
NONPERTURBATIVE EFFECTS FOR SOME 

MODELS OF QUANTUM SYSTEMS

I.D.Feranchuk               
Belarusian State University, Minsk 

The Actual Problems of Microworld Physics

Grodno, August 12 - 24, 2018



KEY POINTS

• Basics of conventional perturbation theory (CPT) –

small parameter and adiabatic switch-off interaction  

•What is nonperturbative (NPT) , uniformly    

suitable estimation (USE) of zero approximation?

• Quantum anharmonic oscillator (QAO): example 

for main ideas of the method

• Regularization of the Coulomb scattering cross 

section

• Example for the quantum field theory



What is NPT and USE? (1)

1.Usual perturbation theory (PT) is based on use of some small real physical 

parameter!
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2.PT is asymptotical in the most cases, that is eigenvalues and eigenfunctions 

can be calculated approximately only in small range of physical parameter 

and quantum numbers n!
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3.PT is based on adiabatic switch-off of the interaction



What is NPT and USE? (2)

1.  NPT means that some artificial (numerical) parameter is used for 

approximate solution of the Schrodinger equation (1)  and the calculation 

method should be universal for any Hamiltonian!

2. USE means that the approximate solution of (1) should be suitable in the 

whole range of the physical parameters of Hamiltonian and for all quantum 

numbers!

Simple example: numerical solution of the differential equation

with the step of the finite-difference approximation as the parameter
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3.Sequential approximations converge to the exact solution

)()(lim
)()(


ex

n

s

n
s

EE 




Formal scheme of perturbation series



Example 1:QAO - How operator 

method (OM) leads to NPT and USE (1)

PT:

PT series diverges as factorial

for any λ

OM:

OM series converges as geometric

series for any λ



QAO: How operator method (OM) 

leads to NPT and USE (2)

P T zero approximation: O M  zero approximation:
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QAO: How operator method (OM) 

leads to NPT and USE (3)

USE for OM means:

Weak coupling Strong coupling



QAO: How operator method (OM) 

leads to NPT and USE (4)

OM gives the local approximation

for each level !



A lot of other examples and cited publication in 

the book



Example 2: Coulomb scattering

Problems of the asymptotic theory

Scattering flux exceeds the incident flux ??

Exact wave function has no singularity!



Characteristic parameters of the problem

Boundary of the wave zone 

Angular size of the incident beam



Nonexistence  of the conventional Born series

This wave function doesn’t 

exist at any angles !

Regularization is 
possible and similar to the  
infrared regularization
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Total regularization includes all terms of Born series 

and depends on the angle !



Non-asymptotic time-dependent scattering theory

u(p) 
=



Analytical results



Calculation of the cross-section (1)

Scattered flux can be separated from the incident one: 

After normalization on the incident wave packet flux

differential cross-section can be calculated



Calculation of the cross-section (2)

This part of the cross-section

depends both from the distance 

and the wave packet parameters

Mott formula in the same

variables at small angles



Numerical results (1)  



Numerical results  (2)
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QFT model



Perturbation theory (1)



Perturbation theory (2)



OM for QFT model



Choice of the trial state vector (1)



Choice of the trial state vector (2)



Zero order approximation



Weak coupling limit (1)



Weak coupling limit (2)



Second order iteration (1)



Second order iteration (2)



Second order iteration (3)



Second order iteration (4)



Publication
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