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» Sometime in December 2023, a graduate student working on composite
Higgs models walked into my office to ask “do you know how many
independent color structures are there in

606288
and what they are?” (he was confused by the results of Carpenter,
Murphy, Tait, Phys. Rev. D105 (2022) 035014, arXiv:2110.11359).
» fortunately for him, |

> had almost completed a birdtracks library in my matrix element
generator 0’ Mega

> was in the process of adding baryon number violating coupling
involving es and €s

> considered this question to be the perfect test case for my library

» in EFT calculations, in particular involving loops, the construction of
complete and independent operator bases is vital for renormalization

» in phenomenological studies of BSM interactions, an overcomplete
operator basis will lead to flat directions
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@Xﬁﬁ'}é’ Color-Flow QCD HES7anFEINRIES B

> Propagators:

a \QQ000000000 b = 1 — ]1(
o —
—ig® —isis!
a----=—---1p & J ::..-r:::lk
I ]
—ise —isis!

> Matter couplings: (note that the coupling constant becomes g/ v/2):

j j
ig(T)y a & i%éié} 3
i i
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[ Color-Flow QCD NESEGNANES g gds

» Triple gauge couplings (the coupling constant is again g/ v/2):

b
gfabe ¢ & 5588} 5>\—— —9550 881 m
a ]'1"
b kl kl
\ \ \
\ W Y
gfebe VOO0 ¢ & 98,81, 511/‘;‘-——_ m _355;535}/‘,/;@: m
// // //
a ji ji
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[ Color-Flow QCD NESEGNANES R

> Quartic gauge couplings (the coupling constant remains g/ v/2):

b d kl mn  kl mn
fabEfcde \/
2 facegdbe 9%5j sl sn 0 9%5j lsngo
g |+ & 5 0107, 0587 5 0p 010100,
_Hcade]cbce /\
a c ji op ji op
kl mn  kl mn  kl mn  kl mn
Xf‘zi&ikag535%%5%5{5;%%5%5553%%5{35;5*;5&
ji op ji op ji op ji op
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@Xﬁﬁ'}é’ (oFe][o]clllMA@IOIDN Tracelessness / Nonlocality / Recursion ek

» additional rule for gluon exchange between matter particles

> use completeness relation, a.k.a. Fierz identity, to enforce tracelessness

. . 1.
[Ta]lj [Ta}kl = 5116](]' - Néljékl .

with normalization
tr(TeT®) = 8°°
> easy to implement for any complete Feynman diagram . ..
> ... but a nonlocal operation that transforms pairs of vertices.

*. obstacle for modern recursive calculations
as formalized in [TO, Eur. Phys. J. C 83 (2023) 636, arXiv:2306.02414]
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mﬁ%ﬂﬂé‘* (oFe]le]gllellA@I0IDN Tracelessness / Nonlocality / Recursion i R
» replace Feynman diagrams by matrix elements (a.k.a. “wavefunctions”)
d({ir, iz, ..o, ik}) = (0@, Pigs - - -5 Piy)

that can computed recursively

b= >  PrViL o)) +...

LHul,=1

» and combined into S-matrix elements

M{1,2,...,n) = ) Kunnd()d(T)d(ls) +. ..

LLulLLUIz3={1,..., n}

» computational complexity only grows exponentially compared to
factorially with the number of legs!

> but trouble with the completeness relation, since

AL({ir, 30, )) = (OIACIpi,, Pigs- - -, Piy)

must be prepared for both qqg vertices and qqq or gggg vertices in the
next recursion step!
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@Xﬁﬂ'&é’ (ofo][o] gl [IVA@[®IDN Tracelessness / Nonlocality / Recursion ek

» instead enforce tracelessness by exchanging U(1)-ghosts with
residue —1/N

» formally su(N) =su(N) @ u(1)ou(1) =u(N)su(1)

> see [JHEP 10 (2012) 022, arXiv:1206.3700] for the Lagrangian,
renormalization and all that

Thorsten Ohl (Univ. Wirzburg) Exotic SU (3) Color Structures Birdtracks 2025, March 10-12



W oIl eloll Feynman Rules Redux 5

> Propagators:

a Q0000000000 b <« ) — L
o ot )
Qd--——-®=—-=--p & ) zzzg=—cz!
Cab i —~ = k
—id —i6}.8]

» Matter couplings:

j j j
ig(T)% Nooooe a < iﬁ?i}\_‘;—— K i§§> """"
i i i
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[ (oI Relesl | oop induced vertices, e.g. gg — H Soda
» subtlety for effective interactions, such as

