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Spinor matter in extremal conditions:
» hot and dense

» in strong magnetic field

Physical systems in:

» relativistic heavy-ion collisions

» compact astrophysical objects (neutron stars and
magnetars)

» the early universe
» novel materials (the Dirac and Weyl semimetals)

CdzAs,, NasBi, KsBi, RbsBi, TaAs, BaAuBi, BaCuBi,
BaAgBi, Bi>Sez, TIBiSe,, ...



Operator of quantized spinor field in a static
background

U(x.t)= > e B xik ac+ Y e H(xlk B (1)
Ex>0 Ex <0
where &! and & (b} and by) are the spinor particle

(antiparticle) creation and destruction operators satisfying
anticommutation relations,

A, éL,L = [bx. BLL = (K|K'Y 2)
and (x|k) is the solution to the stationary Dirac equation,
H (x|k) = Ex (x|k), (3)

H is the Dirac hamiltonian, k is the set of parameters (quantum
numbers) specifying a one-particle state, Ei is the energy of
the state, and the vacuum is defined as

Ay |vac) = by |vac) = 0. (4)



Operators of dynamical variables (physical observables) in
second-quantized theory are defined as bilinears of the fermion
field operator (1).

Fermion number operator
~ 1 NiA AT P 1
= 2/ddx(\UT\IJ—\|JTwTT Z [a ay —b,tbk - Esgn(Ek) ,

K
)
where sgn(+u) = +£1 atu > 0.

Energy (temporal component of the energy-momentum vector)
operator,

~o 1 1
po_ dy (rt TT@tTy 53 b, — ).
2/d x(UTHU—UTHT{IT) = Z\Ek\ @k + bbi — 5

(6)



Partition function of the grand canonical ensemble:

Z(3.1) = Spexp |[=B(F° = )|, B=(kaT)™". (7)

Averages over the grand canonical ensemble:

<N>W =Z"(8, 1) Sp Nexp [—ﬁ(f’o - /JN)} (8)
and

</A°°>T# =Z7"(B, 1) Sp PP exp [—ﬂ(/so - MN)} .9

Sp is the sum over all possible occupation numbers



Fock space in second-quantized theory: |{ix})

= é;r(ék Ex >0 (particles)
hy = B,tbk Ex <0 (antiparticles)
m{ik}) =il{ik}) le{k} k=01
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H is the hamiltonian in first-quantized theory

H {x|k) = Ex (x|k)

orthonormality: [ d?x (k|x) (x|k") = (k|K")
completeness: Y (x|k) (k|x") = (x|x) |
3

H is self-adjoint, then f(H) can be defined,

Tr f(H) = /ddx tr (x |f(H)| x) = ZZ/ddx tr (x|k)
k Kk

x (K|f(H)|K") (K'|x) = ZZ/ddx tr (K'|x) (x|k) (k|f(H)|K")
k K

= SN (K k) (KIF(H) K'Y = > (kIF(H) k) = S F(Ex)
k k' k k



) Sp N exp [—ﬁ(ﬁ’o - MN)] 1 ’
<N>W R [_5(/50 - uN)} — —5Tr tanh {25(/4 - M/)}

and

o Sp PP e [-p(P - Ry 1
< > - = Tr Hitanh [2ﬁ(H— u/)]
G Sp exp [—ﬁ(Po —uN)}
Fermi-Dirac distribution:
()5, = {explB(E/ — )] +1} 7', E>0
and
(M) g, = {explB(—E+ w)] + 1}, E<O.
One can define densities of the averages, for instance:

<N>W = /ddx pN(X; B, 1)
)

tanh Bﬁ(H - u/)]

pN(X; By u) = —%tr <X



Matsubara formalism

Causal Green function:

G(t—t, x,x') = i<vac ‘ TU(t, x)U(F, x)

vac >

(=D, + m)G(t —t, x,x') = 6(t — t)6%x — X')
D, =0, +ieA,, —in'Dy,+m=~"—idy+ H)

H=—id-D+ eAy+~°m is the Dirac hamiltonian; @ = 1°5.
Transition to imaginary time: t = —ir

0<7<pf, B=(ksgT)"

(0, + H)G(-/(T — 7). x, x’) = iA(r —7)5%x - X')



Chemical potential p: Ag(x, t)
H,=H-pul, ~+°(d-+H,) ) = iN(T—7")69(x—X")
(t+0)=

antiperiodicity:

G(—i(’i‘ +8—17),x, X') = —G(—i(’i‘ -7, X, X’)
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T=0,u=0
|dentity:

