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~*A scattering at high energy — fields and interactions

Al(x)

A(a!) = (AAYH(A- 1)

A(a') = g, 3T )b (@) (1 +0(e))
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JIMWLK evolution: properties of the CGC

~v* A scattering at high energy — total X-section

Nikolaev, Zakharov, Frankfurt, Strikman, Levin, Mueller,. .. (dipole picture)

r =00 o=
h l‘ Um = U, gauge equiv. to 1
Q2= —? :‘ ) oy
Y =1In(1/z) U“r U', gauge equiv. to 1

= (0or A)




JIMWLK evolution: properties of the CGC

The need for evolution

A (') = g, 5o )b+ (@) (1 + O(e))
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JIMWLK evolution: properties of the CGC

The JIMWLK evolution equation — Fokker-Planck form

Generalizes to arbitrary correlators:

Up, @@ U} ==m= <$>(Y) = /D[U]H&ZY[U]

% <$> (Y)= —<HJ|MWLK$> (Y)
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JIMWLK evolution: properties of the CGC

The JIMWLK evolution equation — Fokker-Planck form

Generalizes to arbitrary correlators:

Up, @+ ® U;ﬁ e — <$>(Y) = /f)[U]ﬁZy[U]
N = ez ) ()
dY : JIMWLK:

d

dyZy[U] = —Hymwik (U] Zy|U]

Heribert Weigert Nucl. Phys. A703, 2002, 823
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The JIMWLK evolution equation — Fokker-Planck form
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JIMWLK evolution: properties of the CGC

The JIMWLK evolution equation — Fokker-Planck form

)
@)

Generalizes to arbitrary correlators:

Up, @@ U} ==m= <5;>(Y) ::/b[U]j;Zy[U]
d<i:>(y) _ _<H i:><y>
dY :i JIMWLK:

d

dyZy[U] = —Hymwik (U] Zy|U]

Heribert Weigert Nucl. Phys. A703, 2002, 823
m resums all ~ [asIn(1/x)]" (at LO)

= mmmp energy dependence of (...)(Y")
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JIMWLK evolution: properties of the CGC

The JIMWLK Hamiltonian

. a- a, —a.—a  Frab/-—Q- b, - a-
HJlMWLK:**; Kazy [i 20 04i i UL i g +i i y)}

Y

(& —2) (2 -w)
(@ —2)2(z —y)?

Kazy =

. T a . . .
m i 5 and i , are functional derivatives:

0 a

i = 7[tha]j¢67U -
®,ij

i g = [t"Ualy

Y

[integration convention for x, z, y]

_&
0Uq,ij

m |. & r. inv vector fields, generate r & | rotations, e.g.:

) . aa
cxp{—z/w;z Z} Uy = Uge™=?
y

m reps of the algebra:

i i 5= 6@ (@ —y)ifei & (i i g) =06 (@ —y)if i o [i mi f)=0

x> y
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JIMWLK evolution: properties of the CGC

The JIMWLK Hamiltonian

1 ag —a.—a 73 - -b
. . . . byo—a. b . .
HJIMWLK:*§72 Kazy [i Gi gt i, +UP(E i y+i i y)}
Tzy
Kezy = % [integration convention for x, z, y]
i & i < left & right inv vector fields =

—— —<d—

=== )(Y) = { exp|—Hymwik (Y — Yo)]ﬂﬁH (Yo)

— R N—

remain Wilson line correlators for all Y
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JIMWLK evolution: properties of the CGC

JIMWLK - Balitsky hierarchies

Hynawik[U]

I \ Hyniwik[U]

m Dipole evolution

d‘; (tr(UU})) / A2 Kay ( ([7.]% tr(t“Umthl‘;)>(Y)7C’f<tr(UwUZ)>(Y))
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JIMWLK evolution: properties of the CGC

JIMWLK - Balitsky hierarchies

Hynawik[U]

I \ Hyniwik[U]

m Dipole evolution

asC 2 1 : 5 1
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JIMWLK evolution: properties of the CGC

JIMWLK - Balitsky hierarchies

Hynawik[U]
I \ Hiniwik (U]
m Dipole evolution
d 1 sC 1 1
AT = 2T [ Ky (0 (b))
m Inifinte hierarchy of dependent correlators

<dlf(:)>(Y) — <%5§:%&>(Y) — .
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JIMWLK evolution: properties of the CGC

JIMWLK - Balitsky hierarchies

Hynawik[U]
I \ H.J]l\l\\IAK[[/‘Y]
m Dipole evolution

4 =58 ot (01 )

m Inifinte hierarchy of dependent correlators
1 LD
(GEEN0) e (=

: MY) «— ...
)
m Truncate to solve! Last resort? Informative!
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JIMWLK evolution: properties of the CGC

JIMWLK - Balitsky hierarchies

Hynawik[U]
\ Hymiwik[U]

Dipole evolution
d 1 sC 1
G0 =G [ Ky (220 - (GCTI)
m Inifinte hierarchy of dependent correlators
1 LD
(GEEN0) e (=

: YY) — ...
)
Truncate to solve! Last resort? Informative!

No target: U, — U — consistency from gauge invariance:

1= (e = (LS -




Intelligent truncations

Outline

Intelligent truncations
m Group constraints — coincidence limits a.k.a infrared & collinear

safety
m Block hierarchies
m Gauge invariant truncations
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Intelligent truncations

Group constraints and gauge invariance — examples

m Operator relations — gauge invariance: lesyee L6 e 17

e [
z—xTory y—x
ﬁtr(UwU;)
L pabatn(toU,'U8) = L ote(U UL U0
R tr(t* Uyt l,)7at|r( 2t ULUgt"U,) 1
Fierz
1 i L i o
i tr(UzUDtr(U,UY) — ﬁctr(UmU” Yy
m {...) => more correlators than = 2 gluon correlator € R
degrees of freedom m all others possibly € C
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Intelligent truncations

Correlators — singlet hierarchies

m Higher order correlator evolution contains that of lower correlators
Example: coincidence limits of ¢23°: H.W., J. Alcock- Zeilinger

= 3! singlet states (in almost direct corresp to the elements of Ss):
SRS S e U A
> >k >e Do
SO N S

m propagation through soft gluon field mixes all: links correlators

S o O 9 9 O (e o o
S O © O O O S o 0 0 00 =
o o o o o o o o =}
oo o a o o o o o
O O S O O o ey 0 0 0o e o
© fo o o ol ol o e 2
© e e o e o N )
(O (o O (@ (O (O o o \0\, [ (@ (O o " (OJ 0 " o
R S S = P L= S =
= >

0 o S e O e e
© oy o) ey oy tore o0 o) e toxs o v v 0 R by by
o o e o & a o o o o
oo o o B O el N
O D 1O 1 s O o) v’ veas vexd [ S S (S
© e o o e oy o e el e © el oy
© O o o ey ~~ = e -~ ~ =
o o to o tay ca o0 o) e fon fa oo e LDV ED
o o o e e oo o 4 o K=Y

e ey 97 (9%49) © 2 X 994
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Intelligent truncations

Gauge invariant truncations of JIMWