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Parton energy loss

When passing through a medium (hot QGP, cold nucleus, ...),
a parton can lose energy due to collisions [ Bjorken (1982) ]

and/or via induced gluon radiation.
[ Gyulassy, Wang (1993) ]

E E −∆E

Consider parton ‘prepared’ at t = −∞ and scattered by a
small angle after passing through the target at t ≈ 0 ...
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Parton energy loss

When passing through a medium (hot QGP, cold nucleus, ...),
a parton can lose energy due to collisions [ Bjorken (1982) ]

and/or via induced gluon radiation.
[ Gyulassy, Wang (1993) ]

E E −∆E

Consider parton ‘prepared’ at t = −∞ and scattered by a
small angle after passing through the target at t ≈ 0 ...

This talk: fully coherent energy loss (FCEL) dominates for large-E :

∆EFCEL ∝ αs
∆p⊥

M⊥
E
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Reminder:
EM radiation spectrum from moving charges,
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∣∣∣∣2

v1 v2

t = 0

v1

v2 v3

t = 0 t = ∆t

‘formation time’ tf ≡
1

ω(1 − nnn·vvv2)
≈ 1

ω θ2 ≈ ω

k2
⊥

as θ → 0

tf ≫ mean free path ⇒ destructive interference
(suppression of radiation)
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Momentum broadening: ⟨k2
⊥⟩ ∼ q̂ tf where q̂ = ‘diffusion’ coefficient

vi

vi

vf

vf

tf
L

kicks occasionally induce gluon radiation
... which cannot be resolved instantaneously!
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Momentum broadening: ⟨k2
⊥⟩ ∼ q̂ tf where q̂ = ‘diffusion’ coefficient

vi

vi

vf

vf

tf
L

kicks occasionally induce gluon radiation
... which cannot be resolved instantaneously!

ω
dI
dω

∣∣∣∣
L
∼ L

tf
× ω

dI
dω

∣∣∣∣
1
∼ αsL

√
q̂
ω

QED: [ LPM (1953-6) ]
QCD: [ BDMPS-Z (1996) ]
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Regimes of radiation

dI ≡ dσrad
σel

=

(∑
|Mrad|2∑
|Mel|2

)
dω d2kkk⊥
2ω(2π)3

• Bethe-Heitler (BH): tf ≪ λ

⇒ each scattering centre acts as an indep. source

• Landau-Pomeranchuk-Migdal (LPM): λ ≪ tf ≪ L
⇒ group of tf/λ scattering centres acts as single radiator

• Fully coherent energy loss (FCEL): tf ≫ L
⇒ all scattering centres in the medium act coherently

... but which one is most important??
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1√
ω

1

ω
BH LPM

q̂λ2 q̂L2

tf ≃ λ

tf ≃ L

ω
dI

dω

ωE

Need to distinguish two physical situations: Arleo, Peigné, Sami [1006.0818]

ω,k⊥

ℓ1 ℓ2 . . .

L

E −∆E
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q ℓ1 ℓ2 . . .

L

E −∆EE
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1√
ω log

(
1 +

ω2
c

ω2

)

1

ω2
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The fully coherent regime
tf ≫ L ⇒ entire medium acts as effective scatterer:

k⊥

ℓ⊥
+ + ω

dI
dω d2kkk⊥

= Nc
αs
π2

ℓ2
⊥

k2
⊥(kkk⊥ − ℓℓℓ⊥)2

[ Gunion, Bertsch (1982) ]

⇒ ω
dI
dω ∼ αs

∫ Q2

Q1

dk⊥
k⊥

= αs log
Q2
Q1
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The fully coherent regime
Incoming parton, undergoes hard process (qqq⊥)

and multiple soft scatterings (ℓℓℓ⊥ ∼
√

q̂L ≪ qqq⊥)

k⊥

ℓ⊥ q⊥
+ +

X Y

ω
dI
dω ∼ αs log

(
q̂L E 2

ω2M 2
⊥

)

• |X|2 and |Y|2 cancel out in the induced spectrum dI/dω

• Interference terms, Re(XY⋆), do not cancel in the induced spectrum!

