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Gell-Mann, Zweig (1964):

Mesons- 𝑞 𝑞-states, come from the product of 3  and 3∗representations of SU(3) group

3 × 3∗ = 𝟏 + 𝟖
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SCALAR MESONS

MESON MASS (MeV) WIDTH(MeV) ISOSPIN,

STRANGENESS

𝑓0 500 , 𝜎 400 − 550 400 − 700 𝐼 = 0, 𝑆 = 0

𝐾0
∗ 800 , 𝜅 682 ± 29 547 ± 24

𝐼 =
1

2
, 𝑆 = ±1

𝑓0 980 990 ± 20 40 − 100 𝐼 = 0, 𝑆 = 0

𝑎0 980 980 ± 20 50 − 100 𝐼 = 1, 𝑆 = 0

𝑓0 1370 1200 − 1500 200 − 500 𝐼 = 0, 𝑆 = 0

𝐾0
∗ 1430 1425 ± 50 270 ± 80

𝐼 =
1

2
, 𝑆 = ±1

𝑎0 1450 1474 ± 19 265 ± 13 𝐼 = 1, 𝑆 = 0

𝑓0 1500 1505 ± 6 109 ± 7 𝐼 = 0, 𝑆 = 0

𝑓0 1700 1720 ± 6 135 ± 8 𝐼 = 0, 𝑆 = 0
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• Quark Confinement Model (QCM).
[G.V.Efimov and M.A. Ivanov, “The Quark Confinement Model of Hadron”,

IOP Publishing, 1993 ]. This model is based on the following assumptions 

Lagrangian of the interaction between hadrons and quarks is obtained

-are the quark fields, 

- Euclidean fields connected with the fields of physical particles, λ and Γ
are the Gell-Mann and Dirac matrixes,        are quark-meson coupling.

Mi



parameters:



Evaluation of one-loop diagrams
G.V.Efimov and M.A. Ivanov, “The Quark Confinement Model of Hadron”,

IOP Publishing, 1993.
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Determination of additional parameters in 
QCM

1.
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Determination of additional parameters in 
QCM



- isotopic indexes

-mass of  , -mass of  

MASS OF LIHGTEST SCALAR



The amplitudes for the three possible channels

The scattering length 

MASS OF LIHGTEST SCALAR
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• Covariant Constintuent Quark Model (CCQM).
T. Branz, A. Faessler, T. Gutsche, M.A. Ivanov, J.G. Körner, V. E. Lyubovitskij

Phys. Rev. D81, 034010 (2010) 

𝑳𝒊𝒏𝒕
𝒔𝒕 𝒙 = 𝒈𝑴𝑴 𝒙  𝒅𝒙𝟏  𝒅𝒙𝟐 𝑭𝑴(𝒙, 𝒙𝟏, 𝒙𝟐) 𝒒𝟏(𝒙𝟏)𝝀𝑴𝜞𝑴𝒒𝟐(𝒙𝟐)

𝑭𝑴(𝒙, 𝒙𝟏, 𝒙𝟐)-vertex function, characterizing the finite size of the meson



To satisfy translational invariance the
vertex function has to obey the identity 

for any vector 𝑎.

𝑭𝑴 𝒙 + 𝒂, 𝒙𝟏 + 𝒂, 𝒙𝟐 + 𝒂 = 𝑭𝑴 𝒙, 𝒙𝟏, 𝒙𝟐

𝑭𝑴 𝒙, 𝒙𝟏, 𝒙𝟐 = 𝛿4 𝑥 −  

𝑖=1

2

𝑤𝑖𝑥𝑖 Φ𝑀 𝑥1 − 𝑥2
2

𝑤𝑖 =
𝑚𝑖

𝑚1 + 𝑚2
𝑚1, 𝑚2- masses of constituent quarks

The simplest choice: 𝜱𝑴 −𝒍𝟐 = 𝐞𝐱𝐩 −
𝒍𝟐

𝜦𝑴
𝟐

𝜦𝑴
𝟐 -characterizes the size of the meson 



Γ𝑀Φ𝑀 −𝑘2 Γ𝑀Φ𝑀 −𝑘2

 𝑝  𝑝 𝑝

 𝑘 − 𝑤1  𝑝

 𝑘 + 𝑤2  𝑝

𝑞1

𝑞2

𝑤1,2 =
𝑚𝑞1,2

𝑚𝑞1+𝑚𝑞2

𝜫𝑴 𝒑𝟐 = 𝟑𝒈𝑴
𝟐  

𝒅𝟒𝒌

𝟐𝝅 𝟒𝒊
𝜱𝑴

𝟐 −𝒌𝟐 𝑻𝒓 𝚪𝑴 𝑺𝒒𝟏
 𝒌 − 𝒘𝟏 𝒑 𝚪𝑴𝑺𝒒𝟐

( 𝒌 + 𝒘𝟐 𝒑)



