0D2rFk0kwbmskMSUYopZ/gxoUibv0id/6NmbaCih64cDjnXu69J0g4UxqhDyu3srq2vpHfLGxt7+zuFfcPWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxpeZ376nUrFY3OpJQv0IDwULGcHaSDfhXblfLCH7vFZxvQpENkJVx3Uy4la9sgcdo2QogSUa/eJ7bxCTNKJCE46V6joo0f4US80Ip7NCL1U0wWSMh7RrqMARVf50fuoMnhhlAMNYmhIaztXvE1McKTWJAtMZYT1Sv71M/Mvrpjqs+VMmklRTQRaLwpRDHcPsbzhgkhLNJ4ZgIpm5FZIRlphok07BhPD1KfyftFzbObPRtVeqXyzjyIMjcAxOgQOqoA6uQAM0AQFD8ACewLPFrUfrxXpdtOas5cwh+AHr7RNTKI3V</latexit>

f 3
" #$%&'
$%(%)$%)*

" #$%&'
$%(%)$%)*

Spectrum distortion by inflation
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First order phase transition during 
inflation
• Assume quasi-dS inflation, RD re-entering and fast reheating
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First order phase transition during 
inflation
• Primordial stachastic GW signals  
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First order phase transition during 
inflation
• Signal strength is also sensitive to intermediate 

stages 
Kination domination



Summary

• First-order phase transitions can happen in a spectator 
sector during inflation.
• We show that there is an oscillatory feature in the 

spectrum.
• The slopes of the spectrum can tell us information 

about the inflation model and evolution of the universe 
when the modes re-enter the horizon. 
• If we are lucky enough, such a signal can be detected by 

future GW detectors. 
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Outlook

• Back reaction to the inflaton field ! " #$
• Primordial black holes from first-order phase transition 

during inflation
• Secondary GWs from 𝛿𝜙

• GWs from second-order phase transition during
inflation
• Collision of pseudo-bubbles
• Topological defects

with Tingyu Li and Chen Yang

with Boye Su, Hanwen Tai, Xi Tong, 
Liantao Wang, Chen Yang, Siyi Zhou
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Comparing scenarios

Different inflation scenarios

Different slopes in the UV 
and oscillatory parts 𝜏/: MD-RD transition

Temporary MD betwteen 
inflation and RD  



GWs produced in flat space-time

<latexit sha1_base64="7SZJlvwC4Yys0ehPEYKwgIwMOVw="></latexit>
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Flat space-time Quasi de Sitter
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Spectrum distortion by inflation



Flat space-time Quasi de Sitter
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Spectrum distortion by inflation
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First order phase transition during 
inflation
• CMB B modes

Simulation with the CLASS package.

<latexit sha1_base64="ExfspAhjNl8KV3YRQIN+3N57WeY=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0XQTUxE0Y1Q1IXLCvYBTQiT6aQdOpmEmUmhhHyDG3/FjQtF3Lpy5984bQNq64ELZ865l7n3BAmjUtn2l1FaWFxaXimvVtbWNza3zO2dpoxTgUkDxywW7QBJwignDUUVI+1EEBQFjLSCwfXYbw2JkDTm92qUEC9CPU5DipHSkm8euTeEKeSKfuxnrojgEOH8+OdJeZjDS2hbjm9WbcueAM4TpyBVUKDum59uN8ZpRLjCDEnZcexEeRkSimJG8oqbSpIgPEA90tGUo4hIL5uclMMDrXRhGAtdXMGJ+nsiQ5GUoyjQnRFSfTnrjcX/vE6qwgsvozxJFeF4+lGYMqhiOM4HdqkgWLGRJggLqneFuI8EwkqnWNEhOLMnz5PmieWcWfbdabV2VcRRBntgHxwCB5yDGrgFddAAGDyAJ/ACXo1H49l4M96nrSWjmNkFf2B8fAPlpZzv</latexit>
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GW from instantaneous and local 
sources (qualitative study)
•

𝜏 = 0
𝑡 → ∞

−∞ 𝜏A 𝜏K𝜏′
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h ! constant
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First-order phase transition during 
inflation
• Bubble nucleation rate:

• Phase transition starts:

• The bounce:

• First order phase transiton:

• Total energy density dominated by the inflaton sector:

<latexit sha1_base64="vfyN8myM6yWprKeMpQFxTS9AZ4g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFj0WvXisaD+kXUo2zW5Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfDPzO09UaRbLBzNJqC9wJFnICDZWerwf1FA/ipA3KFfcqjsHWiVeTiqQozkof/WHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYxzRnqUSC6r9bH7wFJ1ZZYjCWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8XmrCKz9jMkkNlWSxKEw5MjGafY+GTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSfui6tWr7l2t0rjO4yjCCZzCOXhwCQ24hSa0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5Ay9uj1k=</latexit>
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<latexit sha1_base64="JVcwxfQCLBbh7YjAEsp1VtiYmQM=">AAACE3icbVBLSwMxGMzWV62vVY9egkUQD2W3VvRY9NKLUME+oLtdsmnahibZJckKZel/8OJf8eJBEa9evPlvTNs9aOtAYDIzH8k3Ycyo0o7zbeVWVtfWN/Kbha3tnd09e/+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4upn6rQciFY3EvR7HxOdoIGifYqSNFNhnsNatQI8xyANP0QFH2fUc3gapJzmM2aRbNqlyYBedkjMDXCZuRoogQz2wv7xehBNOhMYMKdVxnVj7KZKaYkYmBS9RJEZ4hAakY6hAnCg/ne00gSdG6cF+JM0RGs7U3xMp4kqNeWiSHOmhWvSm4n9eJ9H9Kz+lIk40EXj+UD9hUEdwWhDsUUmwZmNDEJbU/BXiIZIIa1NjwZTgLq68TJrlkntRcu4qxep1VkceHIFjcApccAmqoAbqoAEweATP4BW8WU/Wi/VufcyjOSubOQR/YH3+APf1m7Y=</latexit>
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Summary

• We study the features of classical GWs produced from 
instantaneous sources during inflation.
• We show that there is an oscillatory feature in the 

spectrum.
• The slopes of the spectrum can tell us information about the 

inflation model and evolution of the universe when the 
modes re-enter the horizon. 
• First order phase transition during inflation can be realized 

with simple models.
• If we are lucky enough, such a signal can be detected by 

future GW detectors. 



First order phase transition during 
inflation
•

!"!# !"$! !"$# !"%! !"%# !"&!
�� !"" !��

%!

'!

(!

)!

$!!

$%!

$'!

! #

<latexit sha1_base64="YlatMGOUySZTzoWKSX8BNTnrAhU=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwY5kRRTdC0Y3LCvYBnaFkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pu0stPVA4HDOudybE6SCa+M436i0srq2vlHerGxt7+zuVfcP2jrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRndTv/PElOaJfDTjlPkxGUgecUqMlTxP2GhI8A0+c/vVmlN3ZsDLxC1IDQo0+9UvL0xoFjNpqCBa91wnNX5OlOFUsEnFyzRLCR2RAetZKknMtJ/Pbp7gE6uEOEqUfdLgmfp7Iiex1uM4sMmYmKFe9Kbif14vM9G1n3OZZoZJOl8UZQKbBE8LwCFXjBoxtoRQxe2tmA6JItTYmiq2BHfxy8ukfV53L+vOw0WtcVvUUYYjOIZTcOEKGnAPTWgBhRSe4RXeUIZe0Dv6mEdLqJg5hD9Anz9SOpCO</latexit>

! = ! 1

<latexit sha1_base64="dsQcAexox6FygxNIxIjBb9pbKV4=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuLEkRdGNUHTjsoJ9QBPKZDJph04ezEyEErPwV9y4UMStv+HOv3HaZqGtBwYO55zLvXO8hDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bxqkgtEViHouuhyXlLKItxRSn3URQHHqcdrzRzcTvPFAhWRzdq3FC3RAPIhYwgpWW+uaBw3XYx+gKnTqBwCSz86ye982qVbOmQIvELkgVCjT75pfjxyQNaaQIx1L2bCtRboaFYoTTvOKkkiaYjPCA9jSNcEilm03vz9GxVnwUxEK/SKGp+nsiw6GU49DTyRCroZz3JuJ/Xi9VwaWbsShJFY3IbFGQcqRiNCkD+UxQovhYE0wE07ciMsS6BaUrq+gS7PkvL5J2vWaf16y7s2rjuqijDIdwBCdgwwU04Baa0AICj/AMr/BmPBkvxrvxMYuWjGJmH/7A+PwBrE2VPQ==</latexit>

! = !
1
2

CosmoTransitions

<latexit sha1_base64="jVnlU6XBwk9RWrRw0H+p+SVRaO0="></latexit>

! =

!
!
!
!
dS4

dt

!
!
!
! =

dS4

d logµ2
e!

!

!
!
!
!
!
!

2 ú"

"
"

1 " µ 2

c2 ! 2

#

!
!
!
!
!
!

<latexit sha1_base64="6BOhIbU0WSsuhVt9JOBlwaqlat4="></latexit>

!
H

=

!
!
!
!

dS4

d logµ2
e!

!
!
!
! (2")1/ 2 !

M pl!
!
!#

"
1 " µ 2

c2 ! 2

#!
!
!

<latexit sha1_base64="h7Y/9hYcUZ9vc/61A0rJNsfJMqY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiXbTMFEU3QtGNywr2Ap1pyaSZNjTJDElGKEMfwY2v4saFIm5duvNtTNtZaOuBhI//P4fk/EHMqNKO820tLa+srq3nNvKbW9s7u/befkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHgz8ZsPRCoaiXs9ionPUV/QkGKkjdS1TzyedFNPckjCcNypwCtYKhrNUAlic3vxgHYqp1274JSdacFFcDMogKxqXfvL60U44URozJBSbdeJtZ8iqSlmZJz3EkVihIeoT9oGBeJE+el0oTE8NkoPhpE0R2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/9lIo40UTg2UNhwqCO4CQd2KOSYM1GBhCW1PwV4gGSCGuTYd6E4M6vvAiNStk9Lzt3Z4XqdRZHDhyCI1AELrgAVXALaqAOMHgEz+AVvFlP1ov1bn3MWpesbOYA/Cnr8wePsZpc</latexit>

µ2
e! = ! (µ2 ! c2! 2)



First order phase transition during 
inflation
•
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µ2
e! = ! (µ2 ! c2! 2)

<latexit sha1_base64="dlbTIiFaRc6XpBcbty0CtYEnlkc=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4qklRdFl048JFBfuAJpbJZNIOnUnCzEQooSs3/oobF4q49Rvc+TdOHwttPXDhcM69M/eeIOVMacf5thYWl5ZXVgtrxfWNza1te2e3oZJMElonCU9kK8CKchbTumaa01YqKRYBp82gfzXymw9UKpbEd3qQUl/gbswiRrA2Usc+8BQTnsjuK53ckwLRKBqeeDfmgRAbzS45ZWcMNE/cKSnBFLWO/eWFCckEjTXhWKm266Taz7HUjHA6LHqZoikmfdylbUNjLKjy8/EZQ3RklBBFiTQVazRWf0/kWCg1EIHpFFj31Kw3Ev/z2pmOLvycxWmmaUwmH0UZRzpBo0xQyCQlmg8MwUQysysiPSwx0Sa5ognBnT15njQqZfes7NyelqqX0zgKsA+HcAwunEMVrqEGdSDwCM/wCm/Wk/VivVsfk9YFazqzB39gff4AiKWYgw==</latexit>

! µ2
e! / ! 2

<latexit sha1_base64="ifF4QMy9+6iW5XZx+TJrnQZ6GlU="></latexit>

!
H

!

!
!
!
!

dS4

d logµ2
e!

!
!
!
! "

! 2

µ2
e!

"
1

Ne

𝑁*: e-fold before the end of the inflation.



First order phase transition during 
inflation
•

<latexit sha1_base64="ifF4QMy9+6iW5XZx+TJrnQZ6GlU="></latexit>

!
H

!

!
!
!
!

dS4

d logµ2
e!

!
!
!
! "

! 2

µ2
e!

"
1

Ne

!"!# !"$! !"$# !"%! !"%# !"&!
�� !"" !��

%!

'!

(!

)!

$!!

$%!

$'!