• Gluon spectrum computed rigorously in several formalisms:

Peigné, Arleo, Kolevatov [1402.1671]
Liou, Mueller [1402.1647]

Munier, Peigné, Petreska [1603.01028]
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E.g. heavy flavour from underlying LO process gg → (QQ̄ )R

REp

nucleus

x1

x2

Eh

ω
dI
dω

∣∣∣∣
R

= (C1 + CR − C2)
αs
π

[
log

(
1 +

q̂LA E 2

ω2M 2
⊥

)
− pp

]
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Eh
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dI
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αs
π

[
log

(
1 +

q̂LA E 2

ω2M 2
⊥

)
− pp

]
Leading-log accuracy: Pointlike dijet approx. (PDA)

Q1 = = Q2xM ≪ k⊥ ≪
√
q̂L

Radiation cannot probe

QQ̄ dijet constituents

x ≡ ω

E
; M2 = x1x2s

Wavelength can resolve

medium-induced sep. from

broadening: ℓ2⊥ = q̂L
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E.g. heavy flavour from underlying LO process gg → (QQ̄ )R

REp

nucleus

x1

x2

Eh

ω
dI
dω

∣∣∣∣
R

= (C1 + CR − C2)
αs
π

[
log

(
1 +

q̂LA E 2

ω2M 2
⊥

)
− pp

]

Colour prefactor stems from interference between
initial state and final state radiation:

2Ta
R1Ta

R = (Ta
R1)

2 + (Ta
R)

2 − (Ta
R − Ta

R1)
2

= C1 + CR − C2 ,

where the Ta are Hermitian generators of SU(3).
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E.g. heavy flavour from underlying LO process gg → (QQ̄ )R

REp

nucleus

x1

x2

Eh

ω
dI
dω

∣∣∣∣
R

= (C1 + CR − C2)
αs
π

[
log

(
1 +

q̂LA E 2

ω2M 2
⊥

)
− pp

]

3 ⊗ 3 = 3̄ ⊕ 6 3̄ ⊗ 3̄ = 3 ⊕ 6̄

3 ⊗ 3̄ = 1 ⊕ 8

3 ⊗ 8 = 3 ⊕ 6̄ ⊕ 15

8 ⊗ 8 = 0 ⊕ 1 ⊕ 8 ⊕ 8 ⊕ 10 ⊕ 10 ⊕ 27
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Parametric dependence

+ LPM energy loss (small formation time tf ∼< L)

∆ELPM ∝ αs q̂ L2

• hadron production in nuclear DIS
• parton suddenly accelerated (e.g. jet in QGP)

+ Coherent energy loss (large formation time tf ≫ L)

∆EFCEL ∝ αs Fc

√
q̂L

M⊥
E

• needs colour in both initial & final state (otherwise Fc = 0)
• important at all energies, in particular large rapidity
• hadron production in pA collisions
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Average ∆E is not sufficient!

... need probability distribution, Quenching weight P(ε)

1
A

dσh
pA

dE
(
E,

√
s
)
=

∫ εmax

0
dε P(ε,E )

dσh
pp

dE
(
E + ε,

√
s
)
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Average ∆E is not sufficient!

... need probability distribution, Quenching weight P(ε)

1
A
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dE
(
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√
s
)
=

∫ εmax

0
dε P(ε,E )

dσh
pp

dE
(
E + ε,

√
s
)

dI
dε exp

{
−
∫ ∞

ε

dω dI
dω

}
Phenomenology:
Applied to a variety of processes in pA collisions

− quarkonia Arleo, Peigné [1212.0434]
− light hadrons Arleo, Cougoulic, Peigné [2003.06337]
− open heavy-flavour Arleo, GJ, Peigné [2107.05871]
− neutrinos from D decays Arleo, GJ, Peigné [2112.10791]

Goal + FCEL baseline ≡ model w/ minimal assumptions
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Phenomenology:
Applied to a variety of processes in pA collisions

− quarkonia Arleo, Peigné [1212.0434]
− light hadrons Arleo, Cougoulic, Peigné [2003.06337]
− open heavy-flavour Arleo, GJ, Peigné [2107.05871]
− neutrinos from D decays Arleo, GJ, Peigné [2112.10791]