1
£> ;Htr(F“VFw)

» Color flow in the triangle diagram:

e sss

(1)
> equivalent “effective” Feynman rules
§7<:>>>0— C C :0N
’ ’ (2)
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[ (o [Tl Aelosll Loop induced vertices, e.g. gg — H S

These Feynman rules yield the correct result for H — gg. Squaring the
amplitude (external Higgs lines not drawn):

N2
|

1 —1

| N N
o |

R | o
+ e | & + € ' e + Ne | ON

| |

I'N 1= =1

N N N2

:Nz—f—f 7:N2—1
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Exotica
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Tangara fastuosa (photograph: Hector Bottai [CC BY SA])

Exotic SU (3) Color Structures

Birdtracks of Exotic
SU(N) Color Structures

TO

JHEP 06 (2024) 203
arxiv:2403.04685

implemented in
Whizard/0’Mega
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[ 2=y Building Blocks Sood

For simplicity, | use non-hermitean projectors

3 ji ———— iy
6 i | ey
J2 12

. j i

: =
js i3

ji ——— iy

10 jo —m—— i
j3 —— — 'i.3

- j1 —— b

15 ]1 )2 Jo ——] 12
ja js :l-: is

Ja 14
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[ SWY Building Blocks &

there is another 15-dimensional representation

i
iz
i3
i

j1
15/ i
ja

j1 iy

S j2 iz

21 J3 ia
ja iq

js is

24 [Fa[i1li2ia] Je
ja

j1 i

j2 iz

js i3
27 ja iy

is
is

js
J6

i
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T . T KN
[ =2l Building Blocks B X

» Standard (anti-)symmetrizers

1 —— —— 1 1 1 —— o(1)
2 —— 2 2 —— 0(2)
— | _Tl' R ——
n —e—=—n ‘oeS, N —m— o(n)
1 1 1 1 —— o(1)
2 2 _ 0 (7)8(0') 2 —m— (2)
_n|
n n CoeS, n —a— o(n)

» Normalization

S =

Yvyy

Yvyy

3 M=
Il

3 o=

3 _N-‘
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W S0y Building Blocks e

> In the case of SU(N) we can take advantage of

i

N —1 =[]

0

to minimize the number of lines.

» We use again U(1)-ghosts both in internal propagators and in external
states when computing color sums

a ———' b= 6a2b16b2a1
1

......... — ___pab
a b N
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SG)ile-W Building Blocks

> The generators are realized by

w .
[Ta]h“.l“jy"jn — Z 1 1 , M- 1 k
1 k N Kk k k
n - n n n

» we can check the normalization with the commutator relation

a 1'-1"'1‘-n b ]1]11
(T4 i1-~jn[T ] Ki-kn
bii1in apjtin __:eaberreiiicin

- [T ] ! ]1]n[T ] Ki-kn if [T ] ! Ki-kn

and the tracelessness condition

[Ta]n ~-~1ni1 i [TaP1 '“]nj1

by explicit birdirack calculations for each representation.
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[ 2=y Building Blocks i R
> The totally antisymmetric rank-n tensors e''z"i» and €j,j,...;, are
invariant in SU(N) iff n = N.
> We represent them as

1 1

i1ig--ei 2 = _ 2
€ e No= ) €i1i2~~-‘i.N -

N N

". the number of outgoing lines need not be the same as the number of
incoming lines
#outgoing = Hincoming Mod N. (3)

> NB: the tensor algebra of the 6, € and € is not freely generated:

figednm, . . _ i 2 ..o
€ rL€J1]2"'Jn - Z ( ) 6 )1)60 (G2) 6'5(]71) ’
0ESH

which follows from antisymmetry and the choice of normalization
e =1 =¢y,..., alone.

. we will immediately replace the LHS by the RHS and

". € and € will never appear together!
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@xﬁﬁ'}é‘* Exotica IEEEESEES

» In the construction of a basis of operators, we only need the double lines
for the adjoint representation.

» To derive the Feynman rules or compute color sums, we add U(1)-ghosts
everywhere to cancel the traces of the generators

> a colorflow with n external adjoints becomes 2™ colorflows
» but many cancel for antisymmetric tensors
> consider8®8® 8

Birdtracks 2025, March 10-12
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» This becomes

b b

ec= c andcyclic, N- @~ ¢ ¢,
a (1.

