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Overview

U Quick (re)intro: Young diagrams and SU(N)

U Barred diagrams

U Diagram pairs: how to label an irrep for general N

U Building towards tensor decomposition of a multiple of two pairs

J Multiplying Young diagrams column-wise

J Multiplying barred diagrams

J Multiplying pairs
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Irreps of SU(N)

U is the fundamental representation of SU(N) on V.

U on Vn, irreps of SU(N) are labelled by Young diagrams ≤ N rows.

U e.g., for SU(3) on V4

, , , ,

�
�
�
�

, , ,
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Why they’re useful
U Calculating dimensions—hook length formula

U Constructing projection operators directly using birdtracks,

→
1 2 3
4 5
6

→

U Littlewood–Richardson rule: decomposing tensor multiples,
e.g., for two octets in SU(3):

⊗ = ⊕ ⊕ 2 ⊕ ⊕ ⊕ · · ·

= ⊕ ⊕ 2 ⊕ ⊕ •
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The complex conjugate of the fundamental representation

U is the fundamental representation on V—the contravariant representation.

U On Vm, if we know N, we can recover the covariant representation:

N=4→ •
• • •

→

These are barred diagrams!

We stick to the •
• • • notation. It’s N-(in)dependent!
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Composite pairs: constructing mixed irreps

An irrep of SU(N) on VnVm is determined by its covarient part (n boxes) and
contravarient part (m • boxes).

U Identify both irreps by Young
diagrams

U Join the barred diagram to the
standard diagram:
No • and boxes in the same row!

•
• • • ,

↓

•
• • •

Or notation is new, but more work on pairs can be found in [1, 2, 3, 2, 4, 5]
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Composite pairs: constructing mixed irreps

For some finite N, we can recover the Young diagram labelling the irrep:

•
• • •

N=5−→
•

• • •

=

N=3−→ •
• • •

=

The pair representation tells us the lowest N where the irrep can appear:

N0 = number of rows

Bernanda Telalovic Birdtracks 2025 March 11, 2025 7 / 30



What do we do with them?

U Label irreps even if we don’t know N
U Encode N0 into the notation
U Calculate their N-dependent dimensions [5]
U Can we decompose their tensor multiples?
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Recap on Multiplying diagrams: Littlewood–Richardson Rule [6]

To multiply two diagrams ⊗

U label boxes in by their rows

U In steps, add boxes from each row so
that:
J The result is a Young diagram
J No two equal labels in same column
J The sequence is admissible

U The multiplicity is the number of
diagrams of the same shape but with
different labels

⊗ → ⊗ 1 1
2

=

 1 1 ⊕ 1
1 ⊕

�
�
�

1
1

⊗ 2

=����1 1 2 ⊕ 1 1
2 ⊕

�
��1 2

1 ⊕ 1
1 2 ⊕

1
1
2

= ⊕ ⊕
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Doesn’t work for pairs

We don’t know how many rows we have...

But we know how many columns we have!
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New: Column Littlewood–Richardson rule

To multiply two diagrams ⊗

U label boxes in by their column

U In steps, add boxes from each
column so that:
J The result is a Young diagram
J No two equal labels in same row
J The sequence is admissible

U The multiplicity is the number of
diagrams of the same shape but with
different labels

⊗ → ⊗ 1 2
1

=

(
���1 1 ⊕ 1

1 ⊕ 1
1

)
⊗ 2

= 1 2
1 ⊕ 1

1 2 ⊕

�
�
�1

1
2

⊕
2

1
1

⊕

�
�
��1

1
2

= ⊕ ⊕
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What’s different?

Row sequence:
in rows right-to-left, top-to-bottom

⊗ → ⊗ 1 1
2

=

 1 1 ⊕ 1
1 ⊕

�
�
�

1
1

⊗ 2

=����1 1 2 ⊕ 1 1
2 ⊕

�
��1 2

1 ⊕ 1
1 2 ⊕

1
1
2

= ⊕ ⊕

Column sequence:
in columns bottom-to-top, left-to-right

⊗ → ⊗ 1 2
1

=

(
���1 1 ⊕ 1

1 ⊕ 1
1

)
⊗ 2

= 1 2
1 ⊕ 1

1 2 ⊕

�
�
�1

1
2

⊕
2

1
1

⊕

�
�
��1

1
2

= ⊕ ⊕
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Extending to pairs

So far, we’ve only multiplied standard Young diagrams in a new way.