! #

<latexit sha1_base64="YlatMGOUySZTzoWKSX8BNTnrAhU=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwY5kRRTdC0Y3LCvYBnaFkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pu0stPVA4HDOudybE6SCa+M436i0srq2vlHerGxt7+zuVfcP2jrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRndTv/PElOaJfDTjlPkxGUgecUqMlTxP2GhI8A0+c/vVmlN3ZsDLxC1IDQo0+9UvL0xoFjNpqCBa91wnNX5OlOFUsEnFyzRLCR2RAetZKknMtJ/Pbp7gE6uEOEqUfdLgmfp7Iiex1uM4sMmYmKFe9Kbif14vM9G1n3OZZoZJOl8UZQKbBE8LwCFXjBoxtoRQxe2tmA6JItTYmiq2BHfxy8ukfV53L+vOw0WtcVvUUYYjOIZTcOEKGnAPTWgBhRSe4RXeUIZe0Dv6mEdLqJg5hD9Anz9SOpCO</latexit>

! = ! 1

<latexit sha1_base64="dsQcAexox6FygxNIxIjBb9pbKV4=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuLEkRdGNUHTjsoJ9QBPKZDJph04ezEyEErPwV9y4UMStv+HOv3HaZqGtBwYO55zLvXO8hDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bxqkgtEViHouuhyXlLKItxRSn3URQHHqcdrzRzcTvPFAhWRzdq3FC3RAPIhYwgpWW+uaBw3XYx+gKnTqBwCSz86ye982qVbOmQIvELkgVCjT75pfjxyQNaaQIx1L2bCtRboaFYoTTvOKkkiaYjPCA9jSNcEilm03vz9GxVnwUxEK/SKGp+nsiw6GU49DTyRCroZz3JuJ/Xi9VwaWbsShJFY3IbFGQcqRiNCkD+UxQovhYE0wE07ciMsS6BaUrq+gS7PkvL5J2vWaf16y7s2rjuqijDIdwBCdgwwU04Baa0AICj/AMr/BmPBkvxrvxMYuWjGJmH/7A+PwBrE2VPQ==</latexit>

! = !
1
2 <latexit sha1_base64="Jd7zhAetqo2RfOcCXewUKlD06pE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRKx6LLopiupYB/QhDCZ3rRDJw9mJkIJ+QE3/oobF4q4de/Ov3HaZqGtBy4czrmXe+/xE86ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeCQpvGPBY9n0jgLIK2YopDLxFAQp9D1x/fTP3uAwjJ4uheTRJwQzKMWMAoUVryzBMnEIRmjg+K5Fkzx45kIZ6LdcvKs1sPcs+sWjVrBrxM7IJUUYGWZ345g5imIUSKciJl37YS5WZEKEY55BUnlZAQOiZD6GsakRCkm82+yfGpVgY4iIWuSOGZ+nsiI6GUk9DXnSFRI7noTcX/vH6qgis3Y1GSKojofFGQcqxiPI0GD5gAqvhEE0IF07diOiI6CaUDrOgQ7MWXl0nnvGbXa9bdRbVxXcRRRkfoGJ0hG12iBmqiFmojih7RM3pFb8aT8WK8Gx/z1pJRzByiPzA+fwBQ3Juz</latexit>

!
H

!
500
Ne

<latexit sha1_base64="9V1ivwQ3reB06mJVzGXVSTcGUeY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQ+sMuim66kgn1AE8JketMOnTyYmQgl5Avc+CtuXCji1rU7/8Zpm4VWD1w4nHMv997jJ5xJZVlfRmlldW19o7xZ2dre2d0z9w+6Mk4FhQ6NeSz6PpHAWQQdxRSHfiKAhD6Hnj+5nvm9exCSxdGdmibghmQUsYBRorTkmTUnEIRmjg+K5Fkrx45kIV6IZw3LyrMbD3LPrFp1aw78l9gFqaICbc/8dIYxTUOIFOVEyoFtJcrNiFCMcsgrTiohIXRCRjDQNCIhSDebv5PjmlaGOIiFrkjhufpzIiOhlNPQ150hUWO57M3E/7xBqoKGm7EoSRVEdLEoSDlWMZ5lg4dMAFV8qgmhgulbMR0THYXSCVZ0CPbyy39J97RuX9St2/Nq86qIo4yO0DE6QTa6RE3UQm3UQRQ9oCf0gl6NR+PZeDPeF60lo5g5RL9gfHwD1GCb8w==</latexit>

!
H

!
3800
Ne

𝑁*: e-folds before the end of the inflation
<latexit sha1_base64="24v7BWeXWqvw139Nzg707MN+AyE="></latexit>

!
H

! O(10) " O(100)

CosmoTransitions



Outline

• Motivations
• GWs from an instantaneous source during inflation
• GWs from a source with finite duration during 

inflation
• GWs from first order phase transition during 

inflation
• Summary



Generic features of GW spectrum

• Instantaneous source 

𝜏 = 0

source

Δ
<latexit sha1_base64="Hw4fVlY2Snobd/nixt9l+pG5/3w=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyip5KIoseiHjxWsB/QhLLZbtqlm03YnYgl7V/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgkRwDY7zbRVWVtfWN4qbpa3tnd09e7/c1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBUMb6Z+65EpzWP5AKOE+RHpSx5ySsBIXbvs3TIBBHtC4LEHJD0Zd+2KU3VmwMvEzUkF5ah37S+vF9M0YhKoIFp3XCcBPyMKOBVsUvJSzRJCh6TPOoZKEjHtZ7PbJ/jYKD0cxsqUBDxTf09kJNJ6FAWmMyIw0IveVPzP66QQXvkZl0kKTNL5ojAVGGI8DQL3uGIUxMgQQhU3t2I6IIpQMHGVTAju4svLpHlWdS+qzv15pXadx1FEh+gInSIXXaIaukN11EAUPaFn9IrerIn1Yr1bH/PWgpXPHKA/sD5/AC2Lk+I=</latexit>

! ! |! ! |

<latexit sha1_base64="o7HKY0yy3kK5BA52/nDW9I1wq9U=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiCkJJRNGNUHTjsoK9QBPCZDpph04uzJwIJXTnxldx40IRt76CO9/GaZqFtv4w8PGfczhzfj8RXIFlfRulhcWl5ZXyamVtfWNzy9zeaak4lZQ1aSxi2fGJYoJHrAkcBOskkpHQF6ztD28m9fYDk4rH0T2MEuaGpB/xgFMC2vLM/aEDJD3CVzgHz1FAJD7BQy/B4CWeWbVqVi48D3YBVVSo4ZlfTi+macgioIIo1bWtBNyMSOBUsHHFSRVLCB2SPutqjEjIlJvld4zxoXZ6OIilfhHg3P09kZFQqVHo686QwEDN1ibmf7VuCsGlm/EoSYFFdLooSAWGGE9CwT0uGQUx0kCo5PqvmA6IJBR0dBUdgj178jy0Tmv2ec26O6vWr4s4ymgPHaBjZKMLVEe3qIGaiKJH9Ixe0ZvxZLwY78bHtLVkFDO76I+Mzx//tZge</latexit>

k! ! = k! ! + kptp <latexit sha1_base64="CkqVQ+e/FJnf7P6iDMUXFd6bCsM=">AAACA3icbVDJSgNBEO2JW4xb1JteGoMQD4YZUfQiBL14jGAWSOJQ0+kkzfQsdNcIYQh48Ve8eFDEqz/hzb+xsxw08UHB470qqup5sRQabfvbyiwsLi2vZFdza+sbm1v57Z2ajhLFeJVFMlINDzSXIuRVFCh5I1YcAk/yuudfj/z6A1daROEdDmLeDqAXiq5ggEZy83u+G9NL6lO4T4+dYbGFkLgtjaCO3HzBLtlj0HniTEmBTFFx81+tTsSSgIfIJGjddOwY2ykoFEzyYa6VaB4D86HHm4aGEHDdTsc/DOmhUTq0GylTIdKx+nsihUDrQeCZzgCwr2e9kfif10ywe9FORRgnyEM2WdRNJMWIjgKhHaE4QzkwBJgS5lbK+qCAoYktZ0JwZl+eJ7WTknNWsm9PC+WraRxZsk8OSJE45JyUyQ2pkCph5JE8k1fyZj1ZL9a79TFpzVjTmV3yB9bnD/gPlnY=</latexit>

kp = ka! 1(! ! )
<latexit sha1_base64="hOIZFZpyUIYQDsNHaL9l2GMmKo0=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEY2HYFUUbIWhjGcFcIAnL2clsMmT2wsxZIYQ8gY2vYmOhiK21nW/jJNkiRn8Y+PjPOZw5vxdLodG2v63M0vLK6lp2PbexubW9k9/dq+soUYzXWCQj1fRAcylCXkOBkjdjxSHwJG94g5tJvfHAlRZReI/DmHcC6IXCFwzQWG6+iG5MryiU2giJ29YI6njKRydzjpsv2GV7KvoXnBQKJFXVzX+1uxFLAh4ik6B1y7Fj7IxAoWCSj3PtRPMY2AB6vGUwhIDrzmh6zpgWjdOlfqTMC5FO3fmJEQRaDwPPdAaAfb1Ym5j/1VoJ+pedkQjjBHnIZov8RFKM6CQb2hWKM5RDA8CUMH+lrA8KGJoEcyYEZ/Hkv1A/LTvnZfvurFC5TuPIkgNySErEIRekQm5JldQII4/kmbySN+vJerHerY9Za8ZKZ/bJL1mfP2YbmxQ=</latexit>

t p = a(! ! )( ! ! ! ! ! )



Generic features of GW spectrum

• 𝑘L ≪ ∆LMN

• 𝑘∆≪ 1 ≪ |𝑘𝜏⋆|, an oscillating feature in the GW spectrum  

independent of !" 6'./&7.&'()&8','9./&4:0:34;<51
<latexit sha1_base64="4N/0LS6jdWvualO8h8zpILvmJ/Y=">AAACL3icbVDLSgMxFM34tr6qLt0EiyCCZUYUXYqKuFRotdCpQya9bWMzmSG5I5Rh/siNv+JGRBG3/oXpY2GrBwIn55xLck+YSGHQdd+cqemZ2bn5hcXC0vLK6lpxfePWxKnmUOWxjHUtZAakUFBFgRJqiQYWhRLuwu553797BG1ErCrYS6ARsbYSLcEZWikoXvqSqbYE6qOQTaCVIBMP+fjtfo/6epAKsm6QUF9K6l+ARBYk99m+l+c0KJbcsjsA/Uu8ESmREa6D4ovfjHkagUIumTF1z02wkTGNgkvIC35qIGG8y9pQt1SxCEwjG+yb0x2rNGkr1vYopAP190TGImN6UWiTEcOOmfT64n9ePcXWSSMTKkkRFB8+1EolxZj2y6NNoYGj7FnCuBb2r5R3mGYcbcUFW4I3ufJfcntQ9o7K7s1h6fRsVMcC2SLbZJd45JickityTaqEkyfyQt7Jh/PsvDqfztcwOuWMZjbJGJzvH/T3qP0=</latexit>

! ÷Tij ÷T !
ij "kp " ! ! 1

p



Generic features of GW spectrum

• Finite size effect

Oscillating

Smearing factor

<latexit sha1_base64="4Vx9aRLAsOQOqoRMxrLyssJROrk=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUxDJTfC2LblxWsA/olCGTZtrQTGZI7ghlmD9x46+4caGIuOvfmD4WtXogcO4593Jzjx8LrsG2x1ZuZXVtfSO/Wdja3tndK+4fNHWUKMoaNBKRavtEM8ElawAHwdqxYiT0BWv5w7uJ33piSvNIPsIoZt2Q9CUPOCVgJK945QaK0NTJ0mqGz/Bi5dJI4+qw7AJJPFcDUfgcTwv71CuW7Io9Bf5LnDkpoTnqXvHb7UU0CZkEKojWHceOoZsSBZwKlhXcRLOY0CHps46hkoRMd9PpfRk+MUoPB5EyTwKeqosTKQm1HoW+6QwJDPSyNxH/8zoJBDfdlMs4ASbpbFGQCAwRnoSFe1wxCmJkCKGKm79iOiAmIjCRFkwIzvLJf0mzWnEuK/bDRal2O48jj47QMSojB12jGrpHddRAFD2jV/SOPqwX6836tL5mrTlrPnOIfsEa/wB0EaFY</latexit>

1
2

+
1
2

cos 2k(! ! ! ! 0)

<latexit sha1_base64="LF+HG+B+z9UyHi1x9Et9Cc7DePE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LGoB48V7Ae0oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7N4ygaRXrnhVbwZ3mfg5qUCOeq/81e0rmsZMIhXEmI7vJRhkRCOngk1K3dSwhNARGbCOpZLEzATZ7NqJe2KVvhspbUuiO1N/T2QkNmYch7YzJjg0i95U/M/rpBhdBRmXSYpM0vmiKBUuKnf6utvnmlEUY0sI1dze6tIh0YSiDahkQ/AXX14mzbOqf1H17s8rtes8jiIcwTGcgg+XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWHejwA=</latexit>

!