» The U(1)-ghosts cancel in the antisymmetric combination

i1:(1bc =tr (Ta [Tbs Tc]f) Vabc c?gb - >

e \l/// Sy
|
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[ Exotica IECEEIEES B X

> but they add up in the symmetric combination

dSpe =tr (Ta [T, Tel ) = Vor. + V52

abc abc acb

b

b b
N\
= >\¥c+\_c,2- e .- c and cyclic,
)
a a

a
b b
2. e c andcyclic, 2N- @ ---- ¢
a. (1.

> at face value, this expression does not appear to be correct for the
special case of SU(2), where dqpc =0

. it appears that in the case of SU(2), this expression does not represent
an independent invariant tensor, but is just a complicated way of writing 0.
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> NB: Vg is the only possible colorflow for three adjoint representations
(up to permutations of a, b and c)

". the symmetric and antisymmetric combinations d,p. and fqp. form a
complete set and we can compute an inner product

su 2(N2—1)(N2 —4)

dil’t{cdabc = N

ditljacfabc =0
fabcfabc = 2N(N2 - 1) .

> This is consistent with disjlffz) =0 and fist]J((z) = V2elk,
". a naive application of the colorflow rules for SU(N) can produce produce

sums that are, for special values of N, just a complicated way of writing 0
and don’t enlarge the basis.

> Fortunately, we will be able to find all such redundancies.

> NB: using
) ) 1 .
[Ta]lj [Ta]k1 _ éllékj _ Néljékl

in the color sums produces the same result as the U(1)-ghosts, of course.
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@Xi‘éﬁ'&é’ =G0 Enumerating Colorflows B X

> Selection Rules
> Sum the number of boxes for the irreps of particles and antiparticles
(adjoint reps count as one box for a particle and an antiparticle each).
> These sums must differ by by vN with v € Z for SU(N). Iff v < 0, the
tensor contains exactly —v factors of e''i2in and iff v > 0, there are
v factors of €;,1,...iy -
» Combinatorics
» Draw all combinations of arrows starting at a particle or at an € and
ending at an antiparticle or at an €.
> Keep only one representatative of each orbit of the permutations
described by the Young tableaux and e /€.

" redundant birdtracks will be caught later.
", it is more important to be complete than to not be overcomplete!
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[ =GN Enumerating Colorflows B X
» The original motivation was the search for invariant tensors

abs __ aibisisz
WP s = Wa2bzt1t2

in the tensor product 6 ® 6 ® 8 ® 8 of SU(3) irreps.
- wehave2+0+1+1=4incoming and 0 + 2+ 1 + 1 = 4 outgoing lines
. No € or € required!

Starting from the 6 we can

1. connect both lines to the 6
8

m:l]:ﬁr

producing the tensor
[Xab]st _ Babést

symmetric in the exchange a + b,
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@Xﬁﬂ'}é’ =G0 Enumerating Colorflows B X

2. connect one line to one 8 and one to the other 8
8

producing the tensor
[YaP]s, = [Kglyj [T [TV (K<
symmetric in the excharlge a < b,
3. connect one line to the 6 and the other to one of the 8s

=)}

8
6 k}
8
producing the tensors

[Z80)°, = [TETSL[TETY, — 2[Y4PT, + (a 5 b)

symmetric and antisymmetric in the exchange a < b.
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[ SN Eliminating Redundancies _ R&gad
» There is a natural sesquilinear form
un (A,B)= Y AJUBI =N (B,A)
iy gy
on the vector space V of invariant tensors of a given rank.
-+ all terms in the sum for un (A, A) are the squared modulus of a

component of A
. un induces a non-degenerate inner product and a norm on 'V

[AlIN = ViN(A,A) >0
IAln =0 & A=0
VBeV:un(B,A)=0 & A=0.

» For any complete (not necessarily linearly independent), set
of n > dim(V) tensors

we can expand every tensor A € V as

n
A= Z (liTiL .
i=1
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[ CI=W Eliminating Redundancies B X

» The inner product py can be expressed by the natural sesquilinear form

(a,b) =) @by
i=1
on C™ and the self-adjoint n x n-matrix M(N, 7)
MY(N,T) = un (T T) = MIHN, T)
which depends on the number of colors N and the set T as
HN (A, B) - <C1, M(N! 7)b>

> Matrix elements MY (N, T) can be computed efficiently using birdtracks
> Since the inner product is non-degenerate, we find linear relations among
elements of T
n n
Vi:) MY(N,T)aj=0 < ) aT'=0
j=1 i=1
corresponding to the eigenvectors of the matrix M (N, 7) with vanishing
eigenvalue.
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[ CI=W Eliminating Redundancies B X

| 2

>

The rank ry of M(N, T) gives the number of independent invariant
tensors.

