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The structure of the three gluon vertex in the infrared (IR) has been the
subject of many non perturbative studies in the recent literature [1], as its
behavior is linked to some of the most important features of QCD at low
energies. In particular, the three gluon vertex plays a key role in the anal-
ysis of the gluon mass generation mechanism through the Schwinger-Dyson
equation (SDE) of the gluon propagator [2]. Also, for a phenomenologi-
cal perspective, this vertex is an important ingredient of the Bethe-Salpeter
equations (BSEs) which describe glueballs and hybrid states.

However, the IR behavior of the three gluon vertex is difficult to study. To
begin with, this vertex has a rich tensor structure with 14 independent ten-
sors, each accompanied by a scalar form factor that is a function of three
variables. Moreover, the SDE that describes the three gluon vertex contains
multiple dressed diagrams and involves another poorly known function, the
four gluon vertex.

In this work, we pursue a more indirect approach, namely a Gauge Tech-
nique (GT) anstaz. The strategy avoids the SDE of the three gluon vertex
by utilizing the Slavnov-Taylor identity (STT) that relates that vertex to the
ghost and gluon propagators, and the ghost-gluon scattering kernel 3], which
are simpler to model in the IR through a combination of lattice results and
SDEs. For this scheme to work properly, it is crucial that the effect of the
massless ghost loops of the gluon propagator to be modeled correctly [4].
Below, we overview the G'T ansatz employed to the determination of the
three gluon vertex and compare our results to lattice simulations as possible.

Before writing the STT for the three gluon vertex, let us set the notations for
the objects that appear in it.

The three gluon vertex is represented diagrammatically in Fig. 1 where we
set the conventions for its notation.
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FIGURE 1: Diagrammatic representation of the three gluon vertex. With all momenta incoming,

momentum conservation reads p +r + g = 0.

The ghost-gluon scattering kernel, H,,,, 1s related to the ghost gluon vertex
by [3]
QVHV/L<Q7P7 T) — FM(Qapa 7“) ) <1>

where ¢ is the momentum of the anti-ghost, p that of the ghost and r the
momentum carried by the gluon.

Finally, the STT also takes input from the ghost and gluon propagators. For
that of the ghost, we write

D(g) = 2. 2)

where F'(q) is called the ghost dressing function.
As for the gluon propagator, in Landau gauge it is a purely transverse tensor,
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Au(q) = =P (@A),  Puw(q) = guw — 2 (3)
The scalar factor A(q), which carries the complete radiative corrections to
the gluon propagator, may then be separated into a dynamical mass M (q)

and a kinetic term J(q), yielding |2]

AHq) = ¢*J(q) — M*(q). (4)

With the above ingredients we are in position to write down the STI for the
three gluon vertex, which reads |2, 3]

r“FaW(q, r,Dp) :F(T>[Q2J<Q>P5<Q)HW<Q’ r, D)
— p*J(p) P} (p)Hya(p, 7, )] (5)

together with the cyclic permutations of the gluon legs, due to Bose sym-
metry. Notice that this equation involves only the kinetic term of the gluon
propagator instead of the full A(g), as a rearrangement resulting from the
gluon mass generation mechanism [2].

In order to solve this STT for the three gluon vertex, it is necessary to decom-
pose I'auw(q, 7, p) and Hyy(q, p,r) in their most general Lorentz structures.
For the ghost-gluon scattering kernel, there are five distinct Lorentz tensors,

HVM(Q) D, T) — Algu,u =+ AQQ,LLQV - AST,LLTV - A4(]M“V - A5QV71L ; (6)

where we omit the functional dependence of the A;, 2 = 1,...,5, for com-
pactness. To tree level, only Ag()) = 1 is non zero.
For the case of the three gluon vertex, we first separate its Lorentz structure

into a transverse part Fgw(q, r, p), which is automatically conserved,

T oy @7.0) = T"Th(a.r,p) = P Tl rp) =0, (7)

and a non transverse part FgLTW[ (q,7,p). Clearly, only the non transverse

terms can be determined from the STT.
Then, we decompose the non transverse part into

10
T] '
Pii(ar,p) = Yilg,r,p)lhu . (8)
1=1

where for the 10 non transverse tensors, 83 s We choose the Ball-Chiu basis
3], in which Bose symmetry is most explicit. At tree level the three gluon
vertex reduces to

P, por) = Y (g =) ugap+ Y1 r = plaguw + Y (0= @) pgor . (9)
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with V" = vV =y =1

The GT then amounts to solve the STT for the form factors Y;, 2 =1, ..., 10,
in terms of F'(q), J(q) and the A;, for j =1,...,5, and employ some ansatz
for these latter objects. The algebraic solution for the Y; was already known
in the literature [3], for example, the solution for the form factor Y; reads

1
Yi(q,7,p) = E[Q(qur + aprq) + Pz(qu + brgp) +2(q - pdprq + 7 pdpgr)
+(¢° — 7“2>(b7“pq + bpgr — bgpr — bprq)] (10)

where we write agrp = F(r)J(p)A1(p,r.q); bgrp = F(r)J(p)As(p, 7, q);
and dgrp = E(r)J(p)[As(q, 7, p) — Aslq, 7, p)].