Generic features of GW spectrum

• The UV part of the spectrum
• ! ! " ! # $, the oscillation pattern is completely smeared out.

Completely smeared out



Generic features of GW spectrum

• The IR part of the spectrum
• is flat, no oscillation pattern in the spectrum either, 

<latexit sha1_base64="ZTE9QLBvWj4qMbALdGj+gTGeJJU=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBJR9Fj0oMcK9gOaWDabTbt0swm7E6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSAXX4Djf1tLyyuraemmjvLm1vbNrV/ZaOskUZU2aiER1AqKZ4JI1gYNgnVQxEgeCtYPh1cRvPzCleSLvYJQyPyZ9ySNOCRipZ1c84CJkOPcoEfh6fB/17KpTc6bAi8QtSBUVaPTsLy9MaBYzCVQQrbuuk4KfEwWcCjYue5lmKaFD0mddQyWJmfbz6eljfGSUEEeJMiUBT9XfEzmJtR7FgemMCQz0vDcR//O6GUQXfs5lmgGTdLYoygSGBE9ywCFXjIIYGUKo4uZWTAdEEQomrbIJwZ1/eZG0TmruWc25Pa3WL4s4SugAHaJj5KJzVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHrHXJKmb20R9Ynz+g+pOW</latexit>

÷Gf

<latexit sha1_base64="gGso3wJDa0h7Y/TfXWlqRIP+QhQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKthabUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKjz7SrOcbpLpXrbl1dwayTLyC1KBAs1f98vsJy2KukElqTNdzUwxyqlEwyScVPzM8pWxEB7xrqaIxN0E+u3hCTqzSJ1GibSkkM/X3RE5jY8ZxaDtjikOz6E3F/7xuhtFVkAuVZsgVmy+KMkkwIdP3SV9ozlCOLaFMC3srYUOqKUMbUsWG4C2+vEzaZ3Xvou7endca10UcZTiCYzgFDy6hAbfQhBYwUPAMr/DmGOfFeXc+5q0lp5g5hD9wPn8AyXqQ/Q==</latexit>! !

<latexit sha1_base64="K3HrrAMrwtwHAyFHIq8NMTsXuJI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoseiF48V7Ac0IWy223bpZhN2J0JI61/x4kERr/4Qb/4bt20O2vpg4PHeDDPzwkRwDY7zbZXW1jc2t8rblZ3dvf0D+/CoreNUUdaisYhVNySaCS5ZCzgI1k0UI1EoWCcc3878ziNTmsfyAbKE+REZSj7glICRArs6GXtA0sDTQNQEe0JgN7BrTt2ZA68StyA1VKAZ2F9eP6ZpxCRQQbTuuU4Cfk4UcCrYtOKlmiWEjsmQ9QyVJGLaz+fHT/GpUfp4ECtTEvBc/T2Rk0jrLApNZ0RgpJe9mfif10thcO3nXCYpMEkXiwapwBDjWRK4zxWjIDJDCFXc3IrpiChCweRVMSG4yy+vkvZ53b2sO/cXtcZNEUcZHaMTdIZcdIUa6A41UQtRlKFn9IrerCfrxXq3PhatJauYqaI/sD5/AFrmlJA=</latexit>

|k! ! | ! 1



Generic features of GW spectrum



Generic features of GW spectrum

• Shape of the spectrum

f

dρ
dlogk

<latexit sha1_base64="9Z0dOIpLr1mBxDQHCQ5V0RpcXCQ="></latexit>

| ÷Tij (kp, kp)|2[ ÷Ei
0(k) ÷Gf

0 (k)]2k3

<latexit sha1_base64="wiiliKtTbd3BafoL9/T+ITJXig0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLz1WsB/QLiWbZtvQbBKTbLGU/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jEw1oXUiudStCBvKmaB1yyynLaUpTiJOm9HwbuY3R1QbJsWDHSsaJrgvWMwItk4Kh12FOlgpLZ9QtVss+WV/DrRKgoyUIEOtW/zq9CRJEyos4diYduArG06wtoxwOi10UkMVJkPcp21HBU6oCSfzo6fozCk9FEvtSlg0V39PTHBizDiJXGeC7cAsezPxP6+d2vgmnDChUksFWSyKU46sRLMEUI9pSiwfO4KJZu5WRAZYY2JdTgUXQrD88ippXJSDq7J/f1mq3GZx5OEETuEcAriGClShBnUg8AjP8Apv3sh78d69j0VrzstmjuEPvM8fMVuRuA==</latexit>

kp ⇡ H

<latexit sha1_base64="S0VQOIttP/+ZwlpyN5oVJab6i40=">AAACAnicbVDLSgMxFM34rPU16krcBIvgxjIjii6LunBZwT6gMw6ZNG1DM0lIMmIZiht/xY0LRdz6Fe78G9N2Ftp64MLhnHu5955YMqqN5307c/MLi0vLhZXi6tr6xqa7tV3XIlWY1LBgQjVjpAmjnNQMNYw0pSIoiRlpxP3Lkd+4J0pTwW/NQJIwQV1OOxQjY6XI3e1HEgZISiUeYHBFmEGRvMuO/GHklryyNwacJX5OSiBHNXK/grbAaUK4wQxp3fI9acIMKUMxI8NikGoiEe6jLmlZylFCdJiNXxjCA6u0YUcoW9zAsfp7IkOJ1oMktp0JMj097Y3E/7xWajrnYUa5TA3heLKokzJoBBzlAdtUEWzYwBKEFbW3QtxDCmFjUyvaEPzpl2dJ/bjsn5a9m5NS5SKPowD2wD44BD44AxVwDaqgBjB4BM/gFbw5T86L8+58TFrnnHxmB/yB8/kDjQSW4g==</latexit>

kp ⇡ ��1
p



Examples

• Inflation models
• Quasi-de Sitter inflation

• %! inflation

In %! inflation, we have the slow-roll parameter

• Evolution after inflation
• In RD, 

• In MD, 

• In %"! ,

<latexit sha1_base64="q8N/YhfcNkwScienDvqXYMwzbB0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAhuWhJRdFl0ocsK9gFNGibTm3boZBJmJkIJ+Q43/oobF4q4Ezf+jdPHQlsPXDiccy/33hMknClt29/W0vLK6tp6YaO4ubW9s1va22+qOJUUGjTmsWwHRAFnAhqaaQ7tRAKJAg6tYHg99lsPIBWLxb0eJeBFpC9YyCjRRvJLjqsZ70HmUsLxTe7b3RC7ikV42M0qbigJzZw8cyouJIrxWOS5XyrbVXsCvEicGSmjGep+6dPtxTSNQGjKiVIdx060lxGpGeWQF91UQULokPShY6ggESgvm7yW42Oj9HAYS1NC44n6eyIjkVKjKDCdEdEDNe+Nxf+8TqrDSy9jIkk1CDpdFKYc6xiPc8I9JoFqPjKEUMnMrZgOiMlDmzSLJgRn/uVF0jytOudV++6sXLuaxVFAh+gInSAHXaAaukV11EAUPaJn9IrerCfrxXq3PqatS9Zs5gD9gfX1Aw1RoOU=</latexit>

÷Gf
0 ! k! 1

1! !

<latexit sha1_base64="j9VNLYZ9ng1TzLYxe33BIDPDAaQ=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHcWBJRdFkUwWUF+4AmDZPJtB06MwkzE6GE7Nz4K25cKOLWX3Dn3zhts9DWAxcO59zLvfeECaNKO863tbC4tLyyWlorr29sbm3bO7tNFacSkwaOWSzbIVKEUUEammpG2okkiIeMtMLh9dhvPRCpaCzu9SghPkd9QXsUI22kwD7wNGURyTyMGLzJA6dLoacoh8NuduLmgV1xqs4EcJ64BamAAvXA/vKiGKecCI0ZUqrjOon2MyQ1xYzkZS9VJEF4iPqkY6hAnCg/m/yRwyOjRLAXS1NCw4n6eyJDXKkRD00nR3qgZr2x+J/XSXXv0s+oSFJNBJ4u6qUM6hiOQ4ERlQRrNjIEYUnNrRAPkERYm+jKJgR39uV50jytuudV5+6sUrsq4iiBfXAIjoELLkAN3II6aAAMHsEzeAVv1pP1Yr1bH9PWBauY2QN/YH3+ALLYmIw=</latexit>

÷Ei
0 ! k! 1

<latexit sha1_base64="3c2x7BQqvP8wVTHj03tVExtGlOw=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgxpIURZdFEVxWsA9o0jCZTNqhM0mYmQglZOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jdLS8srqWnm9srG5tb1j7u61ZZwKTFo4ZrHo+kgSRiPSUlQx0k0EQdxnpOOPrid+54EISePoXo0T4nI0iGhIMVJa8sxDR1EWkMzBiMGb3LP6FDqScjjqZ6f13DOrVs2aAi4SuyBVUKDpmV9OEOOUk0hhhqTs2Vai3AwJRTEjecVJJUkQHqEB6WkaIU6km03/yOGxVgIYxkJXpOBU/T2RIS7lmPu6kyM1lPPeRPzP66UqvHQzGiWpIhGeLQpTBlUMJ6HAgAqCFRtrgrCg+laIh0ggrHR0FR2CPf/yImnXa/Z5zbo7qzauijjK4AAcgRNggwvQALegCVoAg0fwDF7Bm/FkvBjvxsestWQUM/vgD4zPH7RdmI0=</latexit>

÷Ei
0 ! k! 2

<latexit sha1_base64="WZ3JEQSZTKvJ1M639so3fcEdWaw=">AAACIXicbZDLSsNAFIYn9VbrLerSzWAR6sKaiGKXRRFcVrAXaNIwmUzboTNJmJkIJeRV3Pgqblwo0p34Mk7bgFo9MPDx/+dw5vx+zKhUlvVhFJaWV1bXiuuljc2t7R1zd68lo0Rg0sQRi0THR5IwGpKmooqRTiwI4j4jbX90PfXbD0RIGoX3ahwTl6NBSPsUI6Ulz6w5irKAwNTBiMGbzLN6FDqScjjqpWluxtlp5ZvhCbSPM88sW1VrVvAv2DmUQV4Nz5w4QYQTTkKFGZKya1uxclMkFMWMZCUnkSRGeIQGpKsxRJxIN51dmMEjrQSwHwn9QgVn6s+JFHEpx9zXnRypoVz0puJ/XjdR/Zqb0jBOFAnxfFE/YVBFcBoXDKggWLGxBoQF1X+FeIgEwkqHWtIh2Isn/4XWWdW+qFp35+X6VR5HERyAQ1ABNrgEdXALGqAJMHgEz+AVvBlPxovxbkzmrQUjn9kHv8r4/AJdeKJc</latexit>

÷Ei
0 ! k ÷p/ (÷p! 1)



Comparing scenarios

Different inflation scenarios

Different slopes in the UV 
and oscillatory parts 𝜏/: MD-RD transition

Temporary MD betwteen 
inflation and RD  



Outline

• Motivations
• GWs from an instantaneous source during inflation
• GWs from a source with finite duration during 

inflation
• GWs from first order phase transition during 

inflation
• Summary



• For phase transition to finish

Why first order phase transition 
during inflation?

𝑅
<latexit sha1_base64="7SZJlvwC4Yys0ehPEYKwgIwMOVw="></latexit>

d! f lat
GW

! ! vac d logkp
!

