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Quantum Chromodynamics (QCD)

© The strong force is the responsible to held neutron and proton inside
the atomic nucleus.

© It is around 100 times stronger than the electromagnetic.

© Quantum Chromodynamics (QCD) is the fundamental theory that
describes the strong interactions.

© It QCD is a local, non-Abelian gauge theory whose basic degrees of
freedom are quarks and gluons.
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Quantum Chromodynamics (QCD)

© QCD is characterized by the classical action:
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SqQcp = / dx |0°° ?ﬁ;—:(ﬁ/’uﬁu + mf)¢§ — gt.© ¢§7MA2¢§ + ZF,LCZ’VF&’LLV
a __ a a abc Ab jc
© gfibe AZfADC generates gluon self-interactions.
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Quantum Chromodynamics (QCD)
QED Fun=09A,-0,4,

Why’d you ignore the | do not interact with other
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Quantum Chromodynamics (QCD)

© At large momentum transfers:

* Asymptotic freedom: Quarks behave quasi-free
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Quantum Chromodynamics (QCD)

© Strong interactions are singularly characterized by two phenomena:
e Color confinement

* Mass generating phenomenon = Dynamical Chiral Symmetry Breaking (DCSB)

© DCSB is the most important mass generating mechanism for visible matter in
our universe.

Higgs mechanism Dynamics of gluons

/

Proton
Mass =~ 168x102° g

a
Quarks &

Mass =1.78x1026 g

~99% of proton mass

~ 1% of proton mass l

Quark Anomalous gluon Quark and gluon
condensate contribution kinetic energies

PRL. 121, 212001 (2018)
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Many hadrons

Glueball?
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Many hadrons

M [GeV]
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Many open questions

¢ Understanding exotic hadrons: ® Mass generation and confinement?

Hadron spectroscopy at LHC, Belle I, BES IlI,
PANDA, JLab, ELSA, ... Higgs QcD

q
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d ¢ Quark-gluon structure of hadrons and nuclei:
Glueballs : Hadron tomography at EIC, JLab, COMPASS/AMBER, ...
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Theory tools

® Non-perturbative physics requires special tools.

Functional methods
(DSEs & BSEs, FRG, .

A%

Amplitude analyses

N* : 1440, 1520, 1535, 1650, 1675, ...
— __1 A :1600, 1620, 1700, 1750, ...

Lattice QCD
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Phenomenological Effective theories
models (ChPT, ...)
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(QIT{(2)Y(y)}Q) :=iS(x —y) (QAT{AL(2)A%(y)}IQ) = —iA% (z —y)

4
’ @

Quark propagator

"

Gluon propagator

Non-perturbative continuum

tools for QCD
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Non-perturbative continuum tools for QCD

® For QCD we have first principles:

Classical Mechanics

Quantum Field Theory

f freedom

‘> Degrees

Generalized coord.

cecsceccees] O e

<,

Fields on spacetime

Principle of Least Action <

<55 [9(x
0¢(x)

Euler-Lagrange Equation

Equations of Motion (EoM) \

—

Dyson-Schwinger Equations
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QCD’s Dyson-Schwinger Equations (DSEs)

QCD’s classical action:

S = [d*z [p(F+igh+m)y + L F,, Fi]

____________________________

____________________________

Quantum “effective action”:

_______________________________________

_______________________________________

DSE = Quantum equation of motion: obtained from path integral, relate n-

point functions

® Infinitely many coupled equations

® Continuum methods: Reproduce perturbation theory, but non-perturbative

® Systematic truncations: neglect higher n-point functions to obtain closed

system
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QCD’s Dyson-Schwinger Equations (DSEs)

{3} Quark Dyson-Schwinger Equation

Quark mass function

Mf(pQ) _ Bf(p2,,u2)
Ay (p?, 1?)
 mem——n— e
Co—1 f (. bm f 2 Nk ab ;A b |

ab —
Quark propagator ® D,/(q) = Dressed gluon propagator

— : SN = - vertex
Sf 1(p) _ Z’V'pAf (p2’ ,LL) 4 Bf (pQ, M) © Tk, p) = Dressed quark-gluon verte
5 . 5 © Z, = Quark wave function renormalization constant
= Af(p”, w)liv - p+ My (p7)]
Renormalization condition:

Ap?) = A o p =1 O Pl = 0yep +my ()

=1
Z{ (p, A) mp(p) = Z4 (1, ) m5™(A)

©  Z, = Quark-gluon vertex renormalization constant
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QCD’s Dyson-Schwinger Equations (DSEs)

("

ab __ gab
D,ul/(Q) - 5

0 At Af(q2)+5abf
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Bethe-Salpeter Equation for QCD bound-states

{3} BSE = Bound-state equation for meson

Q?ng(q, k; P) = Quark-antiquark scattering kernel @77 — g+ nP\
@Sf(q,,,) = Dressed quark propagator g5 = q— NP
¢y Fﬁ(k, P) = Meson’s Bethe-Salpeter Amplitude (BSA) ! T = }
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Bethe-Salpeter Equation for QCD bound-states

Bethe-Salpeter amplitudes

® The general form of I'),(k, P) is given by

Ca(k, P) =% Ty (k,P)Fi(k,P)

C. H. Llewellyn-Smith, Ann. Phys. (N.Y.) 53,521 (1969).

® Where T]’Q(k, P) are Dirac’s covariants;

° F;Q(k, P) are Lorentz invariants amplitudes;

® N denotes the number of covariants which are different for different meson'’s
channel.
® For the case of pseudoscalar mesons we have N = 4 and for vector mesons one has
N = 8.
D19k, P) = 5 [iE}\}q(k, P)+~- P Fid(k, P)
Pseudoscalar

+ ~v-kk- PGﬁ(k,P) + ok P, Hj\}g(k,P)} channel

B ————EEEE
C. H. Llewellyn-Smith, Ann. Phys. (N.Y.) 53, 521 (1969).
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Truncation schemes and symmetries

@ DSE/BSE: Kernel can be derived in accordance with chiral symmetry

Truncation must preserve AV-WTI, which ensures that we will have massless

pions in the chiral limit.

AV-WTI:  PuDLo(k; P) = S (ky) ivs + ivsS, " (ky)

L & - - - - —

Axial vector-vertex:

; ; A d4q
F5ﬂ(k;P) = ZQVWMJF/

(2m)

Kq(q,k; P) St(g,)TE% (g5 P)S,(g5)
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Rainbow-Ladder truncation

@ Leading truncation G

29Dy (@)T 5 (k) = (Z4) G(a*) D7 (0) 5w
£ £
| I
; — i | / = G > = > + > 4.
| I
| | , )\a )\CL
— & K(a.ki P) = =23 (1) DI () 355
| I
k‘—h °

G (q) : Effective gluon interaction
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Contact interaction model

© Ansatz for gluon propagator: Ja 2
Locp = w0, + mpy + g (l/'f?m/f
5ab 47TCVIR
D% (q) = 0 —>
,LLV(Q) 92 mg HV

© where m, is the gluon mass scale with together oz quantity the interaction

strength.

© If we plug the truncated quark-gluon vertex and gluon-propagator
into the quark DSE, it simplifies to

167’(’(){13 /A d4k
(

St (p) =iy - |
;(p) =iy -p+my 3m?
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Contact interaction model

© The scattering kernel in the BSE became:

© The BSE simplifies to

2 Nab A? >‘b
K(k,q; P) = —g D,W(CI) 7% 5% =

47 IR

2
mg

i

)\a
2

)

A
9 T

].67TC¥IR

[H(P) =

2
3mg

/(;i 34’7usf(Q+P)F 5(P)Sg(q)Vu

© Since we used a simple form for the gluon propagator, that does not depend

on the relative momen

tum k.

figs(P) = 5

iEBE4(P)

v- P

2M ¢,

Fp4(P)
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Solution quark DSE

© Now, we use the general solution of the quark propagator inside the quark
DSE.

- . 16may d*k ~. [—iv-kA+(k) + B(k
iy pA;(p°) + By(p?) =iy -p+my + IR/ Vul—17 - kAf(k) + By (k)]

3m2 | (2n)t A2(k2)k2 + B2(K?)

© Using appropriate projectors, the quark DSE decouples in:

9 327TC¥IR d4k' (k’ ¥ p)Af(k’2)
Af(p ) = 14 3p2m2 (2 )4 k2A2(k2) + B2(k2)
P n f f
647T()ZIR / d4k5 Bf (kQ)
B:(p*) = msA
17) P 3m2 | (2m)i K2AR(K2) + B2(K?)

Which implies that Af(pz) = 1 and then B, = M, so that:

_ . 047 d*k M
ST (p) =iy-p+ Mg, | My = my- IR/( f

3m? 2m)4 k2 + M?
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Solution quark DSE

© The integral in the equation of M, is quadratically divergent.

d*k My k° > o0
~ —dk ~ kdk = k*| = oo.
/ (27T)4 k2 + MJ% /0 k2 /0 0 Q.
© Cutoff regularization:
d*k  M; k3
/ (27)4 k2 j% ~ 1674 /dﬂ4/ k2 + M; ak

-
= My —Mfln(1+A—)

4 _ A2
— (M} = my+ -2 M, A2—Mj%1n(1 | M2)
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Solution quark DSE

© Proper time regularization:

— | M= m, 4 M, 2R /Oodkz k*
;= f37rmg 0 k2—I—M?

© We implement the following identity:

1

T2 o~ (R2+MP)7e, _ —(K2+MP)7]

= dr e~ 7K +MF) — i —T(K*+M7) _
k2 + M? /0 ar e k2 + M2

T2,
Which has no poles when q2 - — Mf2. Then, one has,

2

/ "k o Tird 1 w2
0 k-2_|_Mj% - 2 TT2€

uv

2
4aIR Tir 1 —TM2 1 1
—> | My =my+ My 3mm?2 / > d7‘7_2e i Ay T Ay
g I S Y




Solution quark DSE

© Now, we set G = 4ra, /mg”

M; G

my

© Trivial solution for G = 0, but a solution a

© In the chiral limite we have:

372

Gcr —

G>G, — M;#0

372

2
Tir dT —'TM2
2 7'2

uv

so exists at large G.
05 ——r——
— mf =0
------- mys = 0.005 GeV
oy === my =0.015 GeV
—— my =0.025 GeV
—- my = 0.050 GeV .
= 0.3 | )
3 7
=~ _ / ’
= 05 L X = G/Gcr / //.'.:'
/ //,:
/ /,,, .: i
/‘/' 7 Ay =0240GeV
0.1 /7 ! -
=T B
- ///// Ay =0.905GeV |
0.0 pmmmptre e ey
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

2.0




Solution BSE

© Atfter plugging the BSA into the BSE:

v- P

¥s |iELE(P) + FRé(P)| = - / . YuS5(qs )75 |1 BLE(P)
PS 2Mfg PS 3mg (27'(')4 2 PS

- P
oM, Fig (P)] Se(q-)Vu-

© Using appropriate projector we can write the BSE in matrix form:

_|_

- Epg(P) dogp | KEE KEY | | Eps(P)

- Fpg(P) Stmyg | Kg§ Kis | | Fes(P)

Where for instant, the first matrix element looks like

dq [M:M,+ (q-P) + ¢°]
EE (D) — 1 2/ g :
’CPS ( ) o (271_)4 [(q n P)2 n M%](q2 n Mg2) Log divergent!
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Solution BSE

© Feynman parameters M?=2(1—z)P*+ MJ%;U + Mg2(1 — )
[MfM +(¢-P) +¢]
—> =1 d
Kos b / x/ (g +zP)? + M?]?

© Atfter performing the change of varlable k = g + xP, we obtain

k [k*+ (1 —2x)(k-P)—z(1 —z)P*+ M; g]
= 1672 / d:c/ 2+ M2

Again, the integral with (k - P) is zero. Then,

Kos' (P) = /O dz [Co1(M?) + [L™ (z) — 2J(z) P?]Co2(M?))]

.2

C01(M2) _ / d’T%e —TM? J(iE) = CU(]. — iE),
T L(z) = M?x+ M?*(1—2x)
CoM?) = —FuM) ” f Y
dM? L*(z) = M;M, £+ L(x)
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Solution BSE

© Masses and BSA obtained from BSE as an eigenvalue problem

A(P?) Eps(P) | dang | KBS KRS | | Ers(P)
- Fps(P) Stmy | Kis' K& | | Fres(P)

1.0025

~,

(- |
AMP*==-m5)—1=0| =

Pion

P2 = —0.01932 GeV2 .

1.001 |

A(P?)

1.0005 [

m_ = 0.139 GeV

o —————— N —— —

0.9995 : ' : : : : : : ' : '
-0.022 -0.0215 -0.021 -0.0205 -0.02 -0.0195 -0.019

P2[GeV?]
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Solution BSE

©® Together the mass we obtain the unnormalized BSA. We use a normalization
condition.

0

Nir = 0 P?

~— 1y (Q, P)|g2=p

(@) =2N. [ 54,

Tr[TV9(q, Q) S;(g4)T47, (@, P)Sy(q-)]

In the contact model the normalization constant is:

3 OKs& (P) . 1 OKEs (P)
47'('2{ 2l?lzDS O P2 ! 2-E‘PSF‘PS ﬁ’cgg(P) 2 o P2

pFaIC()}

2 —
Nps =

M? o0P?

2_ .2
P+<= Mp
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Solution BSE

© We can compute leptonic decay constant via:

P*fu=N. [ (j;-;;rrm - PS;(¢:)T4(g, P)S,(¢-)

3 n n
[ bsKChs (P) + FPS’ng(P)]

fPS — 47T2Mfg pa_

2
Mpg

© Results for masses and decay constant of pseudoscalar mesons.

JE¥ Meson mCl  me/l E F feL - fe/l

0~ m(ud) 0.14 0.14 3.59 0.47| 0.10 0.092
K (u3) 0.50 0.50 3.70 0.55| 0.11 0.11
D(ug) 1.87 1.87 | 3.25 0.39| 0.15 0.15(1)

D, (s¢) 1.96 1.97 | 345 0.54| 0.16 0.18
ne(cc) 2.90 298| 3.74 0.90| 0.20 0.24(1)
B(ub) 530 5.30 | 298 0.18| 0.14 0.13
B (sb) 5.38 5.37 | 3.26 0.27| 0.16 0.16
B.(cb) 6.16 6.28 | 4.25 0.79| 0.21 0.35
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Solution BSE

6,0:Mésoln masses =~ ® -
I -9- O -o- &
4.0
i o
2.0t o o o &
o
7T K DDsn. BBsB, K*D*D:B*B:B:
0.3l Decay constants ER
0.2} e ¢ I o
. & © _I__'_—.- T_i_ P _i_%
0.1f =&
Ot

7 K DDsne BBsB, K'D*D:B*B:B:
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o(n-ky—azxn-P)yy-n

Meson Distribution
Amplitudes on the Light
Cone
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Light-Cone Distribution Amplitudes (LCDAs)

:¢M(x9 /’t):

® The LCDAs are scale-dependent functions can be understood as the closest
relative of quantum mechanical wave functions in quantum field theory

® ¢y (x, 1) expresses the light-front fraction of the hadron’s momentum carried
by a valence quark. Allows for a probability interpretation of partons.

® x is the light-front momentum fraction: x = k*/P* and u the renormalization
scale.
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Light-Cone Distribution Amplitudes (LCDAs)

© Hard exclusive scattering processes.