For the ghost dressing function we use a fit to lattice data |5] in the IR that
reproduces the one loop behavior in the UV. In contrast, the lattice simu-
lations can only measure the full gluon propagator, not the kinetic term in
isolation. To extract J(q) we resort to SDE studies of the gluon propagator
to subtract the dynamical mass from A(q), taking into account the mass-
lessness of the ghost, which introduces IR divergent logarithms into J(q), as
shown schematically in Fig. 2. Fitting the corresponding model to lattice
data from Ref. [5] it is possible to extract J(q), which is shown in Fig. 2.
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FIGURE 2: Top: One loop diagrams of the gluon propagator SDE, showing the origin of the IR
finite and IR divergent logarithms of J(gq). Bottom: Non perturbative model for J(q) (blue continuous

curve) compared to the one-loop result (red dashed curve).

Finally, for the ghost-gluon scattering kernel we solve numerically a trun-
cated SDE, shown in Fig. 3.
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FIGURE 3: Truncation of the SDE for ghost-gluon scattering kernel, H ou(q, 0, 7).

Using the Ansatze above, all of the non transverse form factors of the three
oluon vertex have been numerically evaluated. Due to space limitations only
one representative will be shown.
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FIGURE 4: Form factor Y1(q?,r%,0) of the three gluon vertex for general ¢* and 72, and 6 = 0.
For this form factor the angular dependence is weak and the 6 = 0 case is representative of the whole

kinematics.

&"’A, The infrared dynamics of the three-gluon vertex

In Fig. 4, it is shown the result for the form factor Y7, which together with Yy
and Y7, which due to Bose symmetry are equal to Y7 on cyclically permuting
the legs, form the tree level tensor structure of I'n (g, 7, p). In Euclidean
space, it is convenient to employ spherical coordinates to write the functional
dependence as Yi(q,r,p) = Yl(q2, P2, 0), where 6 is the angle between the
momenta q and 7.
As can be seen from Fig. 4, the massless ghost logarithms present in J(q)
manifest also in Yi(q, r, p), which diverges to —oo as the momenta tend to
zero |4].
In order to compare our results to the lattice simulations of the three gluon
vertex, we consider the projection [1]
symy 2\ _ 1 2 2 2 C]2
D) = = [2¥i(¢) + Vila?)| + &

*Ti(e?) — 2u(gD)] . (1)
where Y1(¢?) is shorthand for Y1(gq,r, p) in the totally symmetric configu-
ration, where ¢> = r* = p? and g-r =q-p =171 -p = —q2/2. The T7
and T} functions are form factors of the transverse part of 'y, and, since
we cannot determine these from the STI, are set to zero. The comparison
between our continuum results and the lattice data is shown in Fig. 5 below,
where we can see a reasonable agreement.
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FIGURE 5: Results for the 9™ (¢?) projection of the three gluon vertex. The red curve shows
our continuum results combining SDE and GT while the circles represent the data from simulations

with various lattice sizes of Ref. [1].

An important feature of the three gluon vertex, traced back to the massless-
ness of the ghost is its zero crossing |1, 4]. In our results, the position of the
zero crossing is shifted more to the IR, at g* = 1.2-1072 GeV? as compared
to the lattice data, at about ¢ = 3 - 1072 GeV?.

We employed a GT Ansatz to determine the non transverse part of the
three gluon vertex, in general kinematics, by relating it to the ghost-gluon
scattering kernel, ghost dressing function and gluon kinetic term, for which
the infrared behavior is simpler to study through SDE and lattice simula-
tions. The results obtained following this strategy are in good qualitative
agreement to those computed on the lattice, while quantitatively a rough
agreement is obtained, with larger discrepancies only in the deep IR where
artifacts of both methods are larger.

In order to obtain this agreement, it is crucial that the massless ghost loga-
rithms are properly taken into account in the expression for the gluon kinetic
term, J(q), ensuing a dominantly logarithmic behavior for the three gluon
vertex in the deep IR, with a zero crossing which is close to that obtained
through lattice simulations.

As a followup study, we plan to apply the present model to the numerical
analysis of the BSE for glueballs to assess the impact of the three gluon
vertex on the glueball masses.
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