A~

TO )V, X)) = - [@(t,x)@(t',x’) - @T(t',x’)wT(t,x)}

—i—%sgn(t _ [@(t, XU, x) + 0T, x )07 (, x)}
its consequence:
Wit x)(t, x") — T (t, x )W (t, x)

= lim T XU, X))+ Tm TO(E )00, X)
t—t'—04 t—t'—0_

and <Vac ‘N‘ Vac>

= ;/ddx <Vac ‘ [\TJT(Z‘, x)U(t, x) — U7 (t, x)UT7 (¢, x)

[ —

)

:_;< im + lim )/ddx tr70<vac‘T@(t/,x)\TI(t,x)‘vac>

t—t'—04 t—t'—0_



T>0 140

<N>6’“ - _% <T‘I"i'r20++r‘|ri’r20 ) /ddXtrfyO <Tﬁl(_i7,)®(—i7'>ﬁ7#

- _/ddx oS0 (x| [0 ien)] )

neZ
_ ——Trz —iwp) ' = ——Trz { — iwn) " (H, + iwn)*‘]
neZ n>0
1 1
= ——Trz H2 = —5Tr tanh <2HM> ,
n>0 #

where the use is made of relation

Y Tiannd
2z ey~ 4G

n>0

Taking limit:
<N>o<>0 = —%Tr sgn(H) = <Vac

vac >



Polarization tensor

v’ o (SZF(A)
) = 5A, )5A ()

= i<vac Tj”(X)j”/(y)‘ Vac> — i (vac |j¥(x)] vac) <Vac

()] e

where
em(A) — /dﬂ_}dw exp {i/dd+1x U [iv (0, + ieA,) — m] 7/)}

J7(x) = ed(x)y"(x)

~

T\U(X)\Tl(y)‘ vac> 7 <Vac

~

N (x,y) = —i®try” <vac T\Il(y)\TJ(X)‘ vac




Transition to imaginary time: X% = —ir  y9 = —jr’

—iwn(T—7")
526

<T1TJ(—iT, ) W(—ir', 7) >
neZ

x<)? bo(m_iwn)r1 y>
on 1

H, = —ia(d — ieA+~"m—p, wp= F(n-ﬁ- é)

. inl
(R, ir; 7 =ir') = =5 3 exp [ilen — )7 =)

B

xtr of <)? ‘(Hﬂ — iwn)_1
Momentum representation
g
/ dr / dr’ & T YK = 325 F1(Q; X, ¥)
0

y> ak <}7’(Hu _ iw,,,)—1‘)?>

where Q, = Bm meZ



/ dx d¥y e TAXNK(Q; X — 7) = (2m) 7 (Qm, G)6%(G — ')

where

xad <)_('

. 2 .
K (Qm, G) = _ZZ / dx e Y o

neZ
i -1
<H’u — iCUn — ZQm>
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Polarization tensor at § = 0 and Q. # O:

2 .
= —;2 Ztr ok <0 '(Hu — iwn + éQm)q(HM —lwp— 5
neZ

where the use is made of formulas

1 1 T
d _ — _
/d XX (x| =10 Y e = < feth(mx) — cth(ry)]

neZ

also 79°(Q,0) =0
This is consistent with gauge invariance

ql,ﬂ'””/ =0 = QmWOk = QmTrOO =0



Polarization tensor at g = 0 and Q, = 0:

7°%(0,0) = —gz >owak(0 ’(Hu - iw,,)—ﬂ 6>

neZ

R 5 (1 >
= Ztr Q@ <O sech <2ﬂHM> ‘ O>
o (1
sech éﬂHu

2
790(0,0) = e <O
Quadratic fluctuation of the charge:

4

%)
2

V=(0,0) = %Tr sech? [;[3 (H - ,ul)]

Correlation of the charge with the current:

2

vr9%(0,0) = %Tr o¥sech? [;ﬁ (H - ul)}



charge

energy

conserved
observable

nonconserved
observable

Physical observables

first-quantized theory ~ second-quantized theory

el

H

J

T

Figure:

0=1 [ x{rds )
PO =2 Jatal - )

N1 =2 fa'al s - )

0= fa'slprr - i)



Partition function: Z(3, jie) = Sp e #(P'—1e®
Thermodynamic potential: Q(5, ue) = _% In Z(8, jte)
Average of the charge:

X 9 R A
Q), =595 o) = 27 (5. 110)Sp Q &P
(@), =5 0.n0) = 27 (3.e)Sp

e 1
= _ETr tanh [ZB(H - Meel)}

Quadratic fluctuation

2
(@), - ((a),.) =} m20.u

v sec? [ L5 (H — peel)
= 4 Tr sech” | 5 Ie



Conservation of observables
first-quantized theory = second-quantized theory

[(JLH_ =0 = M is diagonal along with P° and Q
Generalized partition function:

Z(B, pres 1) = € PUBmens) = Sp @ AP —neQ—nsM)
Average of the conserved observable:

A y BP'—peQ
<M>ﬂ,ue: Dty Q6. pes 11) ly=0 = 2~ (8, pie) SpMe= PP —1eQ)

1 1
= —éTrJ tanh [zﬁ(H - Meel)]

Quadratic fluctuation:

A . 21
<M2>ﬁ,ue — (<M>,6,ue> = —Baz—wﬂ(ﬁ,uevw) luy=0

1 2 2
ZTrJ sech [ZB(H ,uee/)}



The partition function of the fermionic system is presented as
the functional integral over the Grassman fields

exp[— BB, pio. 1)] = / dildy e,

where

B
S= /dT/ddX@bJr(@T — peel — pyd + H)y
0

is the Euclidean action, 7 is the imaginary time. The integral is
of the Gauss type and can be immediately computed

exp[—/QS, pe, p1y)] = det(0- + H,), H,=H — peel — pyd.
Hence the thermodynamic potential is given by expression

1
Q(ﬂa MeaMJ) = _E In det(@T + Hu) =

B
= _; / dT/ddXtI’<X,T’ In(0- + H,u)‘x77>'

0



In the case of a static background, operators H and J are
T-independent, and the integration over 7 is performed by using
the antiperiodicity boundary condition at the ends of the
imaginary time interval:

Q(8, pre, 1y) = Z/ddxtr x| In(H,, — iwn)|X),

neZ
where wp = ﬁ (n—+ ) Using the notation of functional trace,
one gets further

. 1 O
Q(6, pe, py) = —= ZTrIn — lwp) = —BTrIn H(Hﬁ + w?)

neZ n=0

- Trlnﬁ <H“)2+1 +Tr|nﬁw2 :
B n=0 “n "

n=0




The second term in the figure brackets is dropped as an
irrelevant infinite constant, and the infinite product in the first
term is computed with the use of relation

cosh(%a) = ﬁ [1 + a(2n + 1)_2} .

n=0

As a result we obtain

Q6 i, 1) = —TrIncosh <;6Hu)

= —;Trln {1 —exp[-B(H — peel — puyJ)sgn(H)[}



Average of the nonconserved observable:

<U> = Z_1 (/Ba Me)SpUe_B(po—ueé)
Bie

1 1 i

Correlation:

(o)~ (0), (W) = T | G(H - oo



Correlations in Matsubara formalism
Functional integral

e™Hg] — /d@d@b exp [i (S+/dt ddngﬂ/;’yo'rﬂb)]
i

where S = [ dt d?x 0 (i0f — H,)v
Transition to imaginary time t = —itwith0 < 7 < 3

e Tlgl = /dwwa exp { (S /drddngj@f}ij)]
i

where S = [ drd¥x (8, + H.)v

o [{gy)] [ avtdy it exp(—S)

(ToiTd) = ltg1=0 =

B 39k [ dytdy exp(—S)



Uk:< lim + lim >/dde\IJT( i, X)TW(—ir', x)

T—17'—=04 T7—7'—0

Generalized polarization tensor

Y i 1:7)
Ty = Sy g o)

{g}=0

sT



Fourier transformation:

B B

/d’T/dT/ Ty 7’ /ddx/ddy e~V [k (x 71y )
0 0

2m 2T 1

_ 325 KO q o _ e _er !
= B0mm ™ (2m; q,9'), Qm ,Bm’ Wn ﬁ(n‘f' 2)
where, inthe caseof g =q¢ =0
. i _
™ (Qm; 0,0) TrZ'T me) 1'T“k(Hu—lwn+§Qm) !

neZ



Quadratic fluctuation:

(), ((®),,) =000

1 o o
— —?Trz Tr(H, — iwn) " T (H, — iwn) ™

neZ
Correlation:
(o, —<a>ﬁ,u<ok>mfk<o: 0.0
Trz Ti(Hy — iwn) “Tw(H,, — iwn) ™!
neZ

Correlation with conserved observable:

(), (), ), =S Tt

1 1
= ZTr T J sech? (ZBH,J



Further thermodynamic characteristics
Entropy:

s=-a@um=1 [<f°°>m ~u{W) -, m}

Heat capacity:

o-r[iE (40, (G9.)
- kB1T2 <<ﬁ’0)2>m ) <<PO>B “>2




Local characteristics (densities)

