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KEY POINTS

 Basics of conventional perturbation theory (CPT) —
small parameter and adiabatic switch-off interaction

*\WWhat is nonperturbative (NPT) , uniformly
suitable estimation (USE) of zero approximation?

« Quantum anharmonic oscillator (QAQ): example
for main ideas of the method

» Regularization of the Coulomb scattering cross
section

 Example for the quantum field theory




What is NPT and USE? (1)

1.Usual perturbation theory (PT) is based on use of some small real physical
parameter!

H=H +AV| H|Y,>=E )|V, >

2.PT is asymptotical in the most cases, that is eigenvalues and eigenfunctions
can be calculated approximately only in small range of physical parameter

and quantum numbers n!

A <<1, — weak coupling
A >>1, — strong coupling
(A'=4")

3.PT iIs based on adiabatic switch-off of the interaction




What is NPT and USE? (2)

1. NPT means that some artificial (numerical) parameter is used for
approximate solution of the Schrodinger equation (1) and the calculation
method should be universal for any Hamiltonian!

Simple example: numerical solution of the differential equation
with the step of the finite-difference approximation as the parameter

2. USE means that the approximate solution of (1) should be suitable in the
whole range of the physical parameters of Hamiltonian and for all quantum

numbers!
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3.Sequential approximations converge to the exact solution
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Formal scheme of perturbation series
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successive approximations are defined by the operator powers
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Example 1:QAQO - How operator
method (OM) leads to NPT and USE (1)
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QAOQO: How operator method (OM)
leads to NPT and USE (2)
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P T zero approximation: O M zero approximation:
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QAOQO: How operator method (OM)
leads to NPT and USE (3)

USE for OM means:

Weak coupling Strong coupling
1 3 (1 +2H+2ﬂ2)2 43
0 — a2 2 2 . . ,
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Comparison of Some Numerical and OM Zeroth Approximation Results for QAO
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QAOQO: How operator method (OM)
leads to NPT and USE (4)

OM gives the local approximation
for each level !
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Fig. 2. Comparison of the function Ey4) with its different approximations: = exact; E. : J— : .
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A lot of other examples and cited publication in

the book

@ Springer

Lecture Notes in Physics 894
Ilya Feranchuk
Alexey Ivanov

Van-Hoang Le
Alexander Ulyanenkov

Nonperturbative
Description of

Quantum Systems

‘@ Springer
2015, 380 p. 62 illus. in color.

Q Printed book

springer.com

. Feranchuk, A. Ivanov, V.-H. Le, A, Ulyanenkov

Nonperturbative Description of Quantum Systems

Series: Lecture Notes in Physics, Vol. 894

» Gives a detailed introduction and comprehensive description of non-
perturbative operator method

» Provides an extended review of other non-perturbative methods for
description of quantum systems

» Displays numerous applications of operator method for various
problems of theoretical physics

This book introduces systematically the operator method for the solution of the
Schrédinger equation. This method permits to describe the states of quantum systems in
the entire range of parameters of Hamiltonian with a predefined accuracy. The operator
method is unique compared with other non-perturbative methods due to its ability to
deliver in zeroth approximation the uniformly suitable estimate for both ground and
excited states of quantum system. The method has been generalized for the application to
quantum statistics and quantum field theory. In this book, the numerous applications of
operator method for various physical systems are demonstrated. Simple models are used
to illustrate the basic principles of the method which are further used for the solution of
complex problems of quantum theory for many-particle systems. The results obtained are
supplemented by numerical calculations, presented as tables and figures.




‘ Example 2: Coulomb scattering ‘

Problems of the asymptotic theory

)(r) =[P + f(p.p)

do Za \° 5 . o0 |
— = — ]l —v°sin™ = | — -
d 2 2pv 2 Sm4§

Otot = /da(@), atr:/(l — cosf)do ()

Scattering flux exceeds the incident flux ??
Exact wave function has no singularity!
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Ju(p); p’' = P




Characteristic parameters of the problem
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Boundary of the wave zone
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Nonexistence of the conventional Born series

Jiplr—r'| 7.,
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(1)
I el i e!lrr=p-7)v This wave function doesn’t
r) = du .
2p  Jo u exist at any angles !
Regularization is G. Gasaneo and L. U. Ancarani, Phys. Rev. A 80, 062717

possible and similar to the  (2009).
infrared regularization

eipr
y® = fB(e)T L AY®: Y@ =A@ L Ay®@
Total regularization includes all terms of Born series
and depends on the angle !