𝑞1

𝑞2
𝑞3

Γ𝑀1
Φ𝑀1

− 𝑘 + 𝑤13𝑝1
2

Γ𝑀2
Φ𝑀2

− 𝑘 + 𝑤32𝑝2
2

Γ𝑀3
Φ𝑀3

− 𝑘 + 𝑤21𝑝3
2

 𝑘 +  𝑝1

 𝑘 +  𝑝2

 𝑘

 𝑝1

 𝑝3

 𝑝2

𝑤𝑖𝑗 =
𝑚𝑞𝑖

𝑚𝑞𝑖+𝑚𝑞𝑗

𝑻𝑴𝟏𝑴𝟐𝑴𝟑
 𝒑𝑴𝟏

,  𝒑𝑴𝟐
,  𝒑𝑴𝟑

= 𝟑𝒈𝑴𝟏
𝒈𝑴𝟐

𝒈𝑴𝟑
×

×  
𝒅𝟒𝒌

𝟐𝝅 𝟒𝒊
𝜱𝑴𝟏

− 𝒌 + 𝒘𝟏𝟑𝒑𝟏
𝟐 𝜱𝑴𝟐

− 𝒌 + 𝒘𝟑𝟐𝒑𝟑
𝟐 𝜱𝑴𝟑

− 𝒌 + 𝒘𝟐𝟏𝒑𝟑
𝟐 ∙

∙ 𝑻𝒓 𝜞𝑴𝟏
𝑺𝒒𝟏

 𝒌 +  𝒑𝟏 𝜞𝑴𝟐
𝑺𝒒𝟐

 𝒌 +  𝒑𝟐 𝜞𝑴𝟑
𝑺𝒒𝟑

 𝒌



𝑺𝒒
 𝒌 =

𝟏

𝒎𝒒 −  𝒌 − 𝒊𝝐
-free propagator of constituent quark 

Fock-Shwinger representation:

𝑺𝒒
 𝒌 +  𝒑 =

𝟏

𝒎𝒒 −  𝒌 −  𝒑
=

𝒎𝒒 +  𝒌 +  𝒑

𝒎𝒒
𝟐 − 𝒌 + 𝒑 𝟐

=

= 𝒎𝒒 +  𝒌 +  𝒑  

𝟎

∞

𝒅𝜶 𝒆−𝜶 𝒎𝒒
𝟐− 𝒌+𝒑 𝟐



𝜫𝑴 𝒑𝟐

= 𝟑
𝒈𝑴

𝟐

𝟒𝝅𝟐  
𝒅𝟒𝒌

𝟐𝝅 𝟐𝒊
𝑻𝒓 𝜞𝑴 𝒎𝒒𝟏

+  𝒌 − 𝒘𝟏 𝒑 𝜞𝑴 𝒎𝒒𝟐
+  𝒌 + 𝒘𝟐 𝒑 ×

×  

𝟎

∞

𝒅𝜶𝟏  

𝟎

∞

𝒅𝜶𝟐𝒆𝒂𝒌𝟐+𝟐𝒌𝒓−𝒛𝟎

𝒂 =
𝟐

𝜦𝑴
𝟐 + 𝜶𝟏 + 𝜶𝟐 𝒓 = 𝒑 𝜶𝟏𝒘𝟏 − 𝜶𝟐𝒘𝟐 = 𝒑𝒃

𝒛𝟎 = −𝒎𝟏
𝟐𝜶𝟏 − 𝒎𝟐

𝟐𝜶𝟐 + 𝒑𝟐 𝒘𝟏
𝟐𝜶𝟏 + 𝒘𝟐

𝟐𝜶𝟐

𝑻𝑴𝟏𝑴𝟐𝑴𝟑
 𝒑𝑴𝟏

,  𝒑𝑴𝟐
,  𝒑𝑴𝟑

=
𝟑𝒈𝑴𝟏

𝒈𝑴𝟐
𝒈𝑴𝟑

𝟒𝝅𝟐 ×

 
𝒅𝟒𝒌

𝟐𝝅 𝟒𝒊
𝑻𝒓 𝜞𝑴𝟏

𝒎𝒒𝟏
+  𝒌 +  𝒑𝟏 𝜞𝑴𝟐

𝒎𝒒𝟐
+  𝒌 +  𝒑𝟐 𝜞𝑴𝟑

𝒎𝒒𝟑
+  𝒌 ×

×  

𝟎

∞

𝒅𝜶𝟏  

𝟎

∞

𝒅𝜶𝟐  

𝟎

∞

𝒅𝜶𝟑𝒆𝒂(𝜶)𝒌𝟐+𝟐𝒌𝒓(𝜶,𝒑)−𝒛𝟎(𝜶,𝒎𝒒,𝒑)