Goal + FCEL baseline ≡ model w/ minimal assumptions
significant QCD effect!
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Beyond leading-log accuracy
+ final parton pair no longer ‘pointlike,’ irrep not preserved

[Hergé]

(
notation: x ≡ ω

E [fractional E-loss], ξ ≡ −t
s [scattering angle]

)
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Consider the underlying hard process to be q g → q g :

Mvac
qg→qg ≡ M =

p3

p4 + +
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Consider the underlying hard process to be q g → q g :

|M|2 = + +

+ 2
(

+ +

)
induced spectrum dI =

∑
n dI (n) ... (n = number of soft rescatterings)

x dI (n)

dx =
αs
π

∫ d2kkk
π

[ n∏
i=1

∫ dzi
Ncλg

∫
d2ℓi V(ℓi)

]
Cn(kkk ) ,

Cn(kkk) =
2

|M|2


× × × ×

k

K
−K

ℓ1 ℓi
+ . . .


... proof is general, for any 2 → 2 process: GJ, Peigné, Watanabe [2312.11650]
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induced spectrum dI =

∑
n dI (n) ... (n = number of soft rescatterings)

x dI
dx =

αs
π

2∣∣M∣∣2


[
log

(
1 + ξ2 q̂LA

x 2M 2
⊥

)
− pp

]
︸ ︷︷ ︸

≡ L(ξ)

M

M∗

+ L
(
1 − ξ

) M

M∗


... proof is general, for any 2 → 2 process: GJ, Peigné, Watanabe [2312.11650]
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



Side remark: recurrence relation in n ≡ number of rescatterings:

Cn+1(kkk) = Nc

∫
d2ℓℓℓV(ℓℓℓ)

[
Cn(kkk − ℓℓℓ)− Cn(kkk)

]
proof by birdtracking: w/ red = radiated gluon, blue = medium ‘kick’ by ℓℓℓ

k−ℓk−ℓk−ℓ kkk

×
+

k−ℓk−ℓk−ℓ kkk

×
+

kkk kkk

×
+

kkk kkk

×
+

kkk kkk

×
+

kkk kkk

×

︸ ︷︷ ︸
≡ X

︸ ︷︷ ︸
≡ Y

overall gq ... q̄ is a singlet! ⇒ Tg +
∑

i Ti = 0

X = −Tg ·
∑

i Ti = T 2
g = Nc

Y = −1
2
[
T 2

g +
∑

i T 2
i
]
−
∑

i̸=j TiTj = . . . = −Nc
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Colour decompose hard amplitude: (e.g. Nikolaev, et al [hep-ph/0508310])

M12→34 =
∑
α

να ⟨α| , where ⟨α| ≡ 1√
dα

1̄
2̄

4
3

α “s-basis”

colour indices only

kinematics, spin, flavour

Main result: ‘factorisation’ of hard matrix element from soft radiation:

dI
dx = Φαβ S(x )βα = Tr

{
Φ · S(x )

}
colour density matrix:1 Φαβ =

trd(ναν
∗
β)

trc trd |M|2
,

(
trd ≡

∑
Dirac

)
soft radiation matrix:

S(x )αβ = 2 αs
π x ⟨α|T1

{
L(ξ)T4 + L(ξ̄)T3

}
|β⟩

1e.g. Landau and Lifshitz (Vol. 4), Quantum Electrodynamics, §29
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Note:
∑

αβ Φαβ |α⟩ ⟨β| is a density operator
⇒ “expectation values,” e.g.

⟨O⟩12→34 ≡ Tr {Φ ·O} =
∑
αβ

Φαβ Oαβ =
1

trdtrc |M|2
trd M M∗

where: O
j1̄j2̄j3j4
i1̄i2̄i3i4

=
∑
αβ

|α⟩i1̄i2̄i3i4
⟨α|O |β⟩ ⟨β|j1̄j2̄j3j4

Ingredients needed for the soft matrix: (dα ≡ dim(α) ⇒ ⟨α|β⟩ = δαβ)

⟨α|T1T4 |β⟩ =
1√

dαdβ

α β , ⟨α|T1T3 |β⟩ =
1√

dαdβ

α β

cf. the anomalous dimension matrix Dokshitzer, Marchesini [hep-ph/0509078]
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E.g. underlying LO process q g → q g : 3 ⊕ 6̄ ⊕ 15