Non-asymptotic time-dependent scattering theory
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Analytical results
dI = 2poSp(Ty pTy + TopT))r2dQ =
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Calculation of the cross-section (1)

Scattered flux can be separated from the incident one:
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After normalization on the incident wave packet flux
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differential cross-section canbeci = =P —pP-T.
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Calculation of the cross-section (2)
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Mott formula in the same
variables at small angles
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Numerical results (1)
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Figure 3: Comparison between the non-asymptotic cross sec-
tion and the Mott cross section for the momentum pg =
2102 cm™?, atomic number Z = 80, and a distance from
the scattering center of r = 100 cm, § = 3.
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Figure 4: Comparison of the non-asymptotic asymmetry with
the second order Born asymmetry for momentum pg = 2 -
102 em ™!, atomic number Z = 80, and a distance from the
scattering center of = 100 cm, § = 3. Logarithmic scale has
been used.
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Numerical results (2)
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FIG. 5. (Color online) The asymmetry dependence on & for
momentum pg =2 x 102 ¢m™!, atomic number Z = 80, and a

distance from the scattering center of » = 100 cm.




Publications:
1.V.G.Baryshevsky, L.N.Korennaya, |.D.Feranchuk
ZETP, 34, 249,1972
Perturbation theory
2.V.G.Baryshevsky, 1.D.Feranchuk, P.B.Kats
Phys.Rev.A 70, 052701 (2004)
Nonrelativistic case
3. I.D.Feranchuk, O.D.Skoromnik
Phys.Rev.A 82, 052703 (2010)
Relativistic case

Relativistic case Is of interest for some applications:
- collisions between opposing

charge particle beams;
- analysis of the polarization effects.



QFT model

P=p+) Eagag Total momentum H,P]| =0
k



Perturbation theory (1)
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Perturbation theory (2)
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OM for QFT model

First step Is the choice of the basis taking into account

the qualitative peculiarities of the system

1.Selection of the classical component of the field from creatior
and annihilation operators.
2.The possiblility to create a localized state in this classical fielc

In analogy with polaron problem
3.The variational state vectors should be eigenstates of the tote
momentum operator of the system.

(7, B)) = o7~ Byexp | S (uze ®Fal - Jjug?) | J0)

. k
»(¥ — R) particle wave function

—

R localization point in space
up classical component of the field

15



Choice of the trial state vector (1)
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Choice of the trial state vector (2)

The introduced wave functions satisfy two conditions, however,
they are not translationally invariant. Moreover, they are
degenerate. The choice of the correct linear combination of
these wave functions leads to the eigenstates of the total
momentum of the system

L ABd (7 B (P I 5 —ikR x kR
|‘1’E§1)._n;> = 70 / dR¢p (77— R)exp {1(1’:’1 — knyg) - R} exp {Z(uke K‘Ra;{; — ure ;‘Rak)} Ing)
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Zero order approximation
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Weak coupling limit (1)

k2 . e
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Weak coupling limit (2)

We see that already In the zero-order approximation the
energy of the system is finite and well defined. However, the
second iteration for the energy of the system gives a
contribution of the same order of magnitude and should be
iIncluded.

This corresponds to single-phonon intermediate transitions



Second order iteration (1)
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(2) _ 1(0) Hyul
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H I1s the full Hamiltonian

We break the summation region into two parts
leading term k> ko
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Second order iteration (2)
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Second order iteration (3)

lim E)(0, ¢)

g—0

2

(2) .9 ko
E (0’9)9%6 53 ln(2 —|—1)

ko ~ \/3|In g|

Perturbation theory formula with a well defined cut-off

The energy Is a non-analytical function of a coupling
constant




Second order iteration (4)

= P2 2 (ﬁE)Q
EQ) (P E®@ (0 9 r
(P.9)=EP0.9)+ 5 ~ 55 2. 5z 7y
k<ko
2
(2)x ~ 1 g_
" * 672

The second order iteration for the mass coincides with
perturbation theory result
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