𝒌𝝁𝒆𝒂𝒌𝟐+𝟐𝒌𝒓+𝒛𝟎 =
𝟏

𝟐

𝝏

𝝏𝒓𝝁 𝒆𝒂𝒌𝟐+𝟐𝒌𝒓+𝒛𝟎

𝒌𝝁𝒌𝝂𝒆𝒂𝒌𝟐+𝟐𝒌𝒓+𝒛𝟎 =
𝟏

𝟐

𝝏

𝝏𝒓𝝁

𝟏

𝟐

𝝏

𝝏𝒓𝝊 𝒆𝒂𝒌𝟐+𝟐𝒌𝒓+𝒛𝟎

𝑻𝒓 𝜞𝑴 𝒎𝒒𝟏
+  𝒌 − 𝒘𝟏 𝒑 𝜞𝑴 𝒎𝒒𝟐

+  𝒌 + 𝒘𝟐 𝒑 ⟹

⟹ 𝑻𝒓 𝜞𝑴 𝒎𝒒𝟏
+ 𝜸𝝁 𝜞𝑴 𝒎𝒒𝟐

+ 𝜸𝝂
𝟏

𝟐

𝝏

𝝏𝒓𝝁 − 𝒘𝟏𝒑𝝁
𝟏

𝟐

𝝏

𝝏𝒓𝝊 + 𝒘𝟐𝒑𝝂

𝑻𝒓 𝜞𝑴𝟏
𝒎𝒒𝟏

+  𝒌 +  𝒑𝟏 𝜞𝑴𝟐
𝒎𝒒𝟐

+  𝒌 +  𝒑𝟐 𝜞𝑴𝟑
𝒎𝒒𝟑

+  𝒌 ⟹

𝑻𝒓 𝜞𝑴𝟏
𝒎𝒒𝟏

+ 𝜸𝝁 𝜞𝑴𝟐
𝒎𝒒𝟐

+ 𝜸𝝂 𝜞𝑴𝟑
𝒎𝒒𝟑

+ 𝜸𝝈 ×

×
𝟏

𝟐

𝝏

𝝏𝒓𝝁
+ 𝒘𝟏𝒑𝟏

𝝁 𝟏

𝟐

𝝏

𝝏𝒓𝝊
+ 𝒘𝟐𝒑𝟐

𝝂 𝟏

𝟐

𝝏

𝝏𝒓𝝈



 
𝒅𝟒𝒌

𝟒𝝅𝟐𝒊
𝒆𝒂(𝜶)𝒌𝟐+𝟐𝒌𝒓(𝜶,𝒑)−𝒛𝟎(𝜶,𝒎𝒒,𝒑) = 𝒌𝟎 = 𝒊𝒌𝟒; 𝒌𝑬

𝟐 ≤ 𝟎, 𝒑𝑬
𝟐 ≤ 𝟎 =

=
𝟏

𝒂 𝜶
𝒆

−
𝒓𝟐 𝜶,𝒑
𝒂 𝜶

−𝒛𝟎(𝜶,𝒎𝒒,𝒑)

𝝏

𝝏𝒓𝝁
𝒆−

𝒓𝟐

𝒂 = 𝒆−
𝒓𝟐

𝒂 −
𝟐𝒓𝝁

𝒂
+

𝝏

𝝏𝒓𝝁

𝝏

𝝏𝒓𝝁

𝝏

𝝏𝒓𝝂
𝒆−

𝒓𝟐

𝒂 = 𝒆−
𝒓𝟐

𝒂 −
𝟐𝒓𝝁

𝒂
+

𝝏

𝝏𝒓𝝁
−

𝟐𝒓𝝂

𝒂
+

𝝏

𝝏𝒓𝝂

𝝏

𝝏𝒓𝝁 , 𝒓𝝂 = 𝒈𝝁𝝂



For any graph one ,obtains

𝑮 =  

𝟎

∞

𝒅𝒏𝜶 𝑭 𝜶𝟏, 𝜶𝟐, ⋯ , 𝜶𝒏

The set of Schwinger parameters 𝛼𝑖can be turned into a
simplex by introducing an additional 𝑡–integration via the identity 

