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Introduction

Feynman diagrams

Tensor integrals

Scalar integrals

Master integrals

Feynman rules

Tensor reduction

IBPs
...

JG (UoE) Tensor reduction Birdtracks 2025 2 / 24



Passarino-Veltman approach

Example: 4 Lorentz indices

Iµνρσ = I1g
µνgρσ + I2g

µρgνσ + I3g
µσgνρ (1)

Standard approach: Passarino-Veltman; construct system of equations &
solve for scalar integrals I1, I2, I3.


Iµνρσgµνgρσ

Iµνρσgµρgνσ

Iµνρσgµσgνρ

 =


D2 D D

D D2 D

D D D2



I1

I2

I3

 (2)
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Passarino-Veltman approach

General setting: invert M ×M dense matrix, where M is number of
distinct tensors in the ansatz.

Scaling: factorial, M = (N − 1)!!.

N 2 4 6 8 10 12 14 20

M 1 3 15 105 945 10,395 135,135 ... 654,729,075
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Methods of tensor reduction

Passarino-Veltman

Dimensional shift identities

Reduction performed in parameter space
Implemented in Mathematica package FaRe

Physical projectors

Reduction space simplified by physical considerations

Contraction with auxiliary vector

Avoids ballooning complexity of PV reduction
Not yet beyond 1 loop

Orbit partition approach

Arbitrary loop number, D dimensions
Scales well with N
Implemented in OPITeR

Passarino, Veltman, ‘74

Tarasov, ‘96
Anastasiou, Glover, Oleari, ‘00

Fiorentin, ‘15

Peraro, Tancredi, ‘19

Hu, Li, Li, ‘21
Feng, Li, Wang, Zhang, ‘22

Herzog, Ruijl, Ueda, Vermaseren, Vogt, ‘17
Anastasiou, Karlen, Vicini, ‘23

JG, Herzog, Kennedy, Teale, Vermaseren, ‘24
JG, Herzog, Teale, in preparation

JG (UoE) Tensor reduction Birdtracks 2025 5 / 24



Table of contents

1 Projector approach and symmetry

2 Gamma matrices

3 Automation & OPITeR

JG (UoE) Tensor reduction Birdtracks 2025 6 / 24



Table of Contents

1 Projector approach and symmetry

2 Gamma matrices

3 Automation & OPITeR

JG (UoE) Tensor reduction Birdtracks 2025 7 / 24



Projector approach

JG, Herzog, Kennedy, Teale, Vermaseren, ‘24

Iµνρσ = I1g
µνgρσ + I2g

µρgνσ + I3g
µσgνρ

Construct individual projectors for I1, I2, I3, e.g.

PµνρσI
µνρσ = I1. (3)

Make the following ansatz for the projector:

Pµνρσ = Agµνgρσ + Bgµρgνσ + Cgµσgνρ.
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Introducing index symmetry

Example: P will project out gµνgρσ.

Pµνρσ = Agµνgρσ + Bgµρgνσ + Cgµσgνρ

↓

Pµνρσ = Agµνgρσ + B(gµρgνσ + gµσgνρ)

Symmetry of gµνgρσ has enforced B = C .

Number of unknown coefficients reduced from 3 to 2.
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Orbit partition formula

Pµνρσ = Agµνgρσ + B(gµρgνσ + gµσgνρ)

invariant sum invariant sum

General structure: one unknown coefficient per invariant sum.

N 2 4 6 8 10 12 14 20

M 1 3 15 105 945 10,395 135,135 ... 654,729,075

coeffs 1 2 3 5 7 11 15 42
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About orbits

Pµνρσ = Agµνgρσ + B(gµρgνσ + gµσgνρ)

invariant sum invariant sum

Orbits arise when group (symmetries of gµνgρσ) acts on set (tensors of
the ansatz).

Group generated by {(12), (34), (13)(24)}.

gµνgρσ transforms into itself.

gµρgνσ, gµσgνρ transform into each other.
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Diagrammatic approach

µ ν

ρ σ

µ ν

ρ σ

µ ν

ρ σ

gµνgρσ gµρgνσ gµσgνρ
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Another example

N = 6: there are 15 tensors in the projector ansatz.

