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This talk

e My motivation: With the LHC there is an increased interest in
the treatment of color structure for processes with many colored
partons

e This is applicable to fixed order calculations as well as parton
showers and resummation

e Color structure of SU(N), in particular multiplet bases
(transition operators of Heribert Weigert) — a pedagogical intro

e Calculating using basic group invariants, Wigner 6js (also known
as 6j coefficients, 6j symbols, Racah coefficients, Racah W
coefficients) and Wigner 3js

e | will talk about QCD (SU(V,)), but similar methods can be
applied more generally

e Chirality flow — flowing the Lorentz structure su(2), su(2)g
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The QCD Lagrangian

The QCD Lagrangian
(7 1 a a al, a
L=9(d —m)p — (9,47 — 0, A%)? + gA% iyt e
1
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contains:
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e quark-gluon vertex, j—k Ioo= ()Y
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e triple-gluon vertex, — ifabc

e four-gluon vertex, here color and kinematic factors are correlated
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xig*(g*g" — Mg ) xig*(g*° g7 — g*Fg?) x1g2(g*’ g

but the color structure is just a linear combination of
triple-gluon vertices
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Dealing with color space

Due to confinement we never observe individual colors

e \We average over incoming colors
e \We sum over outgoing colors
e — we sum over the colors of all external partons

e As always in quantum mechanics we also sum over all degrees of
freedom that can interfere with each other — we sum over the
colors of all internal particles

e — We sum over all colors of all particles
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So, if we for example consider
— — a C
—
99 = qq y a0

we need the color sum
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One way of dealing with this sum is to pick a particular representation
of the generators, and sum over 3% x 8 = 648 terms. Luckily there are
better ways...
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a C

Example: If A = (t9)*,(t9)) .(t°)" y =, DDEWC% g o then
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conjugated amplitude | amplitude
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As seen above we can represent the squared amplitude with a
picture. We can also calculate with graphs! To do so we need just a
few rules

e There are N, possible quark colors

e There are N, = N2 — 1 possible gluon colors

g
ézz% =N? -1 699 = N2 — 1
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e The generators are traceless

% =0 (t9)%, =0

e Generator normalization
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e The algebra relation [t%, "] = ifabctc =

a
1
- T
b c \h
1
ifobe = [Tr[t*¢t¢] — Tr[tbt“tCH
Tr

e The Fierz identity (the completeness relation)

a C a C | a ‘C
. . BRI —
b gg d b >< g N b d

1
R ] S ]
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Let's apply the rules to our example

=

To further simplify the color structure we note

£y TR(@_;C | )_TR(NC—;C)

N2 1
p— TR NC > ECF

Giving, for the squared amplitude

Malin Sjodahl 11




e In this way we can square any color amplitude and calculate any

interference term.

e | have written a Mathematica package, ColorMath,
e One way of dealing with color space is to just square the

amplitudes one by one as one encounters them

e Alternatively, we may use any basis
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Trace bases
° Every 4g vertex can be replaced by 3g vertices:

K XK

xig2(g* g’ — g xig2(g*g? — ¢° xig?(g*P g0 — g7 g"")

e Every 3g vertex can be replaced using:

a a a
B 1
— T

C b C b c

e After this every internal gluon can be removed using Fierz:

b

a C a C a C
, , ‘ , 1 ,
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e This can be applied to any QCD amplitude, tree level or beyond

e In general an amplitude can be written as linear combination of
different color structures, like

AM%;@i}B%;%? -

e For example for 2 (mcomlng + outgoing) gluons and one ¢g palr

\O/_ Alg %%+ Ay + As :

(an incoming quark is the same as an outgoing anti-quark)

e The above type of color structure can be used as a spanning set,

a trace basis
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These bases have some nice properties

e Conceptual simplicity

e Taking the leading N, limit is trivial — a flow of colors and

orthogonal basis vectors

e The effect of gluon emission and exchange is easily described
There are also drawbacks with trace bases

e Not orthogonal
— When squaring amplitudes almost all cross terms have to be

: 2
taken into account — Nbasis terms

e Overcomplete, for Ny, + Nyz > N, the bases are also
overcomplete. The size of the vector space asymptotically grows
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Example: Number of spanning vectors for N, gluons
These numbers are
representative also for N, gluons plus gg-pairs.