𝟏 =  

𝟎

∞

𝒅𝒕 𝜹 𝒕 −  

𝒊=𝟏

𝒏

𝜶𝒊

𝑮 =  

𝟎

∞

𝒅𝒏𝜶  

𝟎

∞

𝒅𝒕 𝜹 𝒕 −  

𝒊=𝟏

𝒏

𝜶𝒊 𝑭 𝜶𝟏, 𝜶𝟐, ⋯ , 𝜶𝒏 = 𝜶𝒊 = 𝒕𝜶𝒊 =

=  

𝟎

∞

𝒅𝒕 𝒕𝒏−𝟏  

𝟎

𝟏

𝒅𝒏𝜶𝜹 𝟏 −  

𝒊=𝟏

𝒏

𝜶𝒊 𝑭 𝒕𝜶𝟏, 𝒕𝜶𝟐, ⋯ , 𝒕𝜶𝒏



One can remove all possible thresholds present in the initial quark diagram 
by cutting the scale integration at the upper limit corresponding 
to the introduction of an infrared cutoff :

𝑮𝒄 =  

𝟎

𝟏
𝝀𝟐

𝒅𝒕 𝒕𝒏−𝟏  

𝟎

𝟏

𝒅𝒏𝜶𝜹 𝟏 −  

𝒊=𝟏

𝒏

𝜶𝒊 𝑭 𝒕𝜶𝟏, 𝒕𝜶𝟐, ⋯ , 𝒕𝜶𝒏

 

𝟎

∞

𝒅𝒕 →  

𝟎

𝟏
𝝀𝟐

𝒅𝒕

So



Model parameters:

Universal cutoff parameter 𝝀:
𝝀 = 𝟎, 𝟏𝟖𝟏 𝑮𝒆𝑽

Constituent quark masses
𝒎𝒖 = 𝒎𝒅 = 𝟎, 𝟐𝟒𝟏 𝑮𝒆𝑽
𝒎𝒔 = 𝟎, 𝟒𝟐𝟖 𝑮𝒆𝑽

Size parameters of hadrons 𝜦𝑴

𝚲𝝅 = 𝟎, 𝟕𝟏𝟏𝑮𝒆𝑽
𝚲𝑺 − 𝒉𝒂𝒗𝒆 𝒕𝒐 𝒃𝒆 𝒅𝒆𝒕𝒆𝒓𝒎𝒊𝒏𝒆𝒅



Compositeness condition:

Γ𝑀Φ −𝑘2 Γ𝑀Φ −𝑘2

 𝑝  𝑝 𝑝

 𝑘 − 𝑤1  𝑝

 𝑘 + 𝑤2  𝑝

𝒁𝑴 = 𝟏 −  𝜫𝑴
′ 𝒑𝟐

𝒑𝑴
𝟐 =𝒎𝑴

𝟐
= 𝟎

𝜫𝑺 𝒑𝟐 = 𝟑𝒈𝑺
𝟐  

𝒅𝟒𝒌

𝟐𝝅 𝟒𝒊
𝜱𝟐 −𝒌𝟐 𝑻𝒓 𝑰 𝑺𝟏

 𝒌 − 𝒘𝟏 𝒑 𝑰 𝑺𝟐( 𝒌 + 𝒘𝟐 𝒑)

𝜫′𝑺 𝒑𝟐 =
𝟏

𝟐𝒑𝟐
𝟑𝒈𝑺

𝟐  
𝒅𝟒𝒌

𝟐𝝅 𝟒𝒊
𝜱𝟐 −𝒌𝟐

𝑻𝒓 𝑺𝟏
 𝒌 − 𝒘𝟏 𝒑 𝒘𝟏 𝒑𝑺𝟏

 𝒌 − 𝒘𝟏 𝒑 𝑺𝟐( 𝒌 + 𝒘𝟐 𝒑) + 𝒎𝟏 ⇆ 𝒎𝟐



𝑞1

𝑞2
𝑞3

Φ𝑆 − 𝑘 + 𝑤13𝑝1
2

𝑖𝛾5Φ𝑃 − 𝑘 − 𝑤23𝑝3
2

𝑖𝛾5Φ𝑃 − 𝑘 − 𝑤21𝑝2
2

 𝑘 +  𝑝1

 𝑘 +  𝑝3

 𝑘

 𝑝1

 𝑝2

 𝑝3

𝑻𝑺𝑷𝑷  𝒑𝑴𝟏
,  𝒑𝑴𝟐

,  𝒑𝑴𝟑
= 𝟑𝒈𝑺𝒈𝑷𝟏

𝒈𝑷𝟐
×

×  
𝒅𝟒𝒌

𝟐𝝅 𝟒𝒊
𝜱𝑺 − 𝒌 + 𝒘𝟏𝟑𝒑𝟏

𝟐 𝜱𝑷 − 𝒌 − 𝒘𝟐𝟑𝒑𝟑
𝟐 𝜱𝑷 − 𝒌 − 𝒘𝟐𝟏𝒑𝟐

𝟐 ∙

∙ 𝑻𝒓 𝑰𝑺𝒒𝟏
 𝒌 +  𝒑𝟏 𝒊𝜸𝟓𝑺𝒒𝟐

 𝒌 +  𝒑𝟑 𝒊𝜸𝟓𝑺𝒒𝟑
 𝒌
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• Scalars as diquark- antidiquark states

