
Introduction
The �tting of experimental cross-sections data on e+e−-annihilation to hadrons
The calculation of D-function and the analysis of coe�cients at the power corrections in the OPE

Search for short strings in e+e−-annihilation

M. E. Kozhevnikova

In collaboration with:

O. V.Teryaev

A. G. Oganesian

Joint Institute for Nuclear Research

Grodno, August 2018

M. E. KozhevnikovaIn collaboration with: O. V.Teryaev A. G. OganesianSearch for short strings in e+e−-annihilation



Introduction
The �tting of experimental cross-sections data on e+e−-annihilation to hadrons
The calculation of D-function and the analysis of coe�cients at the power corrections in the OPE

Plan of the presentation

1 Operator product expansion and short strings.

2 The �tting of experimental data on e+e−-annihilation to

hadrons

3 PT and APT

4 Adler function and the Borel transform

5 Extraction of the power corrections in the OPE of D-function

related to short strings. Corellation between short string and

gluon condensate.

6 Conclusions

M. E. KozhevnikovaIn collaboration with: O. V.Teryaev A. G. OganesianSearch for short strings in e+e−-annihilation



Introduction
The �tting of experimental cross-sections data on e+e−-annihilation to hadrons
The calculation of D-function and the analysis of coe�cients at the power corrections in the OPE

Introduction

Zakharov's short string1 leads to the corrections in annihilation

cross-section (or Adler function). In Cornell potential

V (r) ≈ −4αs(r)

3r
+ kr

the second part kr describes short string potential and leads to the

correction ∼
k

Q2
, in OPE the �rst correction to e+e−-annihilation

cross-section is ∼
〈GµνGµν〉

Q4
.

[k] = [M2].
Our purpose is an accurate analysis of Adler function and search for

existing correction with dimension 2.
1K.G. Chetyrkin, S. Narison, V.I. Zakharov, �Short-distance tachyonic gluon

mass and 1/Q2 corrections�, Nucl.Phys. B550 (1999) 353-374
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Fig.: String potential from lattice QCD (M.I. Polikarpov et al.)
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QCD description of e+e− -annihilation cross-section at low Q2 .

Operator product expansion and condensates. Gluon and quark

condensate and corrections:

C4 =
2π2

3

〈
αsGG

π

〉
, C6 =

448π3

27
αs 〈q̄q〉2 ≈ −0.116GeV6

New condensate connected with Zakharov's short string is possible.

Gluon �eld compose the string con�guration and leads to

con�nement.
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Construction of the model of the data

The using data is obtained on the detectors CMD, CMD-2, BaBar,

SND, M3N, DM1, DM2, OLYA, GG2:

e+e− → π+π− (CMD and OLYA detectors),

e+e− → 2π+2π− (BaBar),

e+e− → π+π−2π0 (OLYA, CMD2, SND, DM2, Frascati-ADONE-GAMMA-GAMMA-2),

e+e− → 3π+3π− (BaBar),

e+e− → 2π+2π−2π0 (BaBar).

χ2-functional:

χ2(a1, ..., ad) =
1

Nd.f.

N∑
n=1

(fexp(sn)− fth(sn; {a1, ..., ad}))2

δfexp(sn)2
,

where {(si , fexp(si ))}i=1,...,N is an experimental points set,

fth(s; {a1, ..., ad}) - the analytic function.
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Construction of the model of the data

The 3-resonance model was used, the form factor of each resonance
was calculated according to the Breit-Wigner model.

FBW(s,mV , ΓV ) =
m2

V (1 + d · ΓV /mV )

m2
V − s + f (s,mV , ΓV )− i mV ΓV (s)

,

where ΓV (s) = ΓV

(
k(s)

k(m2
V )

)3

, k(s) =

√
s − 4m2

π

2
,

f (s,mV , ΓV ) = ΓV
m2

V

k(m2
V )3

[
k2(s)(h(s)− h(m2

V ))− (s −m2
V )k2(m2

V )h′(m2
V )
]
,

h(s) =
2

π

k(s)√
s
ln(

√
s + 2mπ

2mπ
), h′(m2

V ) = h′(s)
∣∣
s=m2

V
,

there FBW(0,mV , ΓV ) = 1 automatically.
The resonances ρ, ω and ρ′.
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Construction of the model of the data

For cross-sections of the processes e+e− → 2π+2π−,
e+e− → π+π−2π0, e+e− → 2π+2π−2π0, and e+e− → 3π+3π−

the description in the form of sum of three Gaussian curves,
describing wide resonances, is assumed:

FGauss (s, {Mi , σi , αi}) =
3∑

i=1

αi e
−(
√
s−Mi )

2/(2σ2
i ) ;

σ (s, {Mi , σi , αi}) [nb] = θ(s − 4m2
π) 0.3839 · 106 F 2

Gauss

π αem

3s

(
1− 4m2

π

s

)3/2

.
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Fig.: Experimental and analytical dependencies of square pion form factor
(left), of cross section (right) on the energy for the process
e+e− → π+π−, χ2 = 1.05.

