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The Syzygy

With our orthogonal invariants, the syzygy is given by

(J33)2 = Izz + 122111 + 122102120 + 122130103111 - *122121112[11 - 122]121[20102

Y

2 2 2 2
+ 51221221102 + §122[122[20 - 5122130112[02 - 5122[03]21120

1 4 )
— 5150133 + 12,12, + 213010315, 110 — §1301031151

4
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Iosfzo 1301122 -

18 18 3

1 1 2 2
- 5130121111132 - 5103]12[11[220 + 51301121121]02 + 5103121[121120

2
— —Is1119150 0o 1 — 13713
5 l21fi2loo o211 — 1()8 20 02+36 6 6

This is the shortest relation ever expressed for the SM quark flavor ring and has 27 terms.
(this should be compared to result of [Jenkins&Manohar'09] with 241 terms using non-orthogonal invariants).

I3 18,17 + 121120102"' quozfzo
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CP transformation of covariants and invariants

CP is trafo under Out (SU(N)) = Zo.
Covariants:

u® —» — R¥®qy?

d* — — R®db
e.g. in Gell-Mann basis for the generators:
R = diag(—1,+1,—1,—1,+1,—1,+1, —1).

SU(3) tensors (projection ops.):

b /7 bb! ’ 'y ! b
fac*—)RaaR Rc¢ fa c :f(:l,c7

dabe — Raal Rbb’ Rcc’ dalb’c’ - _ dabc .

CP trafo of invariants is easily read-off from birdtrack projection operator:

Invariants are CP even / CP odd iff their projection operator contains and even / odd # of f tensors.
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CP transformation of covariants and invariants

CP is trafo under Out (SU(N)) = Zo.
Covariants:

u® — — Rab ’lLb , = Only CP-odd in SM: J33

d* — —R®d’,

e.g. in Gell-Mann basis for the generators:
R = diag(—1,+1,—1,—1,+1,—1,+1, —1).
SU(3) tensors (projection ops.):
, , R BSM: CPV at order 3?
fabc s R9@ Rbb Re€ fa b'c — fcl,bc7 ifabc Tr[ta Hu] r_[\r[tb Hd] Tr[tc HZ]

dabc — Raa' Rbb’ Rcc’ du/b’c’ - _ dabc .

CP trafo of invariants is easily read-off from birdtrack projection operator:

Invariants are CP even / CP odd iff their projection operator contains and even / odd # of f tensors.
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CP transformation of the building blocks in 2HDM

Yl — Yl s Zl(l) — Zl(1> s

Y3ab = _(Y3)ab ) Zgb — _(Z3)ab )

Z1(2) —> Z]_(Q) 3

78 s (Z5) abed -

For basis invariants (— all indices contracted):

even
odd

{ eo\';; } number of triplet building blocks (Y3, Z3).

A basis invariant is CP { } iff it contains an
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Birdtrack Identities

We mostly use the conventions of [Keppeler 17] with the following identities

with Tr6% = Tr[t?Y]
N2 —4
with Cp = ,
b N
with Ca =2T-N .
) N2 -1
with Cr=Tr N
= = =0
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Hilbert Series and Plethystic Logarithm

Covariant building blocks as input for the ring:
8, = u, 8 =d |
From input, compute Hilbert series (HS) and Plethystic logarithm (PL):

introduced in math: [Getzler, Kapranov '94], physics [Benvenuti, Feng, Hanany, He '06]

9 (u,d) =/ dpsu(s) PE [21, 20;u; 8] PE [21, 22; d; 8]
SU(3)

2. (k) In$ (u*, d¥)

PL[$ (u, d)] := p

k=1
14+ u3d?

o d) = T T @)1 w1 — @)1 - F)1 —ad)(1 — )1 2]

PL[$(u,d)] = u* +ud + d* + u® + d® + v?d + ud® + v?d® + u*d® — u®d®.
(t)l, if n is square free with even(odd) # number of prime factors,

Mébius function p(n) = {0 clse
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Orthogonal Invariants
The 10 algebraically independent and orthogonal invariants are given by:

L = Tl‘ﬁu and Ip1 := Trﬁ[d .

Loy := Tr(H?), Iog:=Tr(H?), I1:=Tr(H,Hy),
I3o = Tr(H2), Ioz:=Tr(H3), I :=Tr(H2Hy), I:=Tr(H,H3),
Iy := 3Tr(H2H3) — Tr(H?) Tr(H3) .

Secondary invariant: exactly the Jarlskog invariant,

Jsg == Tr(H2H3H,H,) — Tr(H2H2H4H,) = = Tr [H,, Hy® .

W =

_ - ~ H
Note: Here H, = Y, Y, Hy = Y4Y,, and H, g = H, 4 — 1Tr g"i.

“Traces of traceless matrices”
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Parameter space and experimental values

- ®  Experimental value » CKM=antiD, mu=
% mu=mc=mt, md=m: v
. . t
. . . 0, mc=mt/sqrt(2)
. . . ms=mb, mc=mt/sqrt(2)
=¥ + . 0, ms=mb/sqrt(2)
4 a . mc=mt, ms=mb/sqrt(2)
00 05
h
02
01
Ve 0.0
.
-01
00 05 02
hy
+ .
02 1 02 1
5 01 N 01
i 00 0.0
.
-01 -01
00 [ 02 02
h
0.001 0.001 0.001
70 & | B 0.000{+@ cxree Bou—| B 0.000(5® carea | B 0.000{+@ e s u—
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00 05 00 02 00 02 00 02
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Choice of nor-
malization:

e . T
R (N ¢
10 *01
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