𝑓0(600)(𝜎) 𝑢𝑑  𝑢  𝑑

𝐾0
∗ 800 , (𝜅) 𝑠𝑢  𝑢  𝑑 ; 𝑠𝑑  𝑢  𝑑 + 𝑐. 𝑐

𝑓0(980) 𝑠𝑢  𝑠 𝑢 + 𝑠𝑑  𝑠  𝑑

2

𝑎0(980) 𝑠𝑢  𝑠  𝑑 ;
𝑠𝑢  𝑠  𝑢 − 𝑠𝑑  𝑠  𝑑

2
;

𝑠𝑑  𝑠 𝑢



For four-quark states

𝐽𝑀 𝑥 =  𝑑𝑥1  𝑑𝑥2  𝑑𝑥3  𝑑𝑥4 𝛿 𝑥 −  

𝑖=1

4

𝜛𝑖𝑥𝑖 Φ𝑀  

𝑖<𝑗

𝑥𝑖 − 𝑥𝑗
2

∙

∙
1

2
𝜀𝑎𝑏𝑐𝜀𝑑𝑒𝑐 𝑞𝑎 𝑥4 𝐶Γ𝑀1

𝑞𝑏 𝑥1  𝑞𝑑 𝑥3 Γ𝑀2
𝐶 𝑞𝑑 𝑥2 + Γ𝑀1

↔ Γ𝑀2

𝜛𝑖 =
𝑚𝑞𝑖

 𝑚𝑞𝑖

𝐶 = 𝛾0𝛾2 𝐶 = 𝐶† = 𝐶−1 = −𝐶𝑇 𝐶Γ𝑇𝐶−1 = ±Γ; 
+ for S, P, 𝐴
−for V, 𝑇
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Scalar current:

𝐽4𝑞 𝑥1, 𝑥2, 𝑥3, 𝑥4 = 𝜀𝑎𝑏𝑐 𝑞𝑎
𝑇 𝑥3 𝐶𝛾5𝑞𝑏 𝑥1 ∙ 𝜀𝑑𝑒𝑐  𝑞𝑑 𝑥4 𝛾5𝐶 𝑞𝑒

𝑇 𝑥2



• Mass operator:
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𝑆 𝑆
𝑥1
𝑥2
𝑥3

𝑥4

𝑦1

𝑦2
𝑦3

𝑦4



Mass operator

Π 𝑥 − 𝑦 = 𝑖  𝑑𝑥1 ⋯  𝑑𝑥4 𝛿 𝑥 −  𝑥𝑖𝜛𝑖 Φ  

𝑖<𝑗

𝑥𝑖 − 𝑥𝑗
2

 𝑑𝑦1 ⋯  𝑑𝑥𝑦 𝛿 𝑦 −  𝑦𝑖𝜛𝑖 Φ  

𝑖<𝑗

𝑦𝑖 − 𝑦𝑗
2

0 𝑇 𝐽𝑞 𝑥1, ⋯ , 𝑥4 𝐽𝑞 𝑦1, ⋯ , 𝑦4 0

Jucobi coordinates:
𝑥𝑖 = 𝑥 +  

𝑗=1

3

𝑤𝑖𝑗𝜌𝑗
𝑥 𝑦𝑖 = 𝑦 +  

𝑗=1

3

𝑤𝑖𝑗𝜌𝑗
𝑦

Π 𝑥 − 𝑦 = 𝑖  𝑑3  𝜌𝑥Φ  𝜌𝑥
2  𝑑3  𝜌𝑦Φ  𝜌𝑦

2 0 𝑇 𝐽𝑞 𝑥1,⋯ , 𝑥4 𝐽𝑞 𝑦1, ⋯ , 𝑦4 0
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 Π 𝑝, 𝑝′ =  𝑑𝑥𝑒−𝑖𝑝𝑥  𝑑𝑦 𝑒−𝑝′𝑦Π(𝑥 − 𝑦)