!
H inf

"

" 2

"
" k2.8

p

" 3.8 + 2 .8k3.8
p

!"#$%&'()&*+(,-'().(/&010234151

<latexit sha1_base64="BlcvhezZFilpFi4J72xItAYap8A=">AAACCnicbVDLSsNAFJ34rPUVdelmtAhuLIkouhGKuuiyin1AU8NkOmmHzkzCzEQoIWs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89Qcyo0o7zbc3NLywuLRdWiqtr6xub9tZ2Q0WJxKSOIxbJVoAUYVSQuqaakVYsCeIBI81gcDXymw9EKhqJOz2MSYejnqAhxUgbybf3buEF9K4J08iPoccYrPqpJzmkIszu0yM38+2SU3bGgLPEzUkJ5Kj59pfXjXDCidCYIaXarhPrToqkppiRrOglisQID1CPtA0ViBPVScevZPDAKF0YRtKU0HCs/p5IEVdqyAPTyZHuq2lvJP7ntRMdnndSKuJEE4Eni8KEQR3BUS6wSyXBmg0NQVhScyvEfSQR1ia9ognBnX55ljSOy+5p2bk5KVUu8zgKYBfsg0PggjNQAVVQA3WAwSN4Bq/gzXqyXqx362PSOmflMzvgD6zPHwmgmTw=</latexit>

R = ! p ! H ! 1
inf

<latexit sha1_base64="aZxjJ/oO3ocOMuBf88E1x3Hdf1E="></latexit>

! =
dS4

dt
! ! ! 1

p " H inf

<latexit sha1_base64="KNdVSV6pfrfkDIlhdOVX5bBg1dE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseglxwjmAdsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHjRY0FFXddHfFqeAWfP/LK62tb2xulbcrO7t7+wfVw6OO1ZmhrE210KYXE8sEV6wNHATrpYYRGQvWjSd3c7/7yIzlWj3ANGWRJCPFE04JOClsDvK+kZirZDao1vy6vwD+S4KC1FCB1qD62R9qmkmmgApibRj4KUQ5McCpYLNKP7MsJXRCRix0VBHJbJQvTp7hM6cMcaKNKwV4of6cyIm0dipj1ykJjO2qNxf/88IMkpso5yrNgCm6XJRkAoPG8//xkBtGQUwdIdRwdyumY2IIBZdSxYUQrL78l3Qu6sFV3b+/rDVuizjK6ASdonMUoGvUQE3UQm1EkUZP6AW9euA9e2/e+7K15BUzx+gXvI9vGw6RIw==</latexit>

H inf



Models of first order phase 
transition during inflation
• Models in the literature:
• Open inflation

• GUT phase transition at the beginning of inflation

• Obtained the correct UV behavior of the GW spectrum 
H. Jiang, T. Liu, S. Sun, Y. Wang, 1512.07538

Y.-T. Wang, Y. Cai, Y.-S. Piao, 1801.03639

K. Sugimura, D. Yamauchi, M. Sasaki, 1110.4773



Models of first order phase 
transition during inflation
• Simple models:

<latexit sha1_base64="6IthVlQJ+mpJnK58h3IbR30/F0k=">AAACHXicbVDLSgMxFM34rPU16tJNsAgupMxIRXFVdOOygn1AZyiZTKYNTTJDkhHK0PkQN/6KGxeKuHAj/o1pOwttPRA4nHMvN+cECaNKO863tbS8srq2Xtoob25t7+zae/stFacSkyaOWSw7AVKEUUGammpGOokkiAeMtIPhzcRvPxCpaCzu9SghPkd9QSOKkTZSz655yYBe5ZknOaQiYkjHIo8oYeHpOM89RfscFbZKCNbGl+OeXXGqzhRwkbgFqYACjZ796YUxTjkRGjOkVNd1Eu1nSGqKGRmXvVSRBOEh6pOuoQJxovxsmm4Mj40SwiiW5gkNp+rvjQxxpUY8MJMc6YGa9ybif1431dGln1GRpJoIPDsUpQzqGE6qgiGVJjEbGYKwpOavEA+QRFibQsumBHc+8iJpnVXd86pzV6vUr4s6SuAQHIET4IILUAe3oAGaAINH8AxewZv1ZL1Y79bHbHTJKnYOwB9YXz/voaOx</latexit>

! : inßaton Þeld, " : spectator

<latexit sha1_base64="h7Y/9hYcUZ9vc/61A0rJNsfJMqY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiXbTMFEU3QtGNywr2Ap1pyaSZNjTJDElGKEMfwY2v4saFIm5duvNtTNtZaOuBhI//P4fk/EHMqNKO820tLa+srq3nNvKbW9s7u/befkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHgz8ZsPRCoaiXs9ionPUV/QkGKkjdS1TzyedFNPckjCcNypwCtYKhrNUAlic3vxgHYqp1274JSdacFFcDMogKxqXfvL60U44URozJBSbdeJtZ8iqSlmZJz3EkVihIeoT9oGBeJE+el0oTE8NkoPhpE0R2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/9lIo40UTg2UNhwqCO4CQd2KOSYM1GBhCW1PwV4gGSCGuTYd6E4M6vvAiNStk9Lzt3Z4XqdRZHDhyCI1AELrgAVXALaqAOMHgEz+AVvFlP1ov1bn3MWpesbOYA/Cnr8wePsZpc</latexit>

µ2
e! = ! (µ2 ! c2! 2)



First order phase transition during 
inflation
• Bubble nucleation rate:

• Phase transition starts:

• The bounce:

• First order phase transiton: <latexit sha1_base64="vfyN8myM6yWprKeMpQFxTS9AZ4g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFj0WvXisaD+kXUo2zW5Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfDPzO09UaRbLBzNJqC9wJFnICDZWerwf1FA/ipA3KFfcqjsHWiVeTiqQozkof/WHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYxzRnqUSC6r9bH7wFJ1ZZYjCWNmSBs3V3xMZFlpPRGA7BTYjvezNxP+8XmrCKz9jMkkNlWSxKEw5MjGafY+GTFFi+MQSTBSztyIywgoTYzMq2RC85ZdXSfui6tWr7l2t0rjO4yjCCZzCOXhwCQ24hSa0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5Ay9uj1k=</latexit>

S4 ! 1
<latexit sha1_base64="JVcwxfQCLBbh7YjAEsp1VtiYmQM=">AAACE3icbVBLSwMxGMzWV62vVY9egkUQD2W3VvRY9NKLUME+oLtdsmnahibZJckKZel/8OJf8eJBEa9evPlvTNs9aOtAYDIzH8k3Ycyo0o7zbeVWVtfWN/Kbha3tnd09e/+gqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4upn6rQciFY3EvR7HxOdoIGifYqSNFNhnsNatQI8xyANP0QFH2fUc3gapJzmM2aRbNqlyYBedkjMDXCZuRoogQz2wv7xehBNOhMYMKdVxnVj7KZKaYkYmBS9RJEZ4hAakY6hAnCg/ne00gSdG6cF+JM0RGs7U3xMp4kqNeWiSHOmhWvSm4n9eJ9H9Kz+lIk40EXj+UD9hUEdwWhDsUUmwZmNDEJbU/BXiIZIIa1NjwZTgLq68TJrlkntRcu4qxep1VkceHIFjcApccAmqoAbqoAEweATP4BW8WU/Wi/VufcyjOSubOQR/YH3+APf1m7Y=</latexit>

H 4 ! m4
! ! 3M 2

pl H
2



First order phase transition during 
inflation
•

!"!# !"$! !"$# !"%! !"%# !"&!
�� !"" !��

%!

'!

(!

)!

$!!

$%!

$'!

! #

<latexit sha1_base64="YlatMGOUySZTzoWKSX8BNTnrAhU=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwY5kRRTdC0Y3LCvYBnaFkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pu0stPVA4HDOudybE6SCa+M436i0srq2vlHerGxt7+zuVfcP2jrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRndTv/PElOaJfDTjlPkxGUgecUqMlTxP2GhI8A0+c/vVmlN3ZsDLxC1IDQo0+9UvL0xoFjNpqCBa91wnNX5OlOFUsEnFyzRLCR2RAetZKknMtJ/Pbp7gE6uEOEqUfdLgmfp7Iiex1uM4sMmYmKFe9Kbif14vM9G1n3OZZoZJOl8UZQKbBE8LwCFXjBoxtoRQxe2tmA6JItTYmiq2BHfxy8ukfV53L+vOw0WtcVvUUYYjOIZTcOEKGnAPTWgBhRSe4RXeUIZe0Dv6mEdLqJg5hD9Anz9SOpCO</latexit>

! = ! 1

<latexit sha1_base64="dsQcAexox6FygxNIxIjBb9pbKV4=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuLEkRdGNUHTjsoJ9QBPKZDJph04ezEyEErPwV9y4UMStv+HOv3HaZqGtBwYO55zLvXO8hDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bxqkgtEViHouuhyXlLKItxRSn3URQHHqcdrzRzcTvPFAhWRzdq3FC3RAPIhYwgpWW+uaBw3XYx+gKnTqBwCSz86ye982qVbOmQIvELkgVCjT75pfjxyQNaaQIx1L2bCtRboaFYoTTvOKkkiaYjPCA9jSNcEilm03vz9GxVnwUxEK/SKGp+nsiw6GU49DTyRCroZz3JuJ/Xi9VwaWbsShJFY3IbFGQcqRiNCkD+UxQovhYE0wE07ciMsS6BaUrq+gS7PkvL5J2vWaf16y7s2rjuqijDIdwBCdgwwU04Baa0AICj/AMr/BmPBkvxrvxMYuWjGJmH/7A+PwBrE2VPQ==</latexit>

! = !
1
2

CosmoTransitions

<latexit sha1_base64="jVnlU6XBwk9RWrRw0H+p+SVRaO0="></latexit>

! =

!
!
!
!
dS4

dt

!
!
!
! =

dS4

d logµ2
e!

!

!
!
!
!
!
!

2 ú"

"
"

1 " µ 2

c2 ! 2

#

!
!
!
!
!
!

<latexit sha1_base64="6BOhIbU0WSsuhVt9JOBlwaqlat4="></latexit>

!
H

=

!
!
!
!

dS4

d logµ2
e!

!
!
!
! (2")1/ 2 !

M pl!
!
!#

"
1 " µ 2

c2 ! 2

#!
!
!

<latexit sha1_base64="h7Y/9hYcUZ9vc/61A0rJNsfJMqY=">AAACEHicbZDLSgMxFIYzXmu9jbp0EyxiXbTMFEU3QtGNywr2Ap1pyaSZNjTJDElGKEMfwY2v4saFIm5duvNtTNtZaOuBhI//P4fk/EHMqNKO820tLa+srq3nNvKbW9s7u/befkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHgz8ZsPRCoaiXs9ionPUV/QkGKkjdS1TzyedFNPckjCcNypwCtYKhrNUAlic3vxgHYqp1274JSdacFFcDMogKxqXfvL60U44URozJBSbdeJtZ8iqSlmZJz3EkVihIeoT9oGBeJE+el0oTE8NkoPhpE0R2g4VX9PpIgrNeKB6eRID9S8NxH/89qJDi/9lIo40UTg2UNhwqCO4CQd2KOSYM1GBhCW1PwV4gGSCGuTYd6E4M6vvAiNStk9Lzt3Z4XqdRZHDhyCI1AELrgAVXALaqAOMHgEz+AVvFlP1ov1bn3MWpesbOYA/Cnr8wePsZpc</latexit>

µ2
e! = ! (µ2 ! c2! 2)



First order phase transition during 
inflation
•

<latexit sha1_base64="jVnlU6XBwk9RWrRw0H+p+SVRaO0="></latexit>

! =

!
!
!
!
dS4

dt

!
!
!
! =

dS4

d logµ2
e!

!

!
!
!
!
!
!

2 ú"

"
"

1 " µ 2

c2 ! 2

#

!
!
!
!
!
!

<latexit sha1_base64="6BOhIbU0WSsuhVt9JOBlwaqlat4="></latexit>

!
H

=

!
!
!
!

dS4

d logµ2
e!

!
!
!
! (2")1/ 2 !

M pl!
!
!#

"
1 " µ 2

c2 ! 2

#!
!
!

<latexit sha1_base64="dlbTIiFaRc6XpBcbty0CtYEnlkc=">AAACBnicbVDLSsNAFL3xWesr6lKEwSK4qklRdFl048JFBfuAJpbJZNIOnUnCzEQooSs3/oobF4q49Rvc+TdOHwttPXDhcM69M/eeIOVMacf5thYWl5ZXVgtrxfWNza1te2e3oZJMElonCU9kK8CKchbTumaa01YqKRYBp82gfzXymw9UKpbEd3qQUl/gbswiRrA2Usc+8BQTnsjuK53ckwLRKBqeeDfmgRAbzS45ZWcMNE/cKSnBFLWO/eWFCckEjTXhWKm266Taz7HUjHA6LHqZoikmfdylbUNjLKjy8/EZQ3RklBBFiTQVazRWf0/kWCg1EIHpFFj31Kw3Ev/z2pmOLvycxWmmaUwmH0UZRzpBo0xQyCQlmg8MwUQysysiPSwx0Sa5ognBnT15njQqZfes7NyelqqX0zgKsA+HcAwunEMVrqEGdSDwCM/wCm/Wk/VivVsfk9YFazqzB39gff4AiKWYgw==</latexit>

! µ2
e! / ! 2

<latexit sha1_base64="ifF4QMy9+6iW5XZx+TJrnQZ6GlU="></latexit>

!
H

!

!
!
!
!

dS4

d logµ2
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!
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! "

! 2

µ2
e!

"
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Ne



First order phase transition during 
inflation
•

<latexit sha1_base64="ifF4QMy9+6iW5XZx+TJrnQZ6GlU="></latexit>

!
H

!

!
!
!
!

dS4

d logµ2
e!

!
!
!
! "

! 2

µ2
e!