NB: | was not the first to notice this, unfortunately
[Dittner, Commun. Math. Phys. 22 (1971) 238].

TN is independent of the (over-)complete set T used to compute M(N, 7).

The orthogonal projector Pn (T) on the subspace of C™ spanned by the
eigenvectors corresponding to positive eigenvalues depends on T.

The orthogonal projector Py on the subspace of V does not.

In the colorflow basis, the matrix elements of M (N, T) will be polynomials
in N with real coefficients, possibly multiplied by a negative power of N.

M(N, T) will also be symmetric because transposition corresponds to
reversing all colorflow lines.

" Except for the simplest cases, the eigenvalues and eigenvectors can only

be computed after fixing a value for N.

. only eliminate dependent tensors choose a calculationally convenient

set {T'}i_y ., thatis not necessarily orthonormal with respect to uy.

.....
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@Xﬁﬂ'}é’ S%]il-W Eliminating Redundancies L CR

> For the example 6 ® 6 ® 8 ® 8 we can compute the matrix M(N, T) for the
colorflows symmetric in the two adjoints

Ts ={X,Y, Zs}

> the quadratic Casimir operator in the fundamental representation appears
as a common factor

N2 —1
CelF) = Cr = —
in our normalization
1
N (X, X) = ENZ(N +1)Ck
1
un(Y,Y) = Z(N3 +2N2 —2)Ck
LIPNE 2
un(Zs, Zs) = 5 (N7 +2N" —4)Cr
1
UN (X, Y) = un (Y, X) = ENCF

un(X, Zs) = un(Zs, X) = N(N + 1)Cr

]
un(Y, Zs) = un(Zs,Y) = E(NQ —2)Ce
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[ 2= Eliminating Redundancies

> The eigenvalues of the real symmetric 3 x 3-matrix M(N, Tg) can be
computed numerically for arbitrary values of N

eigenvalues / N4

1.0
0.5F

/ 5 10 15 20

-0.5%

> they are all positive for N > 2, but one eigenvalue vanishes for SU(2),
corresponding to the non-trivial relation

X=2Zs.
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» using the birdirack library developed for the matrix element generator
0’Mega, this algorithm has been implemgnted in tangara
» for example the symmetric piece of 66 8 ® 8
$ tangara_tool -s ’8 *S 8 * 6 * ~6’

0: [(1) * [1>2; 2>1; 3.0>4.0; 3.1>4.1]]
1: [(1) * [1>2; 2>4.0; 3.0>1; 3.1>4.17;

(1) * [1>4.0; 2>1; 3.0>2; 3.1>4.1]]
2: [(1) * [1>4.0; 2>4.1; 3.0>1; 3.1>2]]

colorfactors[n_] :=
{ { (1/2)*n*4+(1/2)*nA3-(1/2)*n*2-(1/2)*n

nA3+nA2-n-1

(1/2)*n*2-(1/2) 1,
{ n*3+n*2-n-1 ,

(1/2)*n*r4+n*3-(1/2)*n*2-3*n+2/n ,

(1/2)*n*3-(3/2)*n+1/n },

{ (1/2)*n*2-(1/2) ,
(1/2)*n*3-(3/2)*n+1/n
(1/4)*nr+(1/2)*nr3-(1/4)*nr2- n+(1/2)/n 1}
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> the output can be fed into Mathematica™ to compute the rank, the
eigenvalues and the eigenvectors (not shown) of the
3 x 3-matrix M (N, Ts) numerically

SU(C2): rank = 2

eval(1l) = (3*(31 + Sqrt[321]))/8 = 18.3
eval(2) = (3*(31 - Sqrt[321]))/8 = 4.9
eval(3) = 0 = 0.

