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Inspirations from flatland

m Hidden symmetries play a crucial role in 1 4 1 dimensional integrable field
theories.

Zero-curvature representation of the equations of motion
Fo =0,A, —0,A, +[AL,A] =0

m Flatness of A = AZ T,dx* leads to conserved charges.

The holonomy (parallel transport operator)

n
dW—|—A dx

A, %y
o TG W =0 W=pehAdry,
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m Variations of the path x* — x* 4+ Jx* will change the holonomy as

dx
P ox? =0 = W] =1

27
= do W LF,, W
ow W/O o " i

t

4
TR L

Wlve] = Wivd - Whol - W gl
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m With boundary conditions, A¢|x=x; = At|x=1, U(t) = P e~ Jo dtAdlx=1

m The holonomy restricted to space undergoes a isospectral evolution

Wlye] = U(t) - W] - UTH(2) W[y =Pe” S, dxAx] 0

m The eigenvalues of the holonomy are conserved charges.

m The zero curvature equation is gauge invariant

The gauge transformation is a symmetry

A, —gAgt—0gg "t Fu— gFug?

m These conserved charges are gauge invariant.
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From integrable to integral equations

m Could we use a similar construction in gauge theories?

m But why? There is a problem concerning the charges of Yang-Mills
theories.
m Yang-Mills equations were constructed & /la Maxwell, for non-abelian
gauge groups N
Fu = 0uA, — 0,A, + ie[Ay, AJ]l,  FH = %e“”APFAp,
Dyx = 0y, * +ie[Ay, #]

Yang-Mills equations

D F™ =J"  D,F"™ =0

m The local conservation of non-abelian charges is not trivial:

TV = —ie[A,, F*]  8,T" =0
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m A key point in Maxwell electrodynamics is the Stokes theorem.

The Stokes theorem for a 2-form B = %Bﬂydx‘“ A dx¥

fB_/dB
oQ Q

m The integral equations are a consequence of the Stokes theorem and the
Maxwell differential equations

ra 1 v v o
Bu = afu, + B, dB = (Q0uF" + BOLF ) eypordx® A dx” A di

Ox* Ox"
fop———dodT = 0
jég K do Ot oar

~ Ox* Ox¥ 4 Ox/\ OxP Ox7
fgg fuu%EdUdT = c / )\p’YHJ 60‘ 8 ac —do d'TdC

m To appear soon: Zaché, Victor and L.,G.
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Yang-Mills integral equations

m Can we relate charge and flux in Yang-Mills theories? For By, either F,,

or Fuu,

m We expect charges to be gauge invariant and under a gauge
transformation,

Ox* Ox"
q)_) an(X)BMV(X)g ( )60' 87'

m So, we have a problem... but we can make things better!

m First thing to learn: a fancy way to define points in space-time.
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m Introduce the “conjugate field": BW W B,., w1,

Under a gauge transformation

B.(x) — g(X)BuV(X)g_l(X)
Whl — &(x) Whlg '(xr)
Bir(x) — g(xr)B(x)g " (xr)

Xy

® — g(xg) gil(xR)

)
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A derivation of Stokes theorem for the conjugate field

Oxt Ox¥
o(BY = w-1B,, W-—
(B> >0) = 5 W b or

Ox OxH OxY
/W (DABuy + DBy + Dy By )W —— aC Do By

Tty

xP xY xP xY
57 = (%gwa ©) - 5 @) 5 0))
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The Stokes theorem

OxH Ox¥ 2m
1
[ woB WoE T dodr = [ k(¢

= Ox* Ox* Ox¥
K(Q) = / W(DxByy, + DyBur + D, BAM)WQTE o

// (l NG )]SWZX ‘3’( >da’dad7’.

m Taking B, = aF,, + ﬁI;W and using the Yang-Mills differential
equations we make this theorem an integral physical law.