 Π 𝑝, 𝑝′ = 2𝜋 4𝛿 4 𝑝 − 𝑝′  Π 𝑝2

 Π 𝑝2 = 12  

𝑖=1

3
𝑑4𝑘

2𝜋 4𝑖
 Φ −𝜔2 ∙

∙ 𝑇𝑟 𝛾5𝑆1 𝑘1 − 𝑤1𝑝 𝛾5𝑆3 𝑘3 + 𝑤3𝑝 ∙ 𝑇𝑟 𝛾5𝑆2 𝑘2 − 𝑤2𝑝 𝛾5𝑆4 𝑘1 + 𝑘2 − 𝑘3 + 𝑤4𝑝

𝜔2 =
1

2
𝑘1

2 + 𝑘2
2 + 𝑘3

2 + 𝑘1𝑘2 − 𝑘1𝑘3 − 𝑘2𝑘3
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𝑑

𝑑𝑝2
 Π 𝑝, 𝑝′ =

1

2𝑝2
𝑝𝛼

𝜕

𝜕𝑝𝛼
 Π 𝑝, 𝑝′

𝑑

𝑑𝑝2
 Π 𝑝, 𝑝′ =

1

2𝑝2
𝑝𝛼

𝜕

𝜕𝑝𝛼
 Π 𝑝, 𝑝′

⋯ = −𝑤1𝑇𝑟 𝛾5𝑆1 𝑘1 − 𝑤1𝑝  𝑝𝑆1 𝑘1 − 𝑤1𝑝 𝛾5𝑆3 𝑘3 + 𝑤3𝑝 ∙ 𝑇𝑟 ⋯ +

+𝑤3𝑇𝑟 𝛾5𝑆1 𝑘1 − 𝑤1𝑝 𝛾5𝑆3 𝑘3 + 𝑤3𝑝  𝑝𝑆3 𝑘3 + 𝑤3𝑝 ∙ 𝑇𝑟 ⋯ −

𝑑

𝑑𝑝2
 Π 𝑝, 𝑝′ =

1

2𝑝2
12  

𝑖=1

3
𝑑4𝑘𝑖

2𝜋 4𝑖
 Φ2 −𝜔2 ∙ ⋯

−𝑤2𝑇𝑟 ⋯ ∙ 𝑇𝑟 𝛾5𝑆2 𝑘2 − 𝑤2𝑝  𝑝𝑆2 𝑘2 − 𝑤2𝑝 𝛾5𝑆4 𝑘1 + 𝑘2 − 𝑘3 + 𝑤4𝑝 +

+𝑤4𝑇𝑟 ⋯ ∙ 𝑇𝑟 𝛾5𝑆2 𝑘2 − 𝑤2𝑝 𝛾5𝑆4 𝑘1 + 𝑘2 − 𝑘3 + 𝑤4𝑝  𝑝𝑆4 𝑘1 + 𝑘2 − 𝑘3 + 𝑤4𝑝

𝑆1 𝑘1 − 𝑤1𝑝  𝑝𝑆1 𝑘1 − 𝑤1𝑝 =
𝑚1 + 𝑘1 − 𝑤1𝑝  𝑝 𝑚1 + 𝑘1 − 𝑤1𝑝

𝑚1
2 − 𝑘1 − 𝑤1𝑝 2 2

=

= 𝑚1 + 𝑘1 − 𝑤1𝑝  𝑝 𝑚1 + 𝑘1 − 𝑤1𝑝  

0

∞

𝑑𝛼1𝛼1𝑒−𝛼1 𝑚1
2− 𝑘1−𝑤1𝑝 2
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 Π′ 𝑝2′ = 12  

𝑗=1

4

 

0

∞

𝛼𝑗  

𝑖=1

3
𝑑4𝑘𝑖

2𝜋 4𝑖
𝑛𝑢𝑚 𝑘𝑖 , 𝛼𝑗 𝑒𝑧

𝑧 = 𝑘𝑎𝑘 + 2𝑘𝑟 + 𝑧0

𝑘 = 𝑘1, 𝑘2, 𝑘3

𝑟-3-vector, 𝑟𝑖 = 𝑏𝑖 𝛼, 𝑤 𝑝𝑖

𝑎 = 𝑎 𝛼 − 3 × 3 matrix

z= 𝑧(𝑝2, 𝑤, 𝑚𝑞, 𝛼)
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 Π′ 𝑝2 = 12  

𝑗=1

4

 

0

∞

𝑑𝛼𝑗  

𝑖=1

3
𝑑4𝑘𝑖

2𝜋 4𝑖
𝑛𝑢𝑚 𝑘𝑖 , 𝛼𝑗 𝑒𝑧

𝑛𝑢𝑚 𝑘𝑖 , 𝛼𝑗 𝑒𝑘𝑎𝑘+2𝑘𝑟+𝑧0 = 𝑛𝑢𝑚
1

2

𝜕

𝜕𝑟𝑖
, 𝛼𝑗 𝑒𝑘𝑎𝑘+2𝑘𝑟+𝑧0

 