N, Vectors No =3 Vectors N. -+ 00 LO Vectors N, — oo

4 3 9 31=6
5 32 44 41=24
6 145 265 120
I 702 1 854 720
3 3 598 14 833 5 040
9 19 280 133 496 40 320
10 107 160 1 334 961 362 880
11 614 000 14 684 570 3 628 800
12 3 609 760 176 214 841 39 916 800
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Color flow bases

e One way out is to give up exact treatment of color structure and

run a Monte Carlo over colors
e This is particularly efficient in the color flow basis

e Here the adjoint representation indices are rewritten in terms of
fundamental representation indices and new color flow Feynman

rules are derived

e Explicit colors (r, g, or b) are then assigned to the lines, and one
may run a Monte Carlo sum over colors to sample color space

e [ his is not exact but the color structure treatment is much
quicker
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e quark-gluon vertex,

a M as ai
§ I
i io=ig A () - 80y 00 = i j

e triple-gluon vertex,

aj a ap ag
1 / K
7 -
R by /\ o
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e four-gluon vertex

a, o
c,y d, 0 : |
X/J (\() oo )/) X/J (\() 3 (](\ f(] 0 ></(] q(\ fJ Vo J (} f()
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% /(] (qr\()(/ v (/ (] )/)) X'[(/ ((/(\() q 3 (/(\ f(/ ()) X 7”(/ ((/“ j(] /0 g(\jg fd)
—
Tr
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e Color structure of propagator

Aab: a b

000000

1 o

aj by aj— » by bo
%azwbl _TR (a2_<_b1 Nca2> Cbl )

e Similarly the ¢g-pairs corresponding to external gluons have to
be forced to be in octets when squaring amplitudes

e ... but these bases are not orthogonal
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Wanted: Orthogonal bases

How can we construct an orthogonal basis? Symmetrize!

-~ [
I

i XL K
il XTI

£
®

"

®

Here the birdtrack notation is used. These color tensors are

orthogonal both when seen as qg-projectors, and when seen as basis
vectors on the 4-parton space
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Orthogonal multiplet bases

In collaboration with Stefan Keppeler and Johan Thorén
e The color space may be decomposed into irreducible
representations, enumerated using Young tableaux multiplication

e For quarks we can construct orthogonal projectors and basis
vectors using Young tableaux ...at least from the Hermitian
quark projectors

e In fact the qq — gq color space is the same as for gg — qq,

Oed=eo

and we could as well have used the basis:
Vi=6"0a= > o, VE=()"(t) a =] oo

e In general we may “comb” the involved particles as incoming

and outgoing as we wish
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The simplest gluon example, gg — gg

e In QCD we have quarks, anti-quarks and gluons

— No obvious way to construct projectors

e Basis vectors can be enumerated using Young tableaux
multiplication

o[ * © : e [T e & L
L 1 8 8 10 10 27

e As color is conserved an incoming multiplet of a certain kind can
only go to an outgoing multiplet of the same kind,
1—=1,8—=8...

(MacFarlane, Sudbery, and Weisz 1968, Butera,
Cicuta and Enriotti 1979, Cvitanovi¢ 1984, Dokshitzer and
Marchesini 2006)
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e For two gluons, there are two octet projectors, one singlet
projector, and 4 new projectors, 10, 10,27, and for general NV,
“("

e |t turns out that the new projectors can be seen as corresponding
to different symmetries w.r.t. quark and anti-quark units, for
example the decuplet can be seen as corresponding to

il
T

— (singlet) and octet(s) — (singlet) and octet(s)

Similarly the anti-decuplet corresponds to ®, the 27-plet
corresponds to [z« @z] and the O-plet to @.
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|dea: Could this work in general?