Φ(ξ) =
1

CFξ2 + Ncξ̄



CF

(
ξ̄ +

1
dA

)2 U1D2

2
√

2

(
ξ̄ +

1
dA

)
−

U2D1

2
√

2

(
ξ̄ +

1
dA

)
U1D2

2
√

2

(
ξ̄ +

1
dA

)
Nc(Nc − 2)
4(Nc − 1)

−
Nc
4

U2D2
U1D1

−
U2D1

2
√

2

(
ξ̄ +

1
dA

)
−

Nc
4

U2D2
U1D1

Nc(Nc + 2)
4(Nc + 1)



⟨α| 2T1T4 |β⟩ =
1
2



Nc(N2
c − 3)

N2
c − 1

−
√

2NcU1D2
dA

−
√

2NcD1U2
dA

−
√

2NcU1D2
dA

3N2
c − 5Nc + 3
(Nc − 1)2 −

NcU2D2
U1D1

−
√

2NcD1U2
dA

−
NcU2D2

U1D1

3N2
c + 5Nc + 3
(Nc + 1)2


where ξ̄ = 1 − ξ , dA = N2

c − 1 , Uk ≡
√

Nc + k and Dk ≡
√

Nc − k

GJ, Peigné, Watanabe [2312.11650]
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Can be fully automated for all 2 → 2 channels w/ qgraf Nogueira (1993)
and FORM Kuipers, et al [1203.6543]

Our code available as ancillary file, e.g.

1 ** SU(N) definitions:
2 symbols N dA dF Ca Cf ...;
3 cfunction ff(antisymmetric) ...;

...
5 ** projectors 3x3c = 1+8a
6 id P1qq(i1?,i2?,j1?,j2?) =

d_(i1,i2)*d_(j1,j2)/N;
7 al P8qq(i1?,i2?,j1?,j2?) = ... ;
8 .sort

done in general covariant gauge, explicitly check that Φ is indep. of η

⟨Aa
µ(P)Ab

ν(Q)⟩ = δabδ(4)(P + Q)

[gµν − PµPν

P2

P2 + η
PµPν

P4

]
(+ ghosts)
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A simple example: (same flavour quark scattering)

M = Bt + Bu =
∑
α

να ⟨α|

the coefficients contain all Dirac indices: Bt = +
g2

t ūp3γ
µup1 ūp4γµup2

Bu = −g2

u ūp4γ
µup1 ūp3γµup2

Express M i.t.o. P3̄ = 1
2

[
−

]
and P6 = 1

2

[
+

]

M = −1
2

{
Nc + 1

2Nc
(Bu −Bt)P3̄ +

Nc − 1
2Nc

(Bt +Bu)P6

}
⇒ read off the να & compute matrix Φ:

Φ3̄6 =

(
N 2

c − 1
)3/4

32Nc trc trd |M|2
trd

[
(Bu −Bt)(B

∗
u +B∗

t )
]

= . . . etc.
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Leading-log: ξ = ξ̄ = 1
2 or L(ξ) ≃ L(ξ̄) ≫ 1:

final parton pair is ‘pointlike’ ⇒ soft radiation conserves pair irrep.
(T1 + T2 = Tα = T3 + T4)

⟨α| 2T1Tα |β⟩ = ⟨α|T 2
1 + T 2

α − T 2
2 |β⟩ = (C1 + Cα − C2)δαβ

dI
dx

∣∣∣∣
ξ= 1

2

=
∑
α

Φαα(C1 + Cα − C2)
αs
π xL(

1
2 )

≡ ρα (probability to be in α)

0.0

0.25

0.5

0.75

1.0

ρ

0.0 0.5 1.0

gg → ( qq̄ )1
gg → ( qq̄ )8

0.5 1.0

ξ ≡ −t/s

qg → (qg)3
qg → (qg)6̄
qg → (qg)15

0.5 1.0

gg → (gg)1
gg → (gg)8
gg → (gg)27
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Leading-log: ξ = ξ̄ = 1
2 or L(ξ) ≃ L(ξ̄) ≫ 1:

final parton pair is ‘pointlike’ ⇒ soft radiation conserves pair irrep.
(T1 + T2 = Tα = T3 + T4)