"
1

Ne
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$!!
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! #

<latexit sha1_base64="YlatMGOUySZTzoWKSX8BNTnrAhU=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwY5kRRTdC0Y3LCvYBnaFkMpk2NJMZkoxQhv6GGxeKuPVn3Pk3pu0stPVA4HDOudybE6SCa+M436i0srq2vlHerGxt7+zuVfcP2jrJFGUtmohEdQOimeCStQw3gnVTxUgcCNYJRndTv/PElOaJfDTjlPkxGUgecUqMlTxP2GhI8A0+c/vVmlN3ZsDLxC1IDQo0+9UvL0xoFjNpqCBa91wnNX5OlOFUsEnFyzRLCR2RAetZKknMtJ/Pbp7gE6uEOEqUfdLgmfp7Iiex1uM4sMmYmKFe9Kbif14vM9G1n3OZZoZJOl8UZQKbBE8LwCFXjBoxtoRQxe2tmA6JItTYmiq2BHfxy8ukfV53L+vOw0WtcVvUUYYjOIZTcOEKGnAPTWgBhRSe4RXeUIZe0Dv6mEdLqJg5hD9Anz9SOpCO</latexit>

! = ! 1

<latexit sha1_base64="dsQcAexox6FygxNIxIjBb9pbKV4=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuLEkRdGNUHTjsoJ9QBPKZDJph04ezEyEErPwV9y4UMStv+HOv3HaZqGtBwYO55zLvXO8hDOpLOvbKC0tr6yuldcrG5tb2zvm7l5bxqkgtEViHouuhyXlLKItxRSn3URQHHqcdrzRzcTvPFAhWRzdq3FC3RAPIhYwgpWW+uaBw3XYx+gKnTqBwCSz86ye982qVbOmQIvELkgVCjT75pfjxyQNaaQIx1L2bCtRboaFYoTTvOKkkiaYjPCA9jSNcEilm03vz9GxVnwUxEK/SKGp+nsiw6GU49DTyRCroZz3JuJ/Xi9VwaWbsShJFY3IbFGQcqRiNCkD+UxQovhYE0wE07ciMsS6BaUrq+gS7PkvL5J2vWaf16y7s2rjuqijDIdwBCdgwwU04Baa0AICj/AMr/BmPBkvxrvxMYuWjGJmH/7A+PwBrE2VPQ==</latexit>

! = !
1
2 <latexit sha1_base64="Jd7zhAetqo2RfOcCXewUKlD06pE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRKx6LLopiupYB/QhDCZ3rRDJw9mJkIJ+QE3/oobF4q4de/Ov3HaZqGtBy4czrmXe+/xE86ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeCQpvGPBY9n0jgLIK2YopDLxFAQp9D1x/fTP3uAwjJ4uheTRJwQzKMWMAoUVryzBMnEIRmjg+K5Fkzx45kIZ6LdcvKs1sPcs+sWjVrBrxM7IJUUYGWZ345g5imIUSKciJl37YS5WZEKEY55BUnlZAQOiZD6GsakRCkm82+yfGpVgY4iIWuSOGZ+nsiI6GUk9DXnSFRI7noTcX/vH6qgis3Y1GSKojofFGQcqxiPI0GD5gAqvhEE0IF07diOiI6CaUDrOgQ7MWXl0nnvGbXa9bdRbVxXcRRRkfoGJ0hG12iBmqiFmojih7RM3pFb8aT8WK8Gx/z1pJRzByiPzA+fwBQ3Juz</latexit>

!
H

!
500
Ne

<latexit sha1_base64="9V1ivwQ3reB06mJVzGXVSTcGUeY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQ+sMuim66kgn1AE8JketMOnTyYmQgl5Avc+CtuXCji1rU7/8Zpm4VWD1w4nHMv997jJ5xJZVlfRmlldW19o7xZ2dre2d0z9w+6Mk4FhQ6NeSz6PpHAWQQdxRSHfiKAhD6Hnj+5nvm9exCSxdGdmibghmQUsYBRorTkmTUnEIRmjg+K5Fkrx45kIV6IZw3LyrMbD3LPrFp1aw78l9gFqaICbc/8dIYxTUOIFOVEyoFtJcrNiFCMcsgrTiohIXRCRjDQNCIhSDebv5PjmlaGOIiFrkjhufpzIiOhlNPQ150hUWO57M3E/7xBqoKGm7EoSRVEdLEoSDlWMZ5lg4dMAFV8qgmhgulbMR0THYXSCVZ0CPbyy39J97RuX9St2/Nq86qIo4yO0DE6QTa6RE3UQm3UQRQ9oCf0gl6NR+PZeDPeF60lo5g5RL9gfHwD1GCb8w==</latexit>

!
H

!
3800
Ne

𝑁*: e-folds before the end of inflation

<latexit sha1_base64="24v7BWeXWqvw139Nzg707MN+AyE="></latexit>

!
H

! O(10) " O(100)



First order phase transition during 
inflation
• Assume quasi-dS inflation, RD re-entering and fast reheating

<latexit sha1_base64="kzWtjVxdWnz3fUyKA2KORDN8B6E=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbArih6DXjxJBPOAZA2zk95kyOzsOjMrhCU/4cWDIl79HW/+jZPHQRMLGoqqbrq7gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgG12O/8YRK81jem2GCfkR7koecUWOlJj5kJ7cdHHWKJbfsTkAWiTcjJZih2il+tbsxSyOUhgmqdctzE+NnVBnOBI4K7VRjQtmA9rBlqaQRaj+b3DsiR1bpkjBWtqQhE/X3REYjrYdRYDsjavp63huL/3mt1ISXfsZlkhqUbLooTAUxMRk/T7pcITNiaAllittbCetTRZmxERVsCN78y4ukflr2zsvu3VmpcjWLIw8HcAjH4MEFVOAGqlADBgKe4RXenEfnxXl3PqatOWc2sw9/4Hz+AMFjj8g=</latexit>

e! N e

Dilution factor

<latexit sha1_base64="SyD3u48IPPfTXesZpuoMaUiH8ok="></latexit>

! GW (ktoday ) = ! R
H 4

inf

k4
p

!
1
2

+ S(kp! ! 1) cos
"

2kp

Hinf

#$
" " vac

" inf

d" ßat
GW

" " vac d logkp

Smearing Suppressed by 
the energy 
faction

Redshift

𝑁*: e-folds before the end of inflation



First order phase transition during 
inflation
• Primordial stachastic GW signals  



First order phase transition during 
inflation
• CMB B modes



Summary

• We study the features of classical GWs produced from 
instantaneous sources during inflation.
• We show that there is an oscillatory feature in the 

spectrum.
• The slopes of the spectrum can tell us information about the 

inflation model and evolution of the universe when the 
modes re-enter the horizon. 
• First order phase transition during inflation can be realized 

with simple models.
• If we are lucky enough, such a signal can be detected by 

future GW detectors. 



GW from instantaneous and local 
sources (qualitative study)
•

−∞ 𝜏K𝜏′

Deep inside the horizon Out of the horizon

𝜏 = 0𝜏A

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)

<latexit sha1_base64="ACfSSTO+7gbQTef+Z5Y9rMz5r4c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQrmZTtKhkwczE6GErNz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+/xEs6ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeC0DaJeSx6HkjKWUTbiilOe4mgEHqcdr3x7dTvPlAhWRzdq0lC3RCCiPmMgNLSwDx2fAEkG+cZ1BwF6VmOnSDAzfljYFatujUDXiZ2QaqoQGtgfjnDmKQhjRThIGXfthLlZiAUI5zmFSeVNAEyhoD2NY0gpNLNZmfk+FQrQ+zHQlek8Ez9PZFBKOUk9HRnCGokF72p+J/XT5V/7WYsSlJFIzL/yE85VjGeZoKHTFCi+EQTIILpXTEZgc5F6eQqOgR78eRl0jmv25d16+6i2rgp4iijI3SCashGV6iBmqiF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+gPjM8f+USYJQ==</latexit>

k
a(! )

! H (! )
<latexit sha1_base64="ppZoJ97ix/HnGZhgKPlG3fd8X9I=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQplMJ+3QySTM3AgldOXGX3HjQhG3foM7/8Zpm4W2Hrhw5px7mXtPkAiuwXG+rcLK6tr6RnGztLW9s7tn7x+0dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej26nffmBK81jewzhhfkQGkoecEjBSzz72QkVoNppkpOIBSc8m2BMC1+ePnl12qs4MeJm4OSmjHI2e/eX1Y5pGTAIVROuu6yTgZ0QBp4JNSl6qWULoiAxY11BJIqb9bHbGBJ8apY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCaz/jMkmBSTr/KEwFhhhPM8F9rhgFMTaEUMXNrpgOickFTHIlE4K7ePIyaZ1X3cuqc3dRrt3kcRTRETpBFeSiK1RDddRATUTRI3pGr+jNerJerHfrY95asPKZQ/QH1ucPCNCYLw==</latexit>

k
a(! )

! H (! )



de Sitter inflation as an example

• What is the spatial configuration of ℎPQ?

• In Minkovski space

𝑟𝑟 = 0

𝜏 = 𝜏′

𝜏 − 𝜏0 = 2

𝜏 − 𝜏0 = 4

Shell with radius |𝜏 − 𝜏′|

<latexit sha1_base64="piWUhL1E+rR6fftdxuiWGDjdbuc="></latexit>

h =
16! GN T

4! r
" (# ! #! ! r )



de Sitter inflation as an example

• What is the spatial configuration of %&'?
• In de Sitter space

<latexit sha1_base64="zi5GJzsI60IoTv++M4iEb56z5XQ="></latexit>

hij (! , k) = ! 16" GN HTij ! ! (! ! ! ! )
!

sink(! ! ! !)
k

<latexit sha1_base64="SSLPcnhzoYXXJIHczNH0IbBuIKw="></latexit>

+
!

1
k2!

!
1

k2! !

"
cosk(! ! ! !) +

1
k3! ! ! sink(! ! ! !)

#



de Sitter inflation as an example

• What is the spatial configuration of %&'?
• In de Sitter space <latexit sha1_base64="hTsN0usVVQhPiKs7pCSi+bj/t/E=">AAACFnicbVC7TgJBFJ3FF+Jr1dJmIjFiAdk1GC2JNpaYyCNhCZkdZmHC7CMzdw1k4Sts/BUbC42xNXb+jbNAoeBJ7s3JOfdm5h43ElyBZX0bmZXVtfWN7GZua3tnd8/cP6irMJaU1WgoQtl0iWKCB6wGHARrRpIR3xWs4Q5uUr/xwKTiYXAPo4i1fdILuMcpAS11zKLjSUITB0g8ScpOxPFw4nSZAFJItWLaTotjx/XwcHzWMfNWyZoCLxN7TvJojmrH/HK6IY19FgAVRKmWbUXQTogETgWb5JxYsYjQAemxlqYB8ZlqJ9OzJvhEK13shVJXAHiq/t5IiK/UyHf1pE+grxa9VPzPa8XgXbUTHkQxsIDOHvJigSHEaUa4yyWjIEaaECq5/iumfaJzAp1kTodgL568TOrnJfuiZN2V85XreRxZdISOUQHZ6BJV0C2qohqi6BE9o1f0ZjwZL8a78TEbzRjznUP0B8bnD/tanzg=</latexit> !

4" x
#(! ! ! ! ! |x |)

<latexit sha1_base64="zi5GJzsI60IoTv++M4iEb56z5XQ="></latexit>

hij (! , k) = ! 16" GN HTij ! ! (! ! ! ! )
!

sink(! ! ! !)
k

<latexit sha1_base64="SSLPcnhzoYXXJIHczNH0IbBuIKw="></latexit>

+
!

1
k2!

!
1

k2! !

"
cosk(! ! ! !) +

1
k3! ! ! sink(! ! ! !)

#

<latexit sha1_base64="oiyA5/HZ+GJBqVGIqxMCXTDqXVQ=">AAACFHicbVC7SgNBFJ2Nrxhfq5Y2g0GMSMKuRLQM2lhGyAuyIcxOZpMhsw9m7ophsx9h46/YWChia2Hn3zh5FBo9cC+Hc+5l5h43ElyBZX0ZmaXlldW17HpuY3Nre8fc3WuoMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q6vJ37zjknFw6AGo4h1fNIPuMcpAS11zVPHk4QmdpqUnYin2KkNGJCCAyQuTtpxcZw4rofv0/FJ18xbJWsK/JfYc5JHc1S75qfTC2nsswCoIEq1bSuCTkIkcCpYmnNixSJCh6TP2poGxGeqk0yPSvGRVnrYC6WuAPBU/bmREF+pke/qSZ/AQC16E/E/rx2Dd9lJeBDFwAI6e8iLBYYQTxLCPS4ZBTHShFDJ9V8xHRCdEugcczoEe/Hkv6RxVrLPS9ZtOV+5mseRRQfoEBWQjS5QBd2gKqojih7QE3pBr8aj8Wy8Ge+z0Ywx39lHv2B8fAPuRp4b</latexit>

1
4!

