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The Syzygy
With our orthogonal invariants, the syzygy is given by
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This is the shortest relation ever expressed for the SM quark flavor ring and has 27 terms.
(this should be compared to result of [Jenkins&Manohar’09] with 241 terms using non-orthogonal invariants).
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CP transformation of covariants and invariants

CP is trafo under Out (SU(N)) = Z2.
Covariants:

ua 7→ −Rab ub ,

da 7→ −Rab db ,

e.g. in Gell-Mann basis for the generators:
R = diag(−1,+1,−1,−1,+1,−1,+1,−1).

SU(3) tensors (projection ops.):

fabc 7→ Raa′ Rbb′ Rcc′ fa
′b′c′ = fabc ,

dabc 7→ Raa′ Rbb′ Rcc′ da
′b′c′ = − dabc .

CP trafo of invariants is easily read-off from birdtrack projection operator:

Invariants are CP even / CP odd iff their projection operator contains and even / odd # of f tensors.
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Thank You!
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Backup slides
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CP transformation of the building blocks in 2HDM

Y1 7→ Y1 , Z1(1)
7→ Z1(1)

, Z1(2)
7→ Z1(2)

,

Y ab
3 7→ −(Y3)ab , Zab3 7→ −(Z3)ab ,

Zabcd5 7→ (Z5)abcd .

For basis invariants (→ all indices contracted):

A basis invariant is CP
{

even
odd

}
iff it contains an{

even
odd

}
number of triplet building blocks (Y3, Z3).
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Birdtrack Identities
We mostly use the conventions of [Keppeler ’17] with the following identities

= Tr with Trδ
ab = Tr[tatb] ,

= CD with CD =
N2 − 4

N
,

= CA with CA = 2TrN .

= CF with CF = Tr
N2 − 1

N
,

= = = 0
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Hilbert Series and Plethystic Logarithm
Covariant building blocks as input for the ring:

8u =̂ u , 8d =̂ d.

From input, compute Hilbert series (HS) and Plethystic logarithm (PL):
introduced in math: [Getzler, Kapranov ’94], physics [Benvenuti, Feng, Hanany, He ’06]

H(u, d) =

∫
SU(3)

dµSU(3) PE [z1, z2;u;8] PE [z1, z2; d;8] ,

PL [H (u, d)] :=

∞∑
k=1

µ(k) lnH
(
uk, dk

)
k

.

H(u, d) =
1 + u3d3

(1− u2)(1− d2)(1− ud)(1− u3)(1− d3)(1− ud2)(1− u2d)(1− u2d2)
.

PL [H(u, d)] = u2 + ud+ d2 + u3 + d3 + u2d+ ud2 + u2d2 + u3d3 − u6d6 .

Möbius function µ(n) =

{
+

(−)1, if n is square free with even(odd) # number of prime factors,
0, else.
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Orthogonal Invariants
The 10 algebraically independent and orthogonal invariants are given by:

I10 := Tr H̃u and I01 := Tr H̃d .

I20 := Tr(H2
u) , I02 := Tr(H2

d) , I11 := Tr(HuHd) ,

I30 := Tr(H3
u) , I03 := Tr(H3

d) , I21 := Tr(H2
uHd) , I12 := Tr(HuH

2
d) ,

I22 := 3Tr(H2
uH

2
d)− Tr(H2

u) Tr(H
2
d) .

Secondary invariant: exactly the Jarlskog invariant,

J33 := Tr(H2
uH

2
dHuHd)− Tr(H2

dH
2
uHdHu) ≡

1

3
Tr [Hu, Hd]

3 .

Note: Here H̃u ≡ YuY †
u , H̃d ≡ YdY †

d , and Hu,d ≡ H̃u,d − 1Tr
H̃u,d

3
. “Traces of traceless matrices”
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Parameter space and experimental values

Choice of nor-
malization:

Îaltij :=
Iij

Ii10 I
j
01

.
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