⟨α| 2T1Tα |β⟩ = ⟨α|T 2
1 + T 2

α − T 2
2 |β⟩ = (C1 + Cα − C2)δαβ

dI
dx

∣∣∣∣
ξ= 1

2

=
∑
α

Φαα(C1 + Cα − C2)
αs
π xL(

1
2 )

≡ ρα (probability to be in α)

Beyond leading-log, or ξ ̸= 1
2 :

soft gluon can change parton pair irreps, “colour transitions”

(without probing its spatial size → non-Abelian feature)

NB: do the ξ → {0, 1} limits MATCH with 2 → 1 kinematics?
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Main result: ‘factorisation’ of hard matrix element from soft radiation:

dI
dx = Φαβ S(x )βα = Tr

{
Φ · S(x )

}
︸ ︷︷ ︸

indep. of color basis

define a rotated orthonormal basis: ⟨α̃| =
∑

β Aα̃β ⟨β| ⇒ ν̃ = A · ν

and similarly, S̃ = A · S · A−1 ; Φ̃ = A · Φ · A−1

particularly useful are the “t-basis” and the “u-basis”, respectively,

⟨αt| ≡ 1√
dαt

1̄
2̄

4
3

αt , ⟨αu| ≡ 1√
dαu

1̄
2̄

4
3

αu

• can be explicitly computed by birdtracking, e.g.
(
Ats

)
αtβ

= ⟨αt| β⟩

• also satisfy composition relation: Atu = Ats · Asu
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Basis to diagonalize S(x)

dI
dx

∣∣∣∣
ξ= 1

2

=
∑
α

ρα (C1 + Cα − C2)
αs
π x L( 1

2 )

dI
dx

∣∣∣∣
ξ→0

=
∑
αt

ρt
αt (C1 + C3 − Cαt)

αs
π x L(1)

dI
dx

∣∣∣∣
ξ→1

=
∑
αu

ρu
αu (C1 + C4 − Cαu)

αs
π x L(1)

E.g. ξ → 1
2 best viewed in ‘s-channel basis’

M 3̄⊕ 6

1⊕ 8

ξ → 0 . . . ‘t-channel basis’
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Basis to diagonalize S(x)

dI
dx

∣∣∣∣
ξ= 1

2

=
[
ρ3̄C3̄ + ρ6C6

] αs
π x L( 1

2 )

dI
dx

∣∣∣∣
ξ→0

=
[
ρt

1(2CF) + ρt
8 (2CF − Nc)

] αs
π x L(1)

dI
dx

∣∣∣∣
ξ→1

=
[
ρu

1 (2CF) + ρu
8 (2CF − Nc)

] αs
π x L(1)

E.g. ξ → 1
2 best viewed in ‘s-channel basis’

M 3̄⊕ 6

1⊕ 8

ξ → 0 . . . ‘t-channel basis’
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An unusual effect: fully coherent energy gain (FCEG)

dI
dx

∣∣∣∣
ξ= 1

2

=
[
ρ3̄C3̄ + ρ6C6

] αs
π x L( 1

2 )

dI
dx

∣∣∣∣
ξ→0

=
[
ρt

1(2CF) + ρt
8 (2CF − Nc)

] αs
π x L(1)

dI
dx

∣∣∣∣
ξ→1

=
[
ρu

1 (2CF) + ρu
8 (2CF − Nc)︸ ︷︷ ︸

< 0

] αs
π x L(1)

E.g. ξ → 1
2 best viewed in ‘s-channel basis’

M 3̄⊕ 6

1⊕ 8

ξ → 0 . . . ‘t-channel basis’

Reminder: L(ξ) ≃ log
(

1 + ξ2 q̂LA
x2m2

⊥

)
− log

(
1 + ξ2 q̂Lp

x2m2
⊥

)
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An unusual effect: fully coherent energy gain (FCEG)

dI
dx

∣∣∣∣
ξ= 1

2

=
[
ρ3̄C3̄ + ρ6C6

] αs
π x L( 1

2 )

dI
dx

∣∣∣∣
ξ→0

=
[
ρt

1(2CF) + ρt
8 (2CF − Nc)