AYAVAVAVAY S >

—_—

A

ANNNNO—
0%F Q%) > 2f,

N

GPDs

I Fernando E. Serna IF-USP - QCD seminar 17/06/2024 '



Light-Cone Distribution Amplitudes

@Light-cone projection of the Bethe-Salpeter wave function y,,(k, P)

-~

(0@ (y2m)W [y2n, yan v - nys qg(y1n) | M (P))

1
=ifmmn: P/ da e~ PITHRD) g (1, 1) @
0

T— - " —
fM = weak decay constant

A 4
d*k
TrD/ (2m)4 o(n-ky—an-P)ysvy-n xu(kny, ky)

Eammaanan

M(km kﬁ) S(k ) vk, P)S(k —) = Meson'’s Bethe-Salpeter wave function (BSWF)

M( ) = Meson’s Bethe-Salpeter Amplitude

S(kn) = Quark propagator

L. Chang, I.C. Cloét, J.J. Cobos-Martinez, C.D. Roberts, S.M.Schmidt, P. C. Tandy, Phys. Rev. Lett. 110 (2013)
J. Segovia, L. Chang, I. C. Cloét, C. D. Roberts, S. M. Schmidt, Phys. Lett. B 731 (2014)
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Meson LCDAs O (x, ()

@ Projection of BS wave-function onto the light front :

ZoN,, A dAk
V2 o (2m)4 o(n - ky—xn- P)ysy-n xm(ky, ky)

fM¢M($7M) —

X (ks k) = S(ky)U s (k, P)S(ky)

@ Computing Mellin moments

(™) = /01 dza™ o (x, p)

(7) = /01 drgp(z, 1) =1

ZN,  (Md%k (n-ky,)™
—ID/ (2m)4 (n-P)an Y5 Y+ 1 X (i, Ko

————————————
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Meson LCDAs O (x, 1)

O (1) = Na) [22]* 72 [1 + a2 05 (22 — 1)]

- (x, 1) = N (e, B) 4zT e* art+p(z—T)

@ Reconstructing LCDAs

INVLC ™ S a— 1' T T T IC) <x"7ll>D ]
I [@:m) :/O dxxmqu(x,u)} o <33m>rec 1

0.8 4

0-6 1 ® 1 1 Mmax <xm>
o~ rec. '
0.4 - m=1 H |
@
® @
0.2 i
O
©® @ ®

0.0 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 .
0 1 2 3 4 5 6 7 3 9
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Meson LCDAs O (x, 1)

P () = 6x(1 — ) I _ Ging) + amden(a)

0.985

0.98
00 01 02 03 04 05 06 07 08 09 10

0.0 | | x | | \ -
0.0 0.2 0.4 0.6 0.8 1.0

X

F. E. S, R. C. da Silveira, J. Cobos-Martinez, B. El-Bennich and E. Rojas, Eur. Phys. J. C 80, 955 (2020)
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~

Meson LCDAs sz, )

Gr(q® N
$™() = 6x(1 - x) 1) G + anden (@)
1.6} - |
Ok (@) o

R N N
1o —— ¢(2)
1.0F
0.8+ R _-
0.6} f
0.4+t [
0.2+
O.O i I/ | 0.0 01 I0.2 03 04 Oi.5 O.ff 07 08 09 1.0 |

0.0 0.2 0.4 0.6 0.8 1.0

i
F. E. S, R. C. da Silveira, J. Cobos-Martinez, B. El-Bennich and E. Rojas, Eur. Phys. J. C 80, 955 (2020)
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Meson LCDAs O (T, )

2.0}

L.oF

1.0F

0.5}

0.0b=="" . . . . !
0.0 0.2 0.4 0.6 0.8 1.0

X

F. E. S, R. C. da Silveira, J. Cobos-Martinez, B. El-Bennich and E. Rojas, Eur. Phys. J. C 80, 955 (2020)
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Conclusions

@The Contact Interaction model, when applied within the framework of DSE and

BSE, provides a valuable tool for investigating non-perturbative QCD
phenomena.

@ Despite its simplitications, the Cl model offers a qualitative understanding of

hadronic physics and aids in the computation of LCDAs, though with limitations
in accuracy for high-momentum and detailed dynamical processes.

@It serves as a useful complement to more sophisticated approaches in the study
of QCD.
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Light-Cone Distribution Amplitudes

© In relativistic QFT the infinite degrees of freedom do not allow for a
straightforward definition of a particle’s WF as in quantum mechanics.

*Particles interact and their number is not conserved

© An alternative is formulate the theory on the light-front because the
eigenfunctions of the light-front Hamiltonian are independent of the system'’s
four-momentum

© Coordenadas del cono de luz:

AAST LIGHT CON®
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