𝑖=1

3
𝑑4𝑘𝑖

2𝜋 4𝑖
𝑒𝑘𝑎𝑘+2𝑘𝑟+𝑧0 =

1

4𝜋 6

1

𝑎 2 𝑒−𝑟𝑎−1𝑟+𝑧0

𝑛𝑢𝑚
1

2

𝜕

𝜕𝑟𝑖
, 𝛼𝑗 𝑒−𝑟𝑎−1𝑟+𝑧0 = 𝑒−𝑟𝑎−1𝑟+𝑧0

1

2

𝜕

𝜕𝑟𝑖
− 𝑎−1𝑟 𝑖 , 𝛼𝑗

𝜕

𝜕𝑟𝑖
𝛼 𝑟𝑗

𝛽
= 𝛿𝑖𝑗𝑔

𝛼𝛽 + 𝑟𝑗
𝛽 𝜕

𝜕𝑟𝑖
𝛼

 𝜫′ 𝒑𝟐 =
𝟏𝟐

𝟒𝝅 𝟔  

𝒋=𝟏

𝟒

 

𝟎

∞

𝒅𝜶𝒋

𝟏

𝒂 𝟐
𝒆−𝒓𝒂−𝟏𝒓+𝒛𝟎𝒏𝒖𝒎

𝟏

𝟐

𝝏

𝝏𝒓𝒊
− 𝒂−𝟏𝒓

𝒊
, 𝜶𝒋
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𝑥1

𝑥3

𝑥2

𝑥4

𝑦1

𝑦2

𝑧3

𝑧4

𝑆

𝑃1

𝑃2

𝑦1

𝑦2
𝑃1

𝑃2

𝑥1

𝑥2

𝑥3

𝑥4
𝑧3

𝑧4

𝑆

𝑆 → 𝑃𝑃 𝐷𝐸𝐶𝐴𝑌
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0 𝑇 𝐽𝑆 𝑥1, 𝑥2, 𝑥3, 𝑥4 𝐽𝑃1
𝑦1, 𝑦2 𝐽𝑃2

𝑧1, 𝑧2 0 =

= −6 𝑇𝑟 𝛾5𝑆1 𝑥1 − 𝑦1 𝛾5𝑆2 𝑦2 − 𝑥2 𝛾5𝑆4 𝑥4 − 𝑦4 𝛾5𝑆3 𝑦3 − 𝑥3

𝑀 𝑝, 𝑞1, 𝑞2 =

= −6𝑖𝑔𝑆𝑔𝑃1
𝑔𝑃2

 

𝑖=1

3

 
𝑑𝜔𝑖

2𝜋 4
 Φ𝑆 −𝜔2  

𝑑𝑙1
2𝜋 4

 Φ𝑃1
−𝑙1

2  
𝑑𝑙2
2𝜋 4

 Φ𝑃2
−𝑙2

2 ∙

∙  

𝑗=1

4

 
𝑑𝑘𝑗

2𝜋 4𝑖
𝑇𝑟 𝛾5𝑆1 𝑘1 𝛾5𝑆2 𝑘2 𝛾5𝑆4 𝑘4 𝛾5𝑆3 𝑘3

 𝑑𝜌1  𝑑𝜌2  𝑑𝜌3  𝑑𝑦1  𝑑𝑦2  𝑑𝑧1  𝑑𝑧2 𝛿 𝑦 −  

𝑖=1

2

𝑣𝑖𝑦𝑖 𝛿 𝑧 −  

𝑖=3

4

𝑢𝑖𝑧𝑖

𝑒𝑥𝑝 −𝑖𝑝𝑥 + 𝑖𝑞1𝑦 + 𝑖𝑞2𝑧 − 𝑖  𝜌𝜔 − 𝑖𝑙1 𝑦1 − 𝑦2 − 𝑖𝑙2 𝑧3 − 𝑧4 − 𝑖𝑘1 𝑥1 − 𝑦1 −
 −𝑖𝑘2 𝑦2 − 𝑥2 − 𝑖𝑘3 𝑧3 − 𝑥3 − 𝑖𝑘4 𝑥4 − 𝑧4