] αs
π x L(1)

dI
dx

∣∣∣∣
ξ→1

=
[
ρu

1 (2CF) + ρu
8 (2CF − Nc)︸ ︷︷ ︸

< 0

] αs
π x L(1)

0.0

0.25

0.5

0.75

1.0

ξ

0.0 0.1 0.2 0.3 0.4 0.5
x

channel: q q′ → q q′

dI/dx < 0

dI/dx > 0

0.0 0.1 0.2 0.3 0.4 0.5
x

channel: q q → q q

dI/dx < 0

dI/dx > 0
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Summary Arxiv: 2312.11650

• coherent E-loss predicted from QCD
⇒ important at all energies, from colliders to cosmic rays!

• FCEL(G) beyond leading-log accuracy
⇒ colour transitions
⇒ spectrum can be negative

wishlist: (i) quenching weight (valid for any ξ)
(ii) implement in hadron production pheno
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system irreps α projectors Pα dimensions dα Casimirs Cα

3 ⊗ 3 3̄ 1
2

[
−

]
1
2 Nc(Nc − 1) 2CF − Nc + 1

Nc

6 1
2

[
+

]
1
2 Nc(Nc + 1) 2CF +

Nc − 1
Nc

3 ⊗ 3̄ 1 1
Nc

1 0

8 2 N2
c − 1 Nc

3 ⊗ 8 3 1
CF

Nc CF

6̄ 1
2 − Nc + 1

2 P3 +
1
2 Nc(Nc + 1)(Nc − 2) CF + Nc − 1

15 1
2 +

Nc − 1
2 P3 − 1

2 Nc(Nc − 1)(Nc + 2) CF + Nc + 1

8 ⊗ 8 1 1
N2

c − 1 1 0

8a
1

Nc
N2

c − 1 Nc

8s
Nc

N2
c − 4 N2

c − 1 Nc

10 ⊕ 10 1
2

[
−

]
−P8a

1
2 (N

2
c − 1)(N2

c − 4) 2Nc

27
(

1
2 + 2

)(
1
2

[
+

]
−P8s −P1

)
1
4 N2

c(Nc − 1)(Nc + 3) 2(Nc + 1)

0
(

1
2 − 2

)(
1
2

[
+

]
−P8s −P1

)
1
4 N2

c(Nc + 1)(Nc − 3) 2(Nc − 1)
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channel M
trdtrc |M|2

4g4(N2 − 1) α
να√
dα

qq′ → qq′ A
1 + ξ̄2

2ξ2

3̄

6

A Nc+1
2Nc

−A Nc−1
2Nc

qq → qq Bt +Bu
1 + ξ2

2ξ̄2 +
1 + ξ̄2

2ξ2 − 1
Ncξξ̄

3̄

6

Nc+1
4Nc

(Bt −Bu)

−Nc−1
4Nc

(Bt +Bu)

qq̄′ → qq̄′ C
1 + ξ̄2

2ξ2

1

8

CF C

− 1
2Nc

C

qq̄ → q′q̄′ D
ξ2 + ξ̄2

2
1

8

0
1
2 D

qq̄ → qq̄ Es + Et
ξ2 + ξ̄2

2 +
1 + ξ̄2

2ξ2 +
ξ̄2

Ncξ

1

8

CF Et

1
2
(
Es − 1

Nc
Et
)

qg → qg F

[
− ξ

]
(1 + ξ̄2)

(Nc
ξ2 +

CF

ξ̄

) 3

6̄

15

(
1

2Nc
+ ξ̄CF

)
F

1
2 F

− 1
2 F

gg → gg G

[
− ξ

]
4N2

c
(1 − ξξ̄)3

ξ2ξ̄2

8a

10 ⊕ 10

1

8s

27

0

Nc
2 (ξ̄ − ξ)G

0

Nc G

Nc
2 G

−G

G

gg → qq̄ H

[
− ξ

]
(ξ2 + ξ̄2)

(CF

ξξ̄
− Nc

) 1

8a

8s

√
N2−1

2
√

Nc
H

1
2
(
ξ̄ − ξ

) √
Nc√
2 H

√
N2

c−4
2
√

2Nc
H
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