! (" ! " ! ! |x |)



de Sitter inflation as an example

• What is the spatial configuration of %&'?
• In de Sitter space

Similar to Minkovski Intrinsic in de Sitter

Decreases with both 𝑥 and 𝜏 constant

Vanishes out of horizon

<latexit sha1_base64="QGQUak1Vj/30fuOx+cvFb6z0M3U="> s=</latexit>

h(! , x) !
!

4" x
#(! " ! ! " x) +

1
4"

! (! " ! ! " x)



de Sitter inflation as an example

• At 𝜏 → 0

• A ball of GW, with radius 𝜏F
• ℎ uniformally distributed inside the GW balls.
• All the balls have the same radius. 

<latexit sha1_base64="FwKg5AGu7Nn0VXsU/j1+jv0D2PY="></latexit>

h(! , x) !
1

4"
! (|! ! | " x)



Green’s function of GW in inflation 

• Generic features

• For (!) #( * +$ ,

• For (!) #( , +% ,     

𝜂 → 0𝜂A 𝜂K

<latexit sha1_base64="ybOtV/Y7KKG3f5Abn7ZhHSS4VcE="></latexit>

hf = k! 1cosk(! " ! ! "
0) ÷Gf

0 (k)
<latexit sha1_base64="uD/ERrn1T0mE33uxjhtB6Q5FzUE="></latexit>

hf =
!
a(! !)

" 0

! !
a" 2(! 1)d! 1

#



GW from instantaneous and local 
sources (qualitative study)
•

𝜏 = 0−∞ 𝜏A 𝜏K𝜏′

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)

<latexit sha1_base64="ACfSSTO+7gbQTef+Z5Y9rMz5r4c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQrmZTtKhkwczE6GErNz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+/xEs6ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeC0DaJeSx6HkjKWUTbiilOe4mgEHqcdr3x7dTvPlAhWRzdq0lC3RCCiPmMgNLSwDx2fAEkG+cZ1BwF6VmOnSDAzfljYFatujUDXiZ2QaqoQGtgfjnDmKQhjRThIGXfthLlZiAUI5zmFSeVNAEyhoD2NY0gpNLNZmfk+FQrQ+zHQlek8Ez9PZFBKOUk9HRnCGokF72p+J/XT5V/7WYsSlJFIzL/yE85VjGeZoKHTFCi+EQTIILpXTEZgc5F6eQqOgR78eRl0jmv25d16+6i2rgp4iijI3SCashGV6iBmqiF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+gPjM8f+USYJQ==</latexit>

k
a(! )

! H (! )

<latexit sha1_base64="cdiXkAalDHKaAol7bKJxYvghz5o=">AAACEXicbVC7TsMwFHV4lvIKMLJYVIh2oEoQCMYKFsYi0YfURJXjOq1V24lsB6mK+gss/AoLAwixsrHxNzhpBmg5kq3jc+7V9T1BzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5bRYnEpIUjFslugBRhVJCWppqRbiwJ4gEjnWB8k/mdByIVjcS9nsTE52goaEgx0kbq29WRpyiHXigRTg0VcFz1NEpOs+ukNk1R/qxN+3bFqTs54CJxC1IBBZp9+8sbRDjhRGjMkFI914m1nyKpKWZkWvYSRWKEx2hIeoYKxIny03yjKTw2ygCGkTRHaJirvztSxJWa8MBUcqRHat7LxP+8XqLDKz+lIk40EXg2KEwY1BHM4oEDKgnWbGIIwpKav0I8QiYcbUIsmxDc+ZUXSfus7l7UnbvzSuO6iKMEDsERqAIXXIIGuAVN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+wPr8AYNrnM4=</latexit>

h !
sink(! " ! !)

a(! )

<latexit sha1_base64="ppZoJ97ix/HnGZhgKPlG3fd8X9I=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQplMJ+3QySTM3AgldOXGX3HjQhG3foM7/8Zpm4W2Hrhw5px7mXtPkAiuwXG+rcLK6tr6RnGztLW9s7tn7x+0dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej26nffmBK81jewzhhfkQGkoecEjBSzz72QkVoNppkpOIBSc8m2BMC1+ePnl12qs4MeJm4OSmjHI2e/eX1Y5pGTAIVROuu6yTgZ0QBp4JNSl6qWULoiAxY11BJIqb9bHbGBJ8apY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCaz/jMkmBSTr/KEwFhhhPM8F9rhgFMTaEUMXNrpgOickFTHIlE4K7ePIyaZ1X3cuqc3dRrt3kcRTRETpBFeSiK1RDddRATUTRI3pGr+jNerJerHfrY95asPKZQ/QH1ucPCNCYLw==</latexit>

k
a(! )

! H (! )

<latexit sha1_base64="eBsDWIW5mHtJlj6YaH8Iszwmuyg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoseiF48V7Ac0oWy223bp7ibsToQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzokRwA5737ZTW1jc2t8rblZ3dvf0D9/CobeJUU9aisYh1NyKGCa5YCzgI1k00IzISrBNNbmd+55Fpw2P1AFnCQklGig85JWClvlsdB4bLPNAS01gZIAqmfbfm1b058CrxC1JDBZp99ysYxDSVTAEVxJie7yUQ5kQDp4JNK0FqWELohIxYz1JFJDNhPj9+ik+tMsDDWNtSgOfq74mcSGMyGdlOSWBslr2Z+J/XS2F4HeZcJSkwRReLhqnAEONZEnjANaMgMksI1dzeiumYaELB5lWxIfjLL6+S9nndv6x79xe1xk0RRxkdoxN0hnx0hRroDjVRC1GUoWf0it6cJ+fFeXc+Fq0lp5ipoj9wPn8AVuaVNw==</latexit>

h ! constant





GW from instantaneous and local 
sources (qualitative study)
•

𝜏 = 0−∞ 𝜏A 𝜏K𝜏′

Deep inside the horizon, 
damped oscillation

Out of the horizon

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)

<latexit sha1_base64="cdiXkAalDHKaAol7bKJxYvghz5o=">AAACEXicbVC7TsMwFHV4lvIKMLJYVIh2oEoQCMYKFsYi0YfURJXjOq1V24lsB6mK+gss/AoLAwixsrHxNzhpBmg5kq3jc+7V9T1BzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5bRYnEpIUjFslugBRhVJCWppqRbiwJ4gEjnWB8k/mdByIVjcS9nsTE52goaEgx0kbq29WRpyiHXigRTg0VcFz1NEpOs+ukNk1R/qxN+3bFqTs54CJxC1IBBZp9+8sbRDjhRGjMkFI914m1nyKpKWZkWvYSRWKEx2hIeoYKxIny03yjKTw2ygCGkTRHaJirvztSxJWa8MBUcqRHat7LxP+8XqLDKz+lIk40EXg2KEwY1BHM4oEDKgnWbGIIwpKav0I8QiYcbUIsmxDc+ZUXSfus7l7UnbvzSuO6iKMEDsERqAIXXIIGuAVN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+wPr8AYNrnM4=</latexit>

h !
sink(! " ! !)

a(! )
<latexit sha1_base64="eBsDWIW5mHtJlj6YaH8Iszwmuyg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoseiF48V7Ac0oWy223bp7ibsToQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzokRwA5737ZTW1jc2t8rblZ3dvf0D9/CobeJUU9aisYh1NyKGCa5YCzgI1k00IzISrBNNbmd+55Fpw2P1AFnCQklGig85JWClvlsdB4bLPNAS01gZIAqmfbfm1b058CrxC1JDBZp99ysYxDSVTAEVxJie7yUQ5kQDp4JNK0FqWELohIxYz1JFJDNhPj9+ik+tMsDDWNtSgOfq74mcSGMyGdlOSWBslr2Z+J/XS2F4HeZcJSkwRReLhqnAEONZEnjANaMgMksI1dzeiumYaELB5lWxIfjLL6+S9nndv6x79xe1xk0RRxkdoxN0hnx0hRroDjVRC1GUoWf0it6cJ+fFeXc+Fq0lp5ipoj9wPn8AVuaVNw==</latexit>

h ! constant

<latexit sha1_base64="ACfSSTO+7gbQTef+Z5Y9rMz5r4c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQrmZTtKhkwczE6GErNz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+/xEs6ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeC0DaJeSx6HkjKWUTbiilOe4mgEHqcdr3x7dTvPlAhWRzdq0lC3RCCiPmMgNLSwDx2fAEkG+cZ1BwF6VmOnSDAzfljYFatujUDXiZ2QaqoQGtgfjnDmKQhjRThIGXfthLlZiAUI5zmFSeVNAEyhoD2NY0gpNLNZmfk+FQrQ+zHQlek8Ez9PZFBKOUk9HRnCGokF72p+J/XT5V/7WYsSlJFIzL/yE85VjGeZoKHTFCi+EQTIILpXTEZgc5F6eQqOgR78eRl0jmv25d16+6i2rgp4iijI3SCashGV6iBmqiF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+gPjM8f+USYJQ==</latexit>

k
a(! )

! H (! )
<latexit sha1_base64="ppZoJ97ix/HnGZhgKPlG3fd8X9I=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQplMJ+3QySTM3AgldOXGX3HjQhG3foM7/8Zpm4W2Hrhw5px7mXtPkAiuwXG+rcLK6tr6RnGztLW9s7tn7x+0dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej26nffmBK81jewzhhfkQGkoecEjBSzz72QkVoNppkpOIBSc8m2BMC1+ePnl12qs4MeJm4OSmjHI2e/eX1Y5pGTAIVROuu6yTgZ0QBp4JNSl6qWULoiAxY11BJIqb9bHbGBJ8apY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCaz/jMkmBSTr/KEwFhhhPM8F9rhgFMTaEUMXNrpgOickFTHIlE4K7ePIyaZ1X3cuqc3dRrt3kcRTRETpBFeSiK1RDddRATUTRI3pGr+jNerJerHfrY95asPKZQ/QH1ucPCNCYLw==</latexit>

k
a(! )

! H (! )



GW from instantaneous and local 
sources (qualitative study)
•

𝜏 = 0−∞ 𝜏A 𝜏K𝜏′ <latexit sha1_base64="ppZoJ97ix/HnGZhgKPlG3fd8X9I=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQplMJ+3QySTM3AgldOXGX3HjQhG3foM7/8Zpm4W2Hrhw5px7mXtPkAiuwXG+rcLK6tr6RnGztLW9s7tn7x+0dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej26nffmBK81jewzhhfkQGkoecEjBSzz72QkVoNppkpOIBSc8m2BMC1+ePnl12qs4MeJm4OSmjHI2e/eX1Y5pGTAIVROuu6yTgZ0QBp4JNSl6qWULoiAxY11BJIqb9bHbGBJ8apY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCaz/jMkmBSTr/KEwFhhhPM8F9rhgFMTaEUMXNrpgOickFTHIlE4K7ePIyaZ1X3cuqc3dRrt3kcRTRETpBFeSiK1RDddRATUTRI3pGr+jNerJerHfrY95asPKZQ/QH1ucPCNCYLw==</latexit>

k
a(! )

! H (! )

<latexit sha1_base64="eBsDWIW5mHtJlj6YaH8Iszwmuyg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIoseiF48V7Ac0oWy223bp7ibsToQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzokRwA5737ZTW1jc2t8rblZ3dvf0D9/CobeJUU9aisYh1NyKGCa5YCzgI1k00IzISrBNNbmd+55Fpw2P1AFnCQklGig85JWClvlsdB4bLPNAS01gZIAqmfbfm1b058CrxC1JDBZp99ysYxDSVTAEVxJie7yUQ5kQDp4JNK0FqWELohIxYz1JFJDNhPj9+ik+tMsDDWNtSgOfq74mcSGMyGdlOSWBslr2Z+J/XS2F4HeZcJSkwRReLhqnAEONZEnjANaMgMksI1dzeiumYaELB5lWxIfjLL6+S9nndv6x79xe1xk0RRxkdoxN0hnx0hRroDjVRC1GUoWf0it6cJ+fFeXc+Fq0lp5ipoj9wPn8AVuaVNw==</latexit>

h ! constant

<latexit sha1_base64="ACfSSTO+7gbQTef+Z5Y9rMz5r4c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQrmZTtKhkwczE6GErNz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+/xEs6ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeC0DaJeSx6HkjKWUTbiilOe4mgEHqcdr3x7dTvPlAhWRzdq0lC3RCCiPmMgNLSwDx2fAEkG+cZ1BwF6VmOnSDAzfljYFatujUDXiZ2QaqoQGtgfjnDmKQhjRThIGXfthLlZiAUI5zmFSeVNAEyhoD2NY0gpNLNZmfk+FQrQ+zHQlek8Ez9PZFBKOUk9HRnCGokF72p+J/XT5V/7WYsSlJFIzL/yE85VjGeZoKHTFCi+EQTIILpXTEZgc5F6eQqOgR78eRl0jmv25d16+6i2rgp4iijI3SCashGV6iBmqiF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+gPjM8f+USYJQ==</latexit>

k
a(! )