For pairs, we need to learn to multiply:
U pairs by diagrams
U pairs by barred diagrams
U pairs by pairs

Bernanda Telalovic Birdtracks 2025 March 11, 2025 13 / 30



Pair ⊗ Young diagram
Let’s look at an example, when we know N for •

• •
⊗ :

N=3−→ •
• •

⊗ = •
• •

⊕ •
• •

⊕
• •

⊕ •
•

= •
• •

⊕ ⊕
• •

⊕ •
•

N=4−→ •
• •

⊗ = •
• •

⊕ •
• •

⊕
• •

⊕ •
•

= •
• •

⊕ •
• •

⊕
• •

⊕ •
•

Observe:
U For N = 3, is not allowed;

but for N = 4, it is.

U Adding in the grey columns
“removes” • from •

• • .

U For both N, in •
• • , we

remove a column of length N.
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Pair ⊗ Young diagram
Generalise:
U increases N0.

U Adding in the grey columns
“removes” • from •

• • .

U In particular, •
• • , removes

this column.

U N0 is determined while we
can still see where the boxes
were added.

•
• •

⊗ = •
• •

⊕ •
• •

⊕
• •

⊕ •
•

= 13 •
• •

⊕ 14 •
• •

⊕ 13 • • ⊕ 13 •
•

Notice: We can already explicitly track for which N
each irrep appears.
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Pair ⊗ Barred diagram
Let’s see what happens in • ⊗ • , when we know N

N=3−→
•

⊗
•

= ⊕ ⊕ ⊕

=
•

⊕ • ⊕
•

=
• •

⊕ •
•

⊕
•

•
Observe:
U Can’t extend a column by two .
U We can use • to label the row where was not added.
U Adding • shifts the diagram by one column.
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Pair ⊗ Barred diagram

Let’s see what happens in • ⊗ • , when we know N

N=3−→
•

⊗
•

= ⊕ ⊕

=
• •

⊕ •
•

⊕
•

•

• ⊗ • = • • ⊕ •
•

⊕ ×
•

= 12 • • ⊕ 13 •
•

⊕ 12 •

Genaralise:
U Can’t extend a column by more than the number of • in it.
U Adding a column of a barred diagram shifts the diagram by one column.
U We can use • to label the row where the diagram is not shifted.
U Less obvious: sequence must be read left-to-right, then bottom-to-top
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What have we learned?

U With , we add boxes to the unbarred and remove them from the barred diagram.
U With • , we add boxes to the barred and remove them from the unbarred diagram.
U Extending the columns of a barred/unbarred diagram increases it’s N0
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Multiplication Rules: what we can now deduce
U Label boxes in the columns of a pair:

J k to label columns in the unbarred diagram, k to
label columns in the barred diagram.

U Add/remove boxes:
J Start from the left-most column in the pair
J k extends the unbarred and removes boxes from

the barred diagram
J k extends the barred and removes boxes from the

unbarred diagram

U Read sequences in both added/removed boxes:
J Unbarred: bottom-to-top, then left-to-right
J Barred: left-to-right, then bottom-to-top

•
• •

−→
1 2

1
2 1

k
• • and k •

k
• •

and k
• •

3
1 3
2

2 1
1 • •

−→(2, 1, 3), (1, 2, 1, 3)
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The Barred–Unbarred Discontinuity

U Unbarred/barred boxes don’t behave exactly the same way.
U What happens under conjugation?