Qonserved oAbservabIes
W(x) = § [UT00) i = BT 00017 ()]
Average:

Jk tanh(%ﬂHy)

d

JZsech? <; B Hu)

<I\Aﬂk(x)>ﬂ7u = —%tr <x

Quadratic fluctuation:

<M§(X)>ﬁ,u - <<I\A/Ik(x)>ﬂ’#>2 - ltr<x

Correlation:

(M) = (M) (W)

— i (x
_4r

d

JiJir sech? (; Ié; Hu)




Nonconservgd obseryablgs A
Ok(x) = 3 [0l = BT ()T ()]
Average:

d

A 1 1
<Uk(X)>/e,u =5t <x Tk tanh <26HH>

Quadratic fluctuation:

(Gfe), - (<Uk(x>>w)2

— _;2 Ztr <X }TK(HM — fwn) T Tk (Hy — dwp) ™ ‘ X>

neZ



Correlation of two nonconserved observables:

<Uk(x)t“1k/(x)>w - <Uk(x>>m <Uk/(x)>w

Correlation of nonconserved and conserved observables:

(OCOMe(x)) = (Ox)) (o ()

—1tr X X
4

B N B

1
T Jirsech? <2ﬁHH>




Resolvent and spectral density
(H — w)~" where w is a complex parameter

If H is self-adjoint operator, than
resolvent is defined at Imw # 0

Spectral density of the self-adjoint operator:

m(E) = j:%lmTr(H —EFi0)"' =Tr6(H - E)

Tr f(H /dET /d”Tr(H W)~ f(w)
27
C



S

Figure: Singularities of the resolvent on the complex w-plane.



Ideal nonrelativistic Fermi gas
spectral density:

d/2 94 242
7(E) = gV (2m 5277 E— h°k®
(4m)d/2 \ R2 r(d/2) 2m
thermodynamic potential:
Q(8, 1) / dE 7(E)In [1+ e (E-)]

average particle number:

0 [t s Joer® - g o

quadratic fluctuation of particle number:

) N2 1]  dET(E)
<N2>ﬁ,u_ <<N>ﬂ7u> N 4O/cosh2[;ﬁ(E—u)]




Ideal relativistic Fermi gas.l.
spectral density:

d
V|E| (E2 —m?)z""
r(E) =2 E] (£~ m) @(Ez—mz), E=+Vk?+m?

(4m)9/21(d/2)

thermodynamic potential:

QB 1) = —; / dE 7(E)In {1 + e—ﬂ[lEl—usgnw)]}

~ 1 faertom {14 e s 14 o]}
¢ = |E|, 2/d”(e). | Qﬂ)d/ddk




Ideal relativistic Fermi gas.ll.
average particle number:

(=3 ] e [y -] - SRS

quadratic fluctuation of particle number:

) ) 2 1 T dEF(E)
<N2>B,M B (<N2>B,u> - 4_4 cosh? [2B(E — p)]

/d cosh cosh(ﬁ,u) +1
‘T [cosh ) + cosh(Bu)]?

<N>ﬁ70 —0, <N>W —0, <N2>W — 0, BB, )] |son = O



Ideal relativistic Fermi gas.lIl.

average energy:

h(Bp) +1
PO cos
ﬂu /de cosh (Be) + cosh(Bu)

quadratic fluctuation of energy:

A 2 N
<(PO)2>M - <<P0>B,u> gé’aﬂ <P >ﬂ,u - 885 <Po>ﬁ,u

/d 2 sinh(3¢)[cosh(Bu) + 1]
T [cosh(B¢) + cosh(Bu)]?




Ideal relativistic Fermi gas.IV.

correlation with particle number:

<IADON>6,M ; <Iso>ﬁ,u <N>ﬁ,u - ;38# <p0>ﬁ7u

/dm_ [cosh(Be) — 1]sinh(Bu)
[cosh €) + cosh(Bu)]?

Note



Ideal relativistic Fermi gas.V.

heat capacity:

B gvp— / 2. 2\9_qsinhu(coshBu + 1)
Cv = ke qm\arer(dj2) (4m)9/21(d/2) du( g (coshu + coshf3p)?

2
[Tc/uu2 (u? —ﬁ2m2)%—1 (hunhﬂu]

Bm (coshu+coshB3p)?
- -
J duu(ee - )i e
Ve / 2 o g1 sinh(u/2)
=0: Cy=ks dui® 2 sinh(u/2)
It V" "B aryder(d/e) g ) oSt (02}



Thank you for your attention!