1 RGR.... 0 C (1071 ®(2®q2) ® ... ¥ (¢n @ qn)

e Construct the tensors which will give rise to “new” projectors

1]3]
00 ) o)

PlO — PlO
T1935  ~ ool _tooo o)

@mm\llm

p10,35 - 10,35 _ Z p™ 10,35
mC10®8

e From projectors construct basis vectors

e Care to find all multiplets, care with going from general N, to
N. = 3, issues with multiple occurrence

Malin Sjodahl 26




Multiplet bases

e QCD is based on SU(3) — the color space may be decomposed
into irreducible representations

e Orthogonal basis vectors corresponding to irreducible
representations may be constructed, in may different ways...

e The construction of the corresponding basis vectors is
non-trivial, and a general strategy was presented relatively
recently,

e These vectors are orthogonal by construction — can potentially

speed up squaring of color structure very significantly
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Decomposing color structure in
multiplet bases

e But before squaring, amplitudes must be decomposed in
multiplet bases

e One way of decomposing color structure into multiplet bases
would be to simply evaluate the scalar product between each
possible Feynman diagram and each possible vector as we have
seen in the first half of this talk.

e The problem is that this scales badly, a factorial from the
number of diagrams, an exponential from the number of basis
vectors and another (growing) factor from each single scalar
product evaluation

e — We need a better strategy
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Group invariants!

e Fortunately there is one: Any group invariant quantity can be
evaluated using Wigner 3j and 6j coefficients

=Tr(NZ —1) (N2 —1)
§
a n C
-
B

)

$4

e Using the multiplet basis we can calculate the needed 3j and 6]
coefficients for higher representations
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e Furthermore, only a small number of such coefficients are
needed, up to NLO

Ny 4 6 38 10 12

Ne=3 29 120 272 476 733
N.> N, 44 389 2023 8077 27631

and they can be evaluated once and for all
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Decomposing color with
6j and 3j coefficients

As an example consider the color structure of the Feynman diagram:
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The scalar product between the color structure and a basis vector is
given by:

~
~
’ N
,' . - o \\
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' Vi \ 1
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( 1 2 3) " ] 111
11 s [ B |
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1} ‘s " 1
\ o ” ’
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To fully contract any color structure we need four simple rules:

e Dimension relation
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e [ he vertex correction relation

« €

Qv
_ Ba v o

o o a Y

a(@c? €

5
e The completeness relation

H p M

-

d, >a <
1% :Z v
> o @a I
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In our color structure we note that we have a vertex correction:

a3

a2
g e T
a

Malin Sjédahl 35




Using the vertex correction results in:

A(Oélaa27a3) —
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Now there is no trivial color structure, but we can pick any loop...

Alas, az, as) = a@égg aoq

and use the completeness relation

a3

i
=

v [t
- o o v 1
1%

to remove It
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Applying the completeness relation and removing vertex corrections:
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Removing the 4-vertex loop we get:

I
S
S
Q
5
/>
RS

A(Oél,OéQ,Oég) v
o

Malin Sjédahl




The final expression is:

b C
(O]
o3 V1 1
a/ —_
a a9 B
A(ala a2, 053) — Z d@bl e a2 ¢1
(]

e This only has to be done once for each Feynman diagram, and
the scalar product with most basis vectors vanishes

e We only need to care about non-zero scalar products, we could
list the non-zero 6j-coefficients

e Each sum over representations contains at most 8 terms for

SU(3)

e Knowing the 3j and 6j Wigner coefficients we can
immediately write down any scalar product!
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All you need is

e In the above example we saw that we could decompose the color

structure fully using only d,, , A
e We can normalize :1, so we really only need A

e Question: If we can get all the color structure as a function of
6js can we then also get the 6js as a function of 6js?

e Can we calculate 6js (recursively)?

A= Ao A )
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e For QCD, where every representation is 8, 3 or 3, it turns out

that we only need 6js of form

AV AVAVYZS

e Wigner 6j and 3j coefficients and their values can be calculated

once and for all

... but this still builds on constructing bases which builds on

symmetrizers and anti-symmetrizers

Malin Sjodahl 42




Consider first Mi

, SAY (X = )

M

R
AENENEN
AENENEN
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By repeated use of the completeness relation and the vertex
correction relation (giving 6js), we can constrain the 6js. Consider

for example
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Now apply this to
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By similar methods we find a set of equations, for N, = 3

1. For a given representation M*, we obtain

1= (di)*(S7%)? + did; (S)? 0 =d; S8 +d;S.S7.