Data is taken from CMD and OLYA detectors2.

2L. M. Barkov et al. Nucl. Phys. B256, 365�384 (1985).
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Fig.: Experimental and analytical dependencies of cross section on the
energy for the process e+e− → 2π+2π−, χ2 = 1.85. The �tting functions
are taken as the sum of three Gaussian curves.

Data for e+e− → 2π+2π− is taken from BaBar3.

3B. Aubert et al. (BABAR Collaboration) Phys. Rev. D 71, 052001 (2005).
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Fig.: Experimental and analytical dependencies of cross section on the
energy for the process e+e− → π+π−2π0, χ2 = 8.45.

Data for e+e− → π+π−2π0 is taken from4.
4M. R. Whalley. J. Phys. G: Nucl. Part. Phys. 29,A1-A133 (2003), OLYA: L.

M. Kurdadze et al. J. Exp. Theor. Phys. Lett. 43, 643-645 (1986), CMD2: R.
R. Akhmetshin et al. Phys. Lett. B466, 392-402 (1999), ND: Dolinsky et al. ,
Phys. Rep. 202(1991) 99, OrsayDCI-DM2: B. Bisello et al. Preprint LAL-90-35
(1990), OrsayDCI-M3N: G. Cosme et al. Nucl. Phys. B152, 215 (1979), SND:
M. N. Achasov et al. Preprint BUDKER-INP-2001-34 (2001).M. E. KozhevnikovaIn collaboration with: O. V.Teryaev A. G. OganesianSearch for short strings in e+e−-annihilation
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Fig.: Experimental and analytical dependencies of cross section on the
energy for the processes e+e− → 3π+3π− (left), χ2 = 0.62,
e+e− → 2π+2π−2π0 (right), χ2 = 1.03. The �tting functions are taken
as the sum of three Gaussian curves.

Data is taken from BaBar 5.

5B. Aubert et al. Phys. Rev. D73, 052003 (2006).
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Òàáëèöà: The �tting results for particular e+e−-annihilation channels

e+e− → π+π− V MV , GeV ΓV , GeV αV

ρ 0.775 (PDG) 0.148 ± 0.006 1

χ2
b.f. = 1.05 ω 0.782 (PDG) 0.008 (PDG) 0.002 ± 0.001

ρ′ 1.353± 0.100 0.328 ± 0.149 -0.085 ∓ 0.019

d = 0.408± 0.151
Data from PDG:

mρ = 0.77526± 0.00025 GeV;

Γρ = 0.1491± 0.0008 GeV;

mω = 0.78265± 0.00012 GeV;

Γω = 0.00849± 0.00008 GeV;
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Fitting. Results.

Òàáëèöà: The �tting results for particular e+e−-annihilation channels

e+e− → 2π+2π− i Mi , GeV σi , GeV αi

1 1.512 ± 0.013 0.242 ± 0.010 1.560 ± 0.059

χ2
b.f. = 1.85 2 2.125 ± 0.057 0.231 ± 0.047 0.458 ± 0.081

3 2.656 ± 0.090 0.808 ± 0.069 0.590 ± 0.051

e+e− → π+π−2π0 i Mi , GeV σi , GeV αi

1 1.786± 0.018 0.327± 0.012 1.484± 0.109
χ2
b.f. = 8.45 2 1.070± 0.025 0.099± 0.020 0.370± 0.065

3 1.343± 0.017 0.188± 0.016 0.916± 0.044
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Òàáëèöà: The �tting results for particular e+e−-annihilation channels

e+e− → 3π+3π− i Mi , GeV σi , GeV αi

1 1.789± 0.027 0.083± 0.022 0.154± 0.035
χ2
b.f. = 0.62 2 2.050± 0.025 0.291± 0.020 0.433± 0.030

e+e− → 2π+2π−2π0 i Mi , GeV σi , GeV αi

1 2.348± 0.020 0.331± 0.013 1.598± 0.140
χ2
b.f. = 1.03 2 1.740± 0.018 0.120± 0.015 0.558± 0.058
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R-ratio

By de�nition R-ratio is:

R(s) =
σe+e−→hadrons(s)

σe+e−→µ+µ−(s)
.

The full R-ratio is equal to the sum of R-ratios of particular
channels.

At s ≤ s0 we use R(s), obtained using experimental data, and

at s > s0 we use the theoretical form.

M. E. KozhevnikovaIn collaboration with: O. V.Teryaev A. G. OganesianSearch for short strings in e+e−-annihilation
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R-ratio

Fig.: The full R-ratio (Rexp) in dependence on energy
√
s at
√
s ≤ 3 GeV (black),

the experimental data (blue) and the theoretical representation Rth(s) (red).
s0 ≈ 1.542 GeV2.
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PT and APT

In ordinary Perturbaton Theory (PT) the non-physical pole

(Landau-pole) exists because ln(Q2/Λ2) has singularity in Q = Λ,
and running coupling has the form:

αs(Q2) =
4π

b0

1

ln(Q2/Λ2)
.