SU(3): rank = 3
eval(l) = (10*(17 + Sqrt[73]))/3 = 85.2
eval(2) = (10*(17 - Sqrt[73]1))/3 = 28.2
eval(3) = 18 = 18.
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[ SN (Partial) Catalogue for 3, 4, and 5 Fields  [EEHEeEs

ne mny4 13 | remarks
30326 0 2 1|CG:6C3®3
3038 | 0 2 1 | [Ty
6268 0 3 1 |[T8E,
8®8®8 0 3 2 fabe, dabe (bUtT2:1)
30610 | 0 3 1 |CG:10C3®6
62615 | 0 4 1 |CG:15C6®6
6615’ | 0 4 1 | CG:15'C6®6
3®3®3 1 0 1 | totally antisymmetric
36®8 1 1 1
8®8®10 1 2 1 | antisymmetric
3815 | 1 2 A
3615 | 1 2 A
606%6 2 0 1 | totally symmetric
628®15 2 1 1
6627 | 2 2 A
8§®8®27 2 2 1

n: #epsilons, ny: #arrows rn: #independent colorflows for SU(N).
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 6 ® 6 ® 15: one line of both 6 must be connected to the antisymmetrizer
and the other to the symmetrizer of the 15

6

The result is antisymmetric under the exchange of the two factors of 6.
> 3 ® 6 ® 8: there is only one invariant tensor

because the antisymmetric e must not be connected twice to the
symmetric 6.
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 8 ® 8 ® 10: the only invariant tensor is antisymmetric in the two factors 8
duetothee 8

10

o

8

> 3 ® 8 ® 15: to see that there is only one inequivalent colorflow, consider
the conjugate 3 ® 8 ® 15 instead: there must be exactly one € to saturate
all lines and one of the lines entering this € must be connected to the only
line of the 15 that is not symmetrized

3

o]
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

With the opposite order of symmetrization and antisymmetrization in the
original 3 ® 8 ® 15

3
8 15
€
it is not immediately obvious to me that
3
8 T 15
€

is equivalent after applying the Young projector for the 15. However,
computing the form uy (A, B) confirms that rn = 1 in both cases.

Thorsten Ohl (Univ. Wirzburg) Exotic SU(3) Color Structures Birdtracks 2025, March 10-12 37



[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 3 ® 6 ® 15: the single invariant tensor is analogous to the case 3 ® 8 ® 15
6

€
> 6 ® 8 ® 15: this needs two € and their lines must avoid the symmetrization
of the 15 z 8

€

All other ways of inserting the 8 into 6 ® 15 can be obtained by
exchanging the €s and the lines ending at them.
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 6 ® 6 ® 27: here is again only one way to saturate all antisymmetric lines
ending in the €s _
€

27.

€
This graphical representation makes it is obvious that there can be no
invariant tensor in the product 3 ® 3 ® 27.

> 8 ® 8 ® 27: the symmetry in the two adjoint factors is obvious

8

8

R
\f
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[ SN (Partial) Catalogue for 3, 4, and 5 Fields  [EEHEeEs

> 6 ® 6 ® 15’ a trivial symmetric Clebsch-Gordan coefficient
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[ SN (Partial) Catalogue for 3, 4, and 5 Fields  [EEHEeEs

ne mn4 13 | remarks
3366 | 0 3 2
33068 0 3 2
6260626 | 0 4 3 | 1ant-, 2 symmetric
62628%8 0 4 4
33310 0 3 1 |CG:10Cc3®3®3
33615 0 4 2 |CG:15C3®3®6
30323®6 1 11
3®3®3®8 1 1 2
306626 1 2 1
306068 1 2 2 |1 ant-, 1 symmetric
3608%®8 1 2 3
33066 2 0 1 | symmetric
606628 2 1 2
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 3®3® 6 8: there are only two ways to insert a gluon into the
Clebsch-Gordan coefficient 3® 3 ® 6

> 3®3®3® 6: the only independent invariant tensor is antisymmetric

6

3

3 4

3
€

> 3®6®6® 6: each leg of the € must be connected to a different 3 or 6

6

6 6
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 361 8 8: there are three different ways to connect the € to the other
external states: to both the 3 and the 6

8 8
3 \“j 6,
€
to the 6 only s s

o

and to the 3 only
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s
» These colorflows correspond to the invariant tensors

ALY =€y T TOTY, [Ke s V2 (4a)
BEY = &,1a [T [TPTY, [Ke s )12 (4b)
CEP =EqalToX, [TP1Y, [Ke )2 (4c)
» Due to the presence of an €, the matrix
7 4 -3
M(S3,{A,B,C})=| 4 8 4 |-16
-3 4 7

can only be computed for N = 3.
> it has the eigenvalues 0, 160 and 192. The eigenvector for the
eigenvalue 0 is (1,—1,1)" and corresponds to the relation