! H (! )

<latexit sha1_base64="cdiXkAalDHKaAol7bKJxYvghz5o=">AAACEXicbVC7TsMwFHV4lvIKMLJYVIh2oEoQCMYKFsYi0YfURJXjOq1V24lsB6mK+gss/AoLAwixsrHxNzhpBmg5kq3jc+7V9T1BzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5bRYnEpIUjFslugBRhVJCWppqRbiwJ4gEjnWB8k/mdByIVjcS9nsTE52goaEgx0kbq29WRpyiHXigRTg0VcFz1NEpOs+ukNk1R/qxN+3bFqTs54CJxC1IBBZp9+8sbRDjhRGjMkFI914m1nyKpKWZkWvYSRWKEx2hIeoYKxIny03yjKTw2ygCGkTRHaJirvztSxJWa8MBUcqRHat7LxP+8XqLDKz+lIk40EXg2KEwY1BHM4oEDKgnWbGIIwpKav0I8QiYcbUIsmxDc+ZUXSfus7l7UnbvzSuO6iKMEDsERqAIXXIIGuAVN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+wPr8AYNrnM4=</latexit>

h !
sink(! " ! !)

a(! )

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)

Stop oscillating



! ! in a generic inflation model

• Generic features

• For (!) #( * +$ ,

• For (!) #( , +% ,     

𝜂 = 0𝜂A 𝜂K

Model dependent

Independent of k

<latexit sha1_base64="ybOtV/Y7KKG3f5Abn7ZhHSS4VcE="></latexit>

hf = k! 1cosk(! " ! ! "
0) ÷Gf

0 (k)
<latexit sha1_base64="uD/ERrn1T0mE33uxjhtB6Q5FzUE="></latexit>

hf =
!
a(! !)

" 0

! !
a" 2(! 1)d! 1

#

source



Outline

• Motivations
• Phase transi
• GWs from an instantaneous source during inflation
• GWs from a source with finite duration during 

inflation
• GWs from first order phase transition during 

inflation
• Summary



!"#$%"&'%()#*)+,'-%"(%)+,.%"/#',/)
0,)011%2%"0&%.)%3$0,('#,
• The metric

• Conformal time

• Inflation
• 𝑎̈ > 0, 𝑑𝜏 = 𝑎MN 𝑡 𝑑𝑡, 𝜏 has a finite upper bound. 
We shift 𝜏 so that 𝜏 ≤ 0.
• |𝜏| is the size of the comoving horizon.

GW in transverse 
traceless part of =



GW from instantaneous and local 
sources (qualitative study)
• E.O.M. of GW

• For an instantaneous and local source, the source can be 
seen as delta funtion in both space and time. 

• E.O.M. in Fourier space

<latexit sha1_base64="lASySLYijwWi+c+XuhTQz7Y7pA4="></latexit>

�ij ⇠ �(x)�(⌧ � ⌧ 0)

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)



GW from instantaneous and local 
sources (qualitative study)
•

−∞ 𝜏′

The horizon fixes the 
amplitude of ℎ

𝑘𝜏A ≈ 0

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)

<latexit sha1_base64="cm78roQEPZWwJdm9C6cb1vca4Kg=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuiqJKLqsunFZwV6gCWEynaRDJxdmJkJti6/ixoUibn0Pd76N0zQLbf1h4OM/53DO/H7KmVSW9W0sLC4tr6yW1srrG5tb2+bOblMmmSC0QRKeiLaPJeUspg3FFKftVFAc+Zy2/P7NpN56oEKyJL5Xg5S6EQ5jFjCClbY8c3/kKJwdj5AThihn72rkmRWrauVC82AXUIFCdc/8croJySIaK8KxlB3bSpU7xEIxwum47GSSppj0cUg7GmMcUekO8+vH6Eg7XRQkQr9Yodz9PTHEkZSDyNedEVY9OVubmP/VOpkKLt0hi9NM0ZhMFwUZRypBkyhQlwlKFB9owEQwfSsiPSwwUTqwsg7Bnv3yPDRPq/Z51bo7q9SuizhKcACHcAI2XEANbqEODSDwCM/wCm/Gk/FivBsf09YFo5jZgz8yPn8A8MeU5A==</latexit>

|! ! | ! |! A |
<latexit sha1_base64="LVCWxeqfX/8tz6CZ8VW69myBuGU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0V0VRJRdFl047KCfUASy2Q6aYdOJmHmRqih+CtuXCji1v9w5984bbPQ1gP3cjjnXubOCVPBNTjOt7WwuLS8slpaK69vbG5t2zu7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4Hrstx6Y0jyRdzBMWRCTnuQRpwSM1LH3+/eRr3mMTZPewAeSHQcdu+JUnQnwPHELUkEF6h37y+8mNIuZBCqI1p7rpBDkRAGngo3KfqZZSuiA9JhnqCQx00E+uX6Ej4zSxVGiTEnAE/X3Rk5irYdxaCZjAn09643F/zwvg+gyyLlMM2CSTh+KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M5+eZ40T6vuedW5PavUroo4SugAHaIT5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHdHTBKnb20B9Ynz8aepT+</latexit>

hf ! sin[k! ! ]

<latexit sha1_base64="ACfSSTO+7gbQTef+Z5Y9rMz5r4c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQrmZTtKhkwczE6GErNz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+/xEs6ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeC0DaJeSx6HkjKWUTbiilOe4mgEHqcdr3x7dTvPlAhWRzdq0lC3RCCiPmMgNLSwDx2fAEkG+cZ1BwF6VmOnSDAzfljYFatujUDXiZ2QaqoQGtgfjnDmKQhjRThIGXfthLlZiAUI5zmFSeVNAEyhoD2NY0gpNLNZmfk+FQrQ+zHQlek8Ez9PZFBKOUk9HRnCGokF72p+J/XT5V/7WYsSlJFIzL/yE85VjGeZoKHTFCi+EQTIILpXTEZgc5F6eQqOgR78eRl0jmv25d16+6i2rgp4iijI3SCashGV6iBmqiF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+gPjM8f+USYJQ==</latexit>

k
a(! )

! H (! )

<latexit sha1_base64="cdiXkAalDHKaAol7bKJxYvghz5o=">AAACEXicbVC7TsMwFHV4lvIKMLJYVIh2oEoQCMYKFsYi0YfURJXjOq1V24lsB6mK+gss/AoLAwixsrHxNzhpBmg5kq3jc+7V9T1BzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5bRYnEpIUjFslugBRhVJCWppqRbiwJ4gEjnWB8k/mdByIVjcS9nsTE52goaEgx0kbq29WRpyiHXigRTg0VcFz1NEpOs+ukNk1R/qxN+3bFqTs54CJxC1IBBZp9+8sbRDjhRGjMkFI914m1nyKpKWZkWvYSRWKEx2hIeoYKxIny03yjKTw2ygCGkTRHaJirvztSxJWa8MBUcqRHat7LxP+8XqLDKz+lIk40EXg2KEwY1BHM4oEDKgnWbGIIwpKav0I8QiYcbUIsmxDc+ZUXSfus7l7UnbvzSuO6iKMEDsERqAIXXIIGuAVN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+wPr8AYNrnM4=</latexit>

h !
sink(! " ! !)

a(! )



GW from instantaneous and local 
sources (qualitative study)
•

−∞ 𝑘𝜏A ≈ 0𝜏′

The horizon fixes the 
amplitude of ℎ

<latexit sha1_base64="C8LDbzum45wbDDLBz2bK4cif4NM="></latexit>

h!! (! , k) +
2a!

a
h!(! , k) + k2h(! , k) = 16 " GN a" 1T#(! ! ! !)

<latexit sha1_base64="cm78roQEPZWwJdm9C6cb1vca4Kg=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuiqJKLqsunFZwV6gCWEynaRDJxdmJkJti6/ixoUibn0Pd76N0zQLbf1h4OM/53DO/H7KmVSW9W0sLC4tr6yW1srrG5tb2+bOblMmmSC0QRKeiLaPJeUspg3FFKftVFAc+Zy2/P7NpN56oEKyJL5Xg5S6EQ5jFjCClbY8c3/kKJwdj5AThihn72rkmRWrauVC82AXUIFCdc/8croJySIaK8KxlB3bSpU7xEIxwum47GSSppj0cUg7GmMcUekO8+vH6Eg7XRQkQr9Yodz9PTHEkZSDyNedEVY9OVubmP/VOpkKLt0hi9NM0ZhMFwUZRypBkyhQlwlKFB9owEQwfSsiPSwwUTqwsg7Bnv3yPDRPq/Z51bo7q9SuizhKcACHcAI2XEANbqEODSDwCM/wCm/Gk/FivBsf09YFo5jZgz8yPn8A8MeU5A==</latexit>

|! ! | ! |! A |
<latexit sha1_base64="LVCWxeqfX/8tz6CZ8VW69myBuGU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0V0VRJRdFl047KCfUASy2Q6aYdOJmHmRqih+CtuXCji1v9w5984bbPQ1gP3cjjnXubOCVPBNTjOt7WwuLS8slpaK69vbG5t2zu7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4Hrstx6Y0jyRdzBMWRCTnuQRpwSM1LH3+/eRr3mMTZPewAeSHQcdu+JUnQnwPHELUkEF6h37y+8mNIuZBCqI1p7rpBDkRAGngo3KfqZZSuiA9JhnqCQx00E+uX6Ej4zSxVGiTEnAE/X3Rk5irYdxaCZjAn09643F/zwvg+gyyLlMM2CSTh+KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M5+eZ40T6vuedW5PavUroo4SugAHaIT5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHdHTBKnb20B9Ynz8aepT+</latexit>

hf ! sin[k! ! ]

<latexit sha1_base64="ACfSSTO+7gbQTef+Z5Y9rMz5r4c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyURRZdFN11WsA9oQrmZTtKhkwczE6GErNz4K25cKOLWb3Dn3zhts9DWAxfOnHMvc+/xEs6ksqxvo7Syura+Ud6sbG3v7O6Z+wcdGaeC0DaJeSx6HkjKWUTbiilOe4mgEHqcdr3x7dTvPlAhWRzdq0lC3RCCiPmMgNLSwDx2fAEkG+cZ1BwF6VmOnSDAzfljYFatujUDXiZ2QaqoQGtgfjnDmKQhjRThIGXfthLlZiAUI5zmFSeVNAEyhoD2NY0gpNLNZmfk+FQrQ+zHQlek8Ez9PZFBKOUk9HRnCGokF72p+J/XT5V/7WYsSlJFIzL/yE85VjGeZoKHTFCi+EQTIILpXTEZgc5F6eQqOgR78eRl0jmv25d16+6i2rgp4iijI3SCashGV6iBmqiF2oigR/SMXtGb8WS8GO/Gx7y1ZBQzh+gPjM8f+USYJQ==</latexit>

k
a(! )

! H (! )

<latexit sha1_base64="cdiXkAalDHKaAol7bKJxYvghz5o=">AAACEXicbVC7TsMwFHV4lvIKMLJYVIh2oEoQCMYKFsYi0YfURJXjOq1V24lsB6mK+gss/AoLAwixsrHxNzhpBmg5kq3jc+7V9T1BzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5bRYnEpIUjFslugBRhVJCWppqRbiwJ4gEjnWB8k/mdByIVjcS9nsTE52goaEgx0kbq29WRpyiHXigRTg0VcFz1NEpOs+ukNk1R/qxN+3bFqTs54CJxC1IBBZp9+8sbRDjhRGjMkFI914m1nyKpKWZkWvYSRWKEx2hIeoYKxIny03yjKTw2ygCGkTRHaJirvztSxJWa8MBUcqRHat7LxP+8XqLDKz+lIk40EXg2KEwY1BHM4oEDKgnWbGIIwpKav0I8QiYcbUIsmxDc+ZUXSfus7l7UnbvzSuO6iKMEDsERqAIXXIIGuAVN0AIYPIJn8ArerCfrxXq3PmalS1bRcwD+wPr8AYNrnM4=</latexit>

h !
sink(! " ! !)

a(! )



GW from instantaneous and local 
sources (qualitative study)
• The conformal time between the source and the horizon is 

fixed.
• The phase of ℎ at the source is fixed. 
• The value of ℎ at the horizon oscillates with 𝑘.
• The amplitude ℎB oscillates with 𝑘.
• ℎB is the initial condition for 

later evolution.