Only 3 invariant sums, corresponding to diagrams:

12|34|56 12|35|46 12|36|45 13|25|46 13|26|45

13|24|56 14|23|56 14|25|36 14|26|35

15|26|34 16|25|34 15|23|46 15|24|36

16|23|45 16|24|35

where e.g. 12|34|56 = gµ1µ2gµ3µ4gµ5µ6 .
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Antisymmetric basis

Kennedy, ‘80
Cvitanović, Kennedy, ‘82

0
= = 1

1
=

1

= γµ1

n
=

1
...

2 n

= Γµ1µ2...µn
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Antisymmetric basis

m n = n!δmn n

Complete basis

Orthogonality relation makes traces easy

Fast formula for changing basis:

γµ1 . . . γµn =
n∑

k=0

∑
π∈shufkn

sgn(π)Γµπ(1)...µπ(k) tr(γµπ(k+1) . . . γµπ(n)). (4)

shuf: separate indices into two piles of size k , n − k , preserving order
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Gamma matrices example

Example: build projector for gµ1µ2Γµ3µ4 .

Need only consider quantities with 2 Γ-indices.

Pµ1µ2µ3µ4
2,2 ∼ gµ1µ2Γµ3µ4 + gµ1µ3Γµ2µ4 + gµ1µ4Γµ2µ3

+gµ3µ4Γµ1µ2 + gµ2µ4Γµ1µ3 + gµ2µ3Γµ1µ4

Introduce the following shorthand:

1
2

1

2
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Gamma matrices example

gµ1µ2Γµ3µ4 gµ1µ3Γµ2µ4 gµ3µ4Γµ1µ2

gµ1µ4Γµ2µ3

gµ2µ4Γµ1µ3

gµ2µ3Γµ1µ4
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Orbit partition formula - with gamma matrices

Orbit partition formula for gµ1µ2Γµ3µ4 projector:

Pµ1µ2µ3µ4
2,2 = Agµ1µ2Γµ3µ4

+ B(gµ1µ3Γµ2µ4 − gµ1µ4Γµ2µ3 + gµ2µ3Γµ1µ4 − gµ2µ4Γµ1µ3),

and solve for 2 unknowns.

Notes:

Term not included: gµ3µ4Γµ1µ2

Relative minus signs

JG (UoE) Tensor reduction Birdtracks 2025 19 / 24
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More symmetry

Consider the following integral:∫
dDk kµ1kµ2kµ3kµ4kµ5kµ6 ... (5)

We know there are 15 combinations of metric tensors with 6 indices.
=⇒ need to apply 15 projectors?

No! Clearly, result is symmetric on all indices.∫
dDk kµ1kµ2kµ3kµ4kµ5kµ6 . . . ∼ A g (µ1µ2gµ3µ4gµ5µ6)

∫
. . . (6)

OPITeR: Includes multiloop generalization.
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External momenta

van Neerven, Vermaseren, ‘83
Anastasiou, Karlen, Vicini, ‘23

JG, Herzog, Teale, in preparation

So far have only considered vacuum integrals. Extension to integrals with
external momenta via van Neerven-Vermaseren decomposition:

For each loop momentum k ,

kµ = kµ∥ + kµ⊥, (7)

splitting the D-dimensional vector space spanned by the loop momenta
into parallel & perpendicular components V = V∥ ⊕ V⊥:

gµν = gµν
∥ + gµν

⊥ . (8)

kµ∥ : no tensor reduction necessary

Remainder: perpendicular part
∫
dDk⊥ kµ⊥ . . .

Perpendicular projectors: g → g⊥, γ → γ⊥, . . .

JG (UoE) Tensor reduction Birdtracks 2025 22 / 24
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OPITeR

JG, Herzog, Teale, in preparation

OPITeR: Orbit Partition Improved TEnsor Reduction

Optimized package for tensor reducing Feynman integrals written in
Form: nikhef.nl/~form

Available at bitbucket.org/jaegoode/opiter.

Details in forthcoming paper: arXiv:2411.02233.

Implements projectors described above, plus optimizations:

uses integrand symmetry to optimize projector application

can handle external momenta

more. . .
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Summary

Projector approach to tensor reduction: arXiv:2408.05137

Projector ansatz simplified by considering index symmetry

Lorentz-only case, spinor case

Further details, double spinor case, general case in paper

OPITeR (automated approach): arXiv:2411.02233

bitbucket.org/jaegoode/opiter

Projector application is optimized

Can handle external momenta (up to 8)
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