+
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OxH OxY Ox OxH OxV
W F, W “Lnw
o9 9o or / Ehury ImW ¢ do Or
//[ (o), FY(o )]sﬁvax X o dodrdc,
o’ o
and
OxH Ox¥ x> OxH 8x
WE,W—— A
a7 he or /EWWJ ac 90

/ / [FW )]55”8); aax o'dodrdc.
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The conserved charges

m We define a “new” holonomy such that the dynamical (integral)
equations imply its path independence.

m Introduce the 2-holonomy on a closed surface 92 scanned by loops
labelled by 7 € [0, 27]:

Ox* Ox¥
0o Ot

dv
— +ieVB =0, B:}[W 1B, W——
dr ~

. _ axH o
V[OQ] = Vi, Py e=efoa W B W5 5 dodr
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Consider 92 to be obtained from Y. V changes from V[X] as

Ccl/\g/ —ieAV =0 V[Q] = Ps el AQd

V- 1 OxH Ox¥ ox*
do Ot 0OC

ie /z % /0 [FMVK(O—’) - Bﬂ(o—’),Bﬂ(a)} srebvy—lde'dodr

SHQ’BV _ @X“%@xa 8Xﬁ B Ox“%axa 6X’B
-\ do 9¢ 9o’ Or 0o Ot 0o’ OC

A(Q) = /VWl(DABW-i-DMBy,\—i-DVBM)W
p
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An important identity

Py e ls” AQdC — p, gief W1B,, W2 O jodr

We look at V[Q] as an operator in loop space L?Q.

t

£

QR Qoo

Qo
The path-independence of V[Q] gives
V[Q:] = V[Qu] VIQ]VHQR] = U(t) V[Qo]UL(1).

Under a gauge transformation: V[Q:] — g(xr)V[Q:]g 1 (xR).
The eigenvalues of V[Q] are gauge invariant dynamically conserved charges of
Yang-Mills theories.
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The magnetic monopole configuration
Wu-Yang and 't Hooft-Polyakov (at ||x|| — o0)

1 X I
A,‘ = _Eﬁﬁarj Ta, AQ = 0, F,j == gé,’jkzr -T.

One can show that

i(w—lf-fw)zw—l D,-(f-f) W =0
do

and the flux of the conjugate field through a spatial surface becomes
“abelianized”:

J
b = w- F Wax 8idd l?{ 2TR dS——*TR
50 Oo Ot oq r

where Tg = (W—l PoT W)

XR
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The integral equation

Ixk Ox' OxI
0¢ do Ot

// Wm,laxk Ox'

requires a non-vanishing contribution from the conjugate charge density.
The Yang-Mills equation ([A;, Bj] = 0 for Wu-Yang configuration)

Ix' OxI
W™*F;
o0 v 8 87’

——do df_/ek,-jow—lf’

0;Bi =0
can be treated in terms of distributions:

(Tg;, F) E/ BiF dV, (0;Tg,F) = _/ Bio;F dV,
Q Q
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(0iTg;, F)? = —Z]—"(@)/F" sinfdfdy =0

Then, we must find a function p such that

/d3xp]::/d3xa,-B,-:0
Q Q

Any function of the type
5(r), -
=C—+t-T
p 2 r
will do but the constant C can only be fixed using the integral equations:

:_}&Q?.f
e r
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The charges of the Wu-Yang monopole

The charge operator reads

. _ _ m v A .
V = Ps elcvefQ Wl wy 1EAHV7%%%dUdeC _ e,a4ﬂ—TR

The charges g of the monopole are then given by the eigenvalues of the flux
operator of the conjugate magnetic field

4
Q= [ WIBW.dS=-"Tg
oQ €

which in a diagonal basis of the spin j representation of SU(2) are given by

47
e

g = (J7J_1aa_./)
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The hidden symmetry

m The local Yang-Mills equations imply the zero curvature

0A+ANA=0
with
Ox* Ox”
_ - W A
./4 = /dT/dUV{Ie/BJMVAaaaT(SX

& [Cdo'[ (- )R+ 5FY) (0). (Rl + 7)) (0)
x gjg <aa):)(0')6xy(0) - %X:(U)fsxp(gl)) }

which is a connection in the loop space L2Q.
m This is a conservation law.
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m There is more to the conserved charge then the matter fields from the
current JH.

m The commutator term in the integral equations is new and it contributes
to the flux of the (conjugate) field strength.

m The hidden symmetry leading to the conserved charges is the path
independence of the 3-holonomy in the loop space.

m We need to understand what are the gauge transformations in loop
space, which are symmetries of the zero-curvature equation.
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Thanks!
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