Quasi-de Sitter inflation as an 
example
•

•

!

<latexit sha1_base64="ZF0C/OGOEe5UDsT+ki/I5KiPSfI=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8GJJRNGLUPTSYwX7AU0pk+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+6AoZ4I2NNOctmNJIfQ5bfmj24nfeqBSsUjc63FMuyEMBAsYAW2knn0A+BqfYi+QQFI3S2vY05BkPbvsVJwp8CJxc1JGOeo9+8vrRyQJqdCEg1Id14l1NwWpGeE0K3mJojGQEQxox1ABIVXddHp/ho+N0sdBJE0Jjafq74kUQqXGoW86Q9BDNe9NxP+8TqKDq27KRJxoKshsUZBwrCM8CQP3maRE87EhQCQzt2IyBBOFNpGVTAju/MuLpHlWcS8qzt15uXqTx1FEh+gInSAXXaIqqqE6aiCCHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/AA+hlN0=</latexit>

a = !
1

H !

! !" ! # ! $ ! % ! &
��

! %

! &

&

%

!

<latexit sha1_base64="NFsonKh+vf9hndrRNwU2paaS/9g="></latexit>

hij (! , k) = !
16" GN HTij !

k

!"
1

k!
!

1
k! !

#
cosk(! ! ! !) +

"
1 +

1
k2! ! !

#
sink(! ! ! !)

$



De Sitter inflation as an example

•

•

𝜏 = 0

!

<latexit sha1_base64="ZF0C/OGOEe5UDsT+ki/I5KiPSfI=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8GJJRNGLUPTSYwX7AU0pk+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+6AoZ4I2NNOctmNJIfQ5bfmj24nfeqBSsUjc63FMuyEMBAsYAW2knn0A+BqfYi+QQFI3S2vY05BkPbvsVJwp8CJxc1JGOeo9+8vrRyQJqdCEg1Id14l1NwWpGeE0K3mJojGQEQxox1ABIVXddHp/ho+N0sdBJE0Jjafq74kUQqXGoW86Q9BDNe9NxP+8TqKDq27KRJxoKshsUZBwrCM8CQP3maRE87EhQCQzt2IyBBOFNpGVTAju/MuLpHlWcS8qzt15uXqTx1FEh+gInSAXXaIqqqE6aiCCHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/AA+hlN0=</latexit>

a = !
1

H !

! !" ! # ! $ ! % ! &
��

! %

! &

&

%

!

𝜏 = 0

<latexit sha1_base64="NFsonKh+vf9hndrRNwU2paaS/9g="></latexit>

hij (! , k) = !
16" GN HTij !

k

!"
1

k!
!

1
k! !

#
cosk(! ! ! !) +

"
1 +

1
k2! ! !

#
sink(! ! ! !)

$



De Sitter inflation as an example

•

•

!

<latexit sha1_base64="ZF0C/OGOEe5UDsT+ki/I5KiPSfI=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8GJJRNGLUPTSYwX7AU0pk+2mXbrZhN2NUGIO/hUvHhTx6t/w5r9x2+agrQ8GHu/NMDPPjzlT2nG+rcLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+6AoZ4I2NNOctmNJIfQ5bfmj24nfeqBSsUjc63FMuyEMBAsYAW2knn0A+BqfYi+QQFI3S2vY05BkPbvsVJwp8CJxc1JGOeo9+8vrRyQJqdCEg1Id14l1NwWpGeE0K3mJojGQEQxox1ABIVXddHp/ho+N0sdBJE0Jjafq74kUQqXGoW86Q9BDNe9NxP+8TqKDq27KRJxoKshsUZBwrCM8CQP3maRE87EhQCQzt2IyBBOFNpGVTAju/MuLpHlWcS8qzt15uXqTx1FEh+gInSAXXaIqqqE6aiCCHtEzekVv1pP1Yr1bH7PWgpXP7KM/sD5/AA+hlN0=</latexit>

a = !
1

H !

! !" ! # ! $ ! % ! &
��

! %

! &

&

%

!

<latexit sha1_base64="NFsonKh+vf9hndrRNwU2paaS/9g="></latexit>

hij (! , k) = !
16" GN HTij !

k

!"
1

k!
!

1
k! !

#
cosk(! ! ! !) +

"
1 +

1
k2! ! !

#
sink(! ! ! !)

$



After inflation

• ℎB(𝑘) is the initial amplitude for the GW oscillation after 
inflation.
• All the modes start to oscillate with the same phase.
• Example, in RD, the oscillation is sin 𝑘𝜏 /𝑘𝜏

!"!# !"$! !"#! $ # $!

ℎ



After inflation

• ℎB(𝑘) is the initial amplitude for the GW oscillation after 
inflation.
• All the modes start to oscillate with the same phase.
• Example, in RD, the oscillation is sin 𝑘𝜏 /𝑘𝜏

The end of inflation

!"!# !"$! !"#! $ # $!

<latexit sha1_base64="LVCWxeqfX/8tz6CZ8VW69myBuGU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0V0VRJRdFl047KCfUASy2Q6aYdOJmHmRqih+CtuXCji1v9w5984bbPQ1gP3cjjnXubOCVPBNTjOt7WwuLS8slpaK69vbG5t2zu7TZ1kirIGTUSi2iHRTHDJGsBBsHaqGIlDwVrh4Hrstx6Y0jyRdzBMWRCTnuQRpwSM1LH3+/eRr3mMTZPewAeSHQcdu+JUnQnwPHELUkEF6h37y+8mNIuZBCqI1p7rpBDkRAGngo3KfqZZSuiA9JhnqCQx00E+uX6Ej4zSxVGiTEnAE/X3Rk5irYdxaCZjAn09643F/zwvg+gyyLlMM2CSTh+KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M5+eZ40T6vuedW5PavUroo4SugAHaIT5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHdHTBKnb20B9Ynz8aepT+</latexit>

hf ! sin[k! ! ]



Another way to see the oscillatory 
pattern
• What is the spatial configuration of ℎ from an instantaneous 

and local source?
• In Minkovski space

<latexit sha1_base64="piWUhL1E+rR6fftdxuiWGDjdbuc="></latexit>

h =
16! GN T

4! r
" (# ! #! ! r )

𝑟𝑟 = 0

𝜏 = 𝜏′

𝜏 − 𝜏0 = 2

𝜏 − 𝜏0 = 4

Shell with radius |𝜏 − 𝜏′|



Another way to see the oscillatory 
pattern

<latexit sha1_base64="zi5GJzsI60IoTv++M4iEb56z5XQ="></latexit>

hij (! , k) = ! 16" GN HTij ! ! (! ! ! ! )
!

sink(! ! ! !)
k

<latexit sha1_base64="SSLPcnhzoYXXJIHczNH0IbBuIKw="></latexit>

+
!

1
k2!

!
1

k2! !

"
cosk(! ! ! !) +

1
k3! ! ! sink(! ! ! !)

#

• What is the spatial configuration of ℎ from an instantaneous 
and local source?
• In de Sitter space



Another way to see the oscillatory 
pattern

<latexit sha1_base64="zi5GJzsI60IoTv++M4iEb56z5XQ="></latexit>

hij (! , k) = ! 16" GN HTij ! ! (! ! ! ! )
!

sink(! ! ! !)
k

<latexit sha1_base64="SSLPcnhzoYXXJIHczNH0IbBuIKw="></latexit>

+
!

1
k2!

!
1

k2! !

"
cosk(! ! ! !) +

1
k3! ! ! sink(! ! ! !)

#

<latexit sha1_base64="hTsN0usVVQhPiKs7pCSi+bj/t/E=">AAACFnicbVC7TgJBFJ3FF+Jr1dJmIjFiAdk1GC2JNpaYyCNhCZkdZmHC7CMzdw1k4Sts/BUbC42xNXb+jbNAoeBJ7s3JOfdm5h43ElyBZX0bmZXVtfWN7GZua3tnd8/cP6irMJaU1WgoQtl0iWKCB6wGHARrRpIR3xWs4Q5uUr/xwKTiYXAPo4i1fdILuMcpAS11zKLjSUITB0g8ScpOxPFw4nSZAFJItWLaTotjx/XwcHzWMfNWyZoCLxN7TvJojmrH/HK6IY19FgAVRKmWbUXQTogETgWb5JxYsYjQAemxlqYB8ZlqJ9OzJvhEK13shVJXAHiq/t5IiK/UyHf1pE+grxa9VPzPa8XgXbUTHkQxsIDOHvJigSHEaUa4yyWjIEaaECq5/iumfaJzAp1kTodgL568TOrnJfuiZN2V85XreRxZdISOUQHZ6BJV0C2qohqi6BE9o1f0ZjwZL8a78TEbzRjznUP0B8bnD/tanzg=</latexit> !
4" x

#(! ! ! ! ! |x |)

<latexit sha1_base64="oiyA5/HZ+GJBqVGIqxMCXTDqXVQ=">AAACFHicbVC7SgNBFJ2Nrxhfq5Y2g0GMSMKuRLQM2lhGyAuyIcxOZpMhsw9m7ophsx9h46/YWChia2Hn3zh5FBo9cC+Hc+5l5h43ElyBZX0ZmaXlldW17HpuY3Nre8fc3WuoMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q6vJ37zjknFw6AGo4h1fNIPuMcpAS11zVPHk4QmdpqUnYin2KkNGJCCAyQuTtpxcZw4rofv0/FJ18xbJWsK/JfYc5JHc1S75qfTC2nsswCoIEq1bSuCTkIkcCpYmnNixSJCh6TP2poGxGeqk0yPSvGRVnrYC6WuAPBU/bmREF+pke/qSZ/AQC16E/E/rx2Dd9lJeBDFwAI6e8iLBYYQTxLCPS4ZBTHShFDJ9V8xHRCdEugcczoEe/Hkv6RxVrLPS9ZtOV+5mseRRQfoEBWQjS5QBd2gKqojih7QE3pBr8aj8Wy8Ge+z0Ywx39lHv2B8fAPuRp4b</latexit>

1
4!

! (" ! " ! ! |x |)

• What is the spatial configuration of ℎ from an instantaneous 
and local source?
• In de Sitter space



Another way to see the oscillatory 
pattern

<latexit sha1_base64="QGQUak1Vj/30fuOx+cvFb6z0M3U="> s=</latexit>

h(! , x) !
!

4" x
#(! " ! ! " x) +

1
4"

! (! " ! ! " x)

Similar to Minkovski Intrinsic in de Sitter

Decreases with both 𝑥 and 𝜏 constant

Vanishes out of horizon

• What is the spatial configuration of ℎ from an instantaneous 
and local source?
• In de Sitter space



de Sitter inflation as an example

• At 𝜏 → 0

• A ball of GW, with radius 𝜏F
• ℎ uniformally distributed inside the GW balls.
• All the balls have the same radius. 

<latexit sha1_base64="FwKg5AGu7Nn0VXsU/j1+jv0D2PY="></latexit>

h(! , x) !
1

4"
! (|! ! | " x)



Spectrum of GW from a real source

<latexit sha1_base64="sh7ziJKajoQQhEBKxp2F0dAnntc=">AAACBHicbVDJSgNBEO1xN25Rj7k0BsGLYUYUPYp68BjBRCETh5pOTdLYs9BdI4QhBy/+ihcPinj1I7z5N3aWg9uDgsd7VVTVCzMlDbnupzM1PTM7N7+wWFpaXlldK69vNE2aa4ENkapUX4dgUMkEGyRJ4XWmEeJQ4VV4ezr0r+5QG5kml9TPsB1DN5GRFEBWCsoV/wwVQeAT5Nw3MuZ+iAQ3xa43CMpVt+aOwP8Sb0KqbIJ6UP7wO6nIY0xIKDCm5bkZtQvQJIXCQcnPDWYgbqGLLUsTiNG0i9ETA75tlQ6PUm0rIT5Sv08UEBvTj0PbGQP1zG9vKP7ntXKKjtqFTLKcMBHjRVGuOKV8mAjvSI2CVN8SEFraW7nogQZBNreSDcH7/fJf0tyreQc192K/enwyiWOBVdgW22EeO2TH7JzVWYMJds8e2TN7cR6cJ+fVeRu3TjmTmU32A877F+ELl5k=</latexit>

! ! ! ! ! 1