A—-B+C=0,

revealing that one symmetric and one antisymmetric tensor is redundant.
> This relation is just the invariance of the tensor

D{ =&, [T, [Kg 2

in the product3 ® 6 ® 8.
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[ Scl (Partial) Catalogue for 3, 4, and 5 Fields ~ EEE@s

> 6®6R 6® 8: the two independent invariant tensors are combinations of
permutations of

€
6 8
6 6
€
which can be viewed as insertions of a gluon into the only invariant tensor
iN6®6®6
A spss = [Ta]ki1€izi3k€j1j2j3[K6 6] [Kg 5,122 [Kg 5,10

and the three cyclic permutations in {s1, s2, s3} (the non-cyclic
permutations are trivially related by the antisymmetry of the €s).

> The eigenvector of the matrix M corresponding to the eigenvalue 0 is the
sum of the cyclic permutations. This can again be understood as the
invariance of the invariant tensor in 6 ® 6 ® 6.
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[ SN (Partial) Catalogue for 3, 4, and 5 Fields  [EEHEeEs

ne mny T3 | remarks
336066 | 0 4 4
33668 | 0 4 5 |butr,=4
6606068 | 0 5 8 |butro=6
33336 | 1 0 3
33®336 | 2 0 2
3606066 | 2 0 3
33666 | 2 1 3
6R6R68®8 | 2 2 10 | 4 anti-, 6 symmetric
362666 | 3 0 3
62626606 | 3 0 6
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[ Conclusions. |

» Feynman rules for QCD in the color flow basis
» phantom gluons allow recursive calculations
> exotic representations can be handled

» algorithm has been implemented

Birdtracks 2025, March 10-12
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Any questions?
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o Conclusions |

— backup slides —
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E__ Algorithm | -+ T

1. Create a list S of starting points of lines (adjoints, products of
fundamental representations and es).

> Adjoints and fundamental representations are represented by a
single integer n identifying the external state.
> Factors in products of fundamental representations are represented
by the integer n denoting the external state combined with a second
integer i identifying the factor, i.e. (n,1).
> Analogously for each e, but we must treat them as indistinguishable.
In the example of 8 @ 8 ® 6 ® 6 we have S ={1,2,(3,1), (3,2)} if the four
external states in are enumerated from 1 to 4.

2. Create a corresponding list E of endpoints of lines (adjoints, products of
conjugate representations and €s). In the example we
have E ={1,2, (4,1), (4,2)}.

3. Generate all the permutations of E, i.e. all one-to-one maps S — E.

2 1 (4,1)
(4,1) 2 1

1 ’ (3,1) 2 3 =e s
(4,2) (3,2) (4,2)

—
iy
I:_l
—
il
LR

SE
—
il

Lidd

where | have spelled out 4 out of 4!.
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[ Algorithm N - T
4. Drop all maps S — E with at least one line looping back to the same

state, e.g.
{ : o (4?”]
(3,1) — (4,2) 3
(3,2) — 2
because they do not correspond to valid SU(N) colorflows.

5. Keep one representative of the equivalence classes under the
permutations according to the Young tableaux. One of these equivalence
classes in the example is

|: 1 — 2 :| |: 1 — 2 :l |: 1 — 2 :| |: 1 — 2 :l

2 — (4,1) ~ 2 — (4,2) ~ 2 — (4,1) ~ 2 — (4,2)

(3,1) — 1 (3,1) — 1 (3,2) — 1 (3,2) — 1 .

(3,2) — (4,2) (3,2) — (4,1) (3,1 — (4,2) (3,1) — (4,1)

6. Optionally symmetrize and antisymmetrize with respect to permutations
of external states transforming under the same irrep of SU(N).

7. Apply the Young projection operators for all factors, keeping track of the
relative signs and coefficients.

8. Optionally choose a normalization where only integers appear as
coefficients and the number of minus signs is minimal.

Thorsten Ohl (Univ. Wiirzburg) Exotic SU(3) Color Structures Birdtracks 2025, March 10-12 51



	Introduction & Motivation
	Color-Flow QCD
	Feynman Rules
	Tracelessness / Nonlocality / Recursion
	Feynman Rules Redux
	Loop induced vertices, e.g. ggH

	Exotica
	Building Blocks
	Tracelessness
	Enumerating Colorflows
	Eliminating Redundancies
	O'Mega and tangara
	(Partial) Catalogue for 3, 4, and 5 Fields

	Conclusions
	Algorithm