1,11, 7 357

2. For two given representations M; and M, we obtain
= 3 dulsthy
Mab

where d,; is the dimension of the representation M ®.

3. For a given representation M;, we have

1= daSh .
b
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e This equation system can be solved giving
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e |dea: split gluon into qg-pair, for example we have
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e By similar methods the other 6js with gluons are derived

e Not more complicated to calculate 6js for high representations
e Multiple occurrence is an issue... but can be addressed

e — We in principle have all the ingredients for using
representation based orthogonal bases for QCD also for very
high multiplicities
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Lorentz structure using chirality flow

e At the (complexified) algebra level, the Lorentz group consists of
two copies of su(2), so(3,1) = su(2) @ su(2) — Can we treat
the Lorentz structure similarly?

e The Dirac spinor structure transforms under the direct sum

1 1
representation (5,0)@(0, 5) in the chiral/Weyl basis

N—— N——
left right

—i0- 2 47-

no[Ql

po|Ql
-
<
~

Uur, e
— _
6—@0-

no|Ql
I

i

no|Ql

-]

UR

i.e. actually two copies of SL(2,C), generated by the
complexified su(2) algebra
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e Consider massless particles: (mass just gives a linear
combination)

0 - p;] .
ul(p;) = o - Q@ ) = ’ _ @7
Dy

ﬂL(pi)Z([pi\O)z Q< aty) = (0 <pj!): O /

e Polarization vectors

)P 1 e p r|(p 1 o
Lt (pr) - 2 L L et o) > I L @

(rp)  (rp) lpr|  [pr]

where €7, is for incoming negative helicity or outgoing positive
helicity and ep is for incoming positive helicity or outgoing

negative helicity
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e Amplitudes built up from Lorentz invariant inner products

e Lorentz inner products formed using the only SL(2,C)

invariant object ¢ | ¢'? = —¢? =) = —¢5

ePli)g 7)a = (i|*]5)a = (if), euald? 171* = lilali]® = [ij] ,

e — Amplitudes are built up of contractions of form
(e4), [e3] ~ /535

e In the flow picture, the “flow” must contract dotted and
undotted indices separately
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Feynman Flow

L \*\
v . \/— TN Ce -
R>\/V e 2/—<—

P ; >3 Di ; >3 Dq
T p2 —>—@->-- orp—2 -->- @
N ; > ; -
HANNNNN Y e -
— M OB b py— — [ p
Herep:p O-/'l’ — __)_. ) 9 p:p'u,O-O{IB: ) .__)-._

| =i Di o
withp=> "p;, p; =0, p= __, @ » = [ etc
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Example: Lorentz structure using
chirality flow

e L e Stitch together such that ar-
L ) o row direction match.
5
; X e Here all particles crossed to
7 > — ot _ _
E ' outgoing, and consistent ar-
SR 1 row directions are picked
\3 4
. —1 1 1
= (V2ei)® (%) (%) [15](64)[10 9]
—— 512 534 58910 5125 5346 58910 5910 [87r8](r99)
vertices hd hd N ~~ d
photon propagators fermion propagators polarization vectors

e
X (—(89)[91](12) — (89)[95](52) — (8 10)[10 1](12) — (8 10)[10 5](52))
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Conclusion and outlook

Color:

e In this presentation, | have shown how the color structure can be

dealt with using 6j coefficients

e We only need a limited number of 6js which we know how to

calculate efficiently
e Looking forward to applying them for heavy QCD calculations

e Still... one might benefit from more general 6js, with arbitrary
representations everywhere. Can one find them similarly?

Chirality flow:

e \We can flow the Lorentz structure as well ... which often makes

it trivial to write down the value of Feynman diagrams!
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