3
1
2

1
1 2 •

N=5−→

9291
92×
91×

92 •
9291 • • •

−→

9291 3
92×
91×

92 •
9291 1 2 •

(92,91,1,2,92,91,92,92,91,3)

−→
•
•

−→ 15 •
•

How do we connect them without conjugating?
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Multiplication Rules: extra rules for pairs
U We must label each row:

J × if it ever contained the box 1
J + if it ever contained the box 1 (removed box)
J ◦ otherwise

U After all boxes have been added, in each row r:
J Evaluate each ×: no.≥r(◦)− no.≥r( 1 )

J Evaluate each +: no.≥r( 1 )− no.≥r(◦)

U Modify resulting pairs:
J If any × < 0, discard
J For each pair, it’s N0 is increased by the maximum

of all the + evaluated for it

1
2

1 •
−→

+ 1
◦ 2
× 1 •

+:1
◦ 1

×:91 1 •
and

+:1 1
◦ 1

×:0 • •

�
�

�
�
�+:1

◦ 1
×:91 1 •

and 14 • •
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Pair ⊗ Pair

That’s a lot of words!

Easier to see with an example
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Pair ⊗ Pair: octet in pairs

• ⊗ • = • ⊗ 1
1 =

(
◦
× 1 • ⊕

◦
× 1
◦ •

⊕ + 1
◦ •

)
⊗ 1

=
◦ 1

×:0 • • ⊕
◦
◦ 1

×:0 • •
⊕ ◦

×:91 1 • ⊕
◦ 1

×:0 •
◦ •

⊕
◦
◦ 1

×:1 •
◦ •

⊕
◦

×:1 1
◦ •

⊕ +:0 1
◦ • ⊕ +:0

◦ 1

= 12 • • ⊕ 13
• •

⊕ 13 •
•

⊕ 14 •
•

⊕ 13 • ⊕ 12 • ⊕ 12 •
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You can use this in python!

U Define and multiply Young diagrams, barred diagrams and pairs.

U Handles cases for specific N, e.g., N = 3, or general N.

U Tested against standard diagram multiplication with the Littelwood–Richardson
rule up to

(
• ⊗4 ⊗ ⊗4

)
⊗
(
• ⊗4 ⊗ ⊗4

)
.

U Pairs can be defined with fewer boxes than diagrams, multiplication goes faster!

U Open-source on github, installable with pip at
BernieTelalovic/pair_multiplication
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Conclusions

We can construct irreps of SU(N) independent of N using diagram pairs

We can multiply pairs together independent of N

The pairs appearing in a tensor decomposition
explicitly keep track of the lowest N

under which these irreps appear

The python package implementing this procedure is at
github.com/BernieTelalovic/pair_multiplication
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Extra Slides
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Why the extra rules?
Let’s look at what happens under conjugation:

+:1
◦ 1

×:91 1 •
N=4→

91
91

91 1
1

The ×:
U When 1 is in the same row as 1, there

must be enough boxes 91 in the
sequence before it.

U This happens if there are at least that
many rows below and including this
row, that do not have 1.

The +:
U If 91 removes an unbarred box, we

may need to introduce additional rows
U N0 must be high enough so that there

are as many rows below,and in the
same row as each 1 label, as there are
1 labels.
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Pair ⊗ Pair: nontrivial +

• ⊗
•

= • ⊗
1
1

1
=

(
◦
× 1 • ⊕

◦
× 1
◦ •

⊕ + 1
◦ •

)
⊗ 1

1

=
◦ 1
◦ 1

×:0 • •
⊕

◦
◦ 1
◦ 1

×:0 • •
⊕ ◦ 1

×:91 1 • ⊕
◦ 1
◦ 1

×:1 •
◦ •

⊕

◦
◦ 1
◦ 1

×:1 •
◦ •

⊕
◦ 1

×:0 1
◦ •

⊕
◦
◦ 1

×:0 1
◦ •

⊕
◦

×:91 1
◦ 1

⊕
+:0 1
◦ 1
◦ •

⊕ +:1 1
◦ 1

= 13
• •

⊕ 14

• •
⊕ 14 •

•
⊕ 15

•
•

⊕ 13 • ⊕ 14
•

⊕ 13
•

⊕ 13
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