𝑺 𝑷𝟏 𝑷𝟐
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𝑤𝑖 =
𝑚𝑖

 𝑖=1
4 𝑚𝑖

𝑣𝑖 =
𝑚𝑖

𝑚1 + 𝑚2
𝑢𝑖 =

𝑚𝑖

𝑚3 + 𝑚4

𝑥𝑖 = 𝑥 +  

𝑗=1

3

𝑤𝑖𝑗𝜌𝑗
𝑦 = 𝑣1𝑦1 + 𝑣2𝑦2

𝑤𝑖𝑗 =
𝑚𝑖

𝑚𝑖 + 𝑚𝑗

z= 𝑢3𝑧3 + 𝑢4𝑧4

𝑥 → −𝑝 − 𝑘1 + 𝑘2 + 𝑘3 − 𝑘4 = 0
𝑦1 → 𝑣1𝑞1 − 𝑙1 + 𝑘1 = 0
𝑦2 → 𝑣2𝑞1 + 𝑙1 − 𝑘2 = 0

𝑧3 → 𝑢3𝑞2 − 𝑙2 − 𝑘3 = 0
𝑧4 → 𝑢4𝑞2 + 𝑙2 + 𝑘4 = 0
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𝑘4 = 𝑘3 − 𝑞2

𝑙1 = 𝑘1 + 𝑣1𝑞1

𝑘2 = 𝑘1 + 𝑞1

𝑙2 = −𝑘3 + 𝑢3𝑞3

𝜌1 → −𝜔1 − 𝑘1𝑤11 + 𝑘2𝑤21 + 𝑘3𝑤31 − 𝑘4𝑤41 = 0
𝜌2 → −𝜔2 − 𝑘1𝑤12 + 𝑘2𝑤22 + 𝑘3𝑤32 − 𝑘4𝑤42 = 0
𝜌3 → −𝜔3 − 𝑘1𝑤11 + 𝑘2𝑤23 + 𝑘3𝑤33 − 𝑘4𝑤43 = 0

𝜔1 = −
1

2 2
2𝑘1 + 1 + 𝑤1 − 𝑤2 𝑞1 + 𝑤1 − 𝑤2 𝑞2

𝜔2 =
1

2 2
2𝑘2 − 𝑤3 − 𝑤4 𝑞1 + 1 − 𝑤3 + 𝑤4 𝑞2

𝜔3 =
1

2
𝑤3 + 𝑤4 𝑞1 − 𝑤1 + 𝑤2 𝑞2
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𝑀 𝑝, 𝑞1, 𝑞2 = 𝑖 2𝜋 4𝛿 𝑝 − 𝑞1 − 𝑞2 𝑇 𝑝2, 𝑞1
2, 𝑞2

2

𝑇 𝑝2, 𝑞1
2, 𝑞2

2 = −6𝑔𝑆𝑔𝑃1
𝑔𝑃2

 
𝑑4𝑘1

2𝜋 4𝑖
 

𝑑4𝑘2

2𝜋 4𝑖
 Φ𝑆 −𝜔2  Φ𝑃1

− 𝑘1 + 𝑣1𝑞1
2 ∙

∙  Φ𝑃2
− 𝑘2 + 𝑢4𝑞2

2 𝑇𝑟 𝛾5𝑆1 𝑘1 𝛾5𝑆2 𝑘1 + 𝑞1 𝛾5𝑆4 𝑘2 𝛾5𝑆3 𝑘2 + 𝑞2

𝑆𝑖 𝑘 =
𝑚𝑖 +  𝑘

𝑚𝑖
2 − 𝑘2

= 𝑚𝑖 +  𝑘  

0

∞

𝑑𝛼𝑖𝑒
−𝛼𝑖 𝑚𝑖

2−𝑘2
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𝑇 𝑝2, 𝑞1
2, 𝑞2

2 = −6𝑔𝑆𝑔𝑃1
𝑔𝑃2

 

𝑖=1

4

 

0

∞

𝑑𝛼𝑖  

𝑗=1

2

 
𝑑4𝑘𝑗

2𝜋 4𝑖
𝑛𝑢𝑚 𝑘 𝑒𝑧

𝑛𝑢𝑚 𝑘 = 𝑇𝑟 𝛾5 𝑚1 + 𝑘1 𝛾5 𝑚2 + 𝑘1 + 𝑞1 𝛾5 𝑚4 + 𝑘2 𝛾5 𝑚3 + 𝑘2 + 𝑞2

𝑧 = 𝑘𝑎𝑘 + 2𝑘𝑟 + 𝑧0 𝑎 - 2 × 2 matrix 𝑟 = 𝑟1, 𝑟2 , 𝑟1 = 𝑏11𝑞1 + 𝑏12𝑞2

𝑟2 = 𝑏21𝑞1 + 𝑏22𝑞2

𝑇 𝑝2, 𝑞1
2, 𝑞2

2 = −
6𝑔𝑆𝑔𝑃1

𝑔𝑃2

4𝜋 4
 

𝒋=𝟏

𝟒
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