In Analytical Perturbaton Theory (APT) (Shirkov, Solovtsov) the

coupling contains an additional term, excluding the pole:

As(Q2) =
4π

b0

[
1

ln(Q2/Λ2)
− Λ2

Q2 − Λ2

]
.
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PT and APT

Fig.: The ordinary (blue) and analytical (orange) running couplings in
dependence on energy

√
s at
√
s ≤ 3 GeV
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D-function

Adler function (D-function). The dispersion relation for D-function:

DDisp(Q2) = Q2

∫ ∞
0

Rexp-th(s) ds

(s + Q2)2

Rexp-th(s) = Rexp(s) θ(s < s0) + Rth(s) θ(s > s0) .

The operator product expansion (OPE):

DPT+OPE(Q2) = Nc

∑
q

e2q

1 +
αs(Q2)

π
+
∑
n≥1

Γ(n)
cn
Q2n

 ,
DAPT+OPE(Q2) = Nc

∑
q

e2q

1 +
As(Q2)

π
+
∑
n≥1

Γ(n)
c̃n
Q2n

 ,Nc = 3.
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The Borel transform. Sum rules.

Φ(M2) = B̂Q2→M2 [D(Q2)] = lim
n→∞

(−Q2)n

Γ(n)

[
dn

dQ2n
D(Q2)

]
Q2=nM2

The Borel transform is applied to the both forms of D(Q2):

Φexp-th(M2) =

∫ ∞
0

Rexp-th(s)
(

1− s

M2

)
e−s/M

2 ds

M2
,

ΦPT+OPE(M2) =
3

2

{
B̂Q2→M2

[
αs(Q2)

π

]
+

C2

M2
+

C4

M4
+

C6

M6

}
,

ΦAPT+OPE(M2) =
3

2

{
B̂Q2→M2

[
A1(Q2)

π

]
+

C̃2

M2
+

C̃4

M4
+

C̃6

M6

}
.

The sum rules are:

ΦPT+OPE(M2) = Φexp-th(M2), ΦAPT+OPE(M2) = Φexp-th(M2).
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The Borel transform. Sum rules.

The construction of the D-function using the data and subsequent

application of the Borel transform leads to the double smearing of

the data.

That method excludes the leading term in perturbative part (the

Born contribution) in R-ratio, which is important in usual

applications of QCD sum rules allowing one to observe the

quark-hadron duality and get the accurate description of the

properties of hadrons. At the same time, that method allows one to

extract non-perturbative corrections (including that due to short

strings) more accurately.
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Results: PT, Λ = 0.25 GeV

Fig.: The �tting results for di�erent intervals of M2 in PT, Λ = 0.25 GeV
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Results: APT, Λ = 0.25 GeV

Fig.: The �tting results for di�erent intervals of M2 in APT, Λ = 0.25 GeV
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Results: Results: PT vs APT, Λ = 0.25 GeV

The regions χ2 ≤ χ2
min + 1, χ2 ≤ χ2

min + 2 and χ2 ≤ χ2
min + 3 and

the regions of existing data on gluon condensate (horizontal lines).

Fig.: Regions for PT (left), APT (right), Λ = 0.25 GeV. The di�erent
ellipses are for di�erent ranges on M2
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Results: Results: PT vs APT, Λ = 0.35 GeV

The regions χ2 ≤ χ2
min + 1, χ2 ≤ χ2

min + 2 and χ2 ≤ χ2
min + 3 and

the regions of existing data on gluon condensate (horizontal lines).

Fig.: Regions for PT (left), APT (right), Λ = 0.35 GeV. The di�erent
ellipses are for di�erent ranges on M2
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Results: Results: PT vs APT, Λ = 0.45 GeV

The regions χ2 ≤ χ2
min + 1, χ2 ≤ χ2

min + 2 and χ2 ≤ χ2
min + 3 and

the regions of existing data on gluon condensate (horizontal lines).

Fig.: Regions for PT (left), APT (right), Λ = 0.45 GeV. The di�erent
ellipses are for di�erent ranges on M2
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Analysis

A new analysis is performed. C2 has negative sign and its

compatibility to zero depends on the interval of M2 , value

of Λ and may happen only for lowest values of local gluon

condensate. Dimension 2 operator is more close to zero for

APT.

(Anti)Corellation between short strings and local gluon

condensate is found.

We changed Λ and take valued 0.25 GeV, 0.35 GeV and

0.45 GeV. The C2 region is shifted from zero to negative

values more at larger Λ.
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Conclusions

The resonance contribution �tting model is developed, the

Adler function with Borelization is obtained. Double smearing

of the data - D-function and Borel transform.

Short string strongly depends on gluon condensate.
The range of M2 is varied. At di�erent ranges of of M2 there

are a bit di�erent results of C2 and gluon condensate, however

the properties are common - (anti)corellation between C2 and

gluon condensate.

Short string also depends on choice of either standard
(PT) or modi�ed (APT) pQCD.
The APT results are shifted towards zero of C2 in comparison

with PT results. APT make results more similar to well-known.
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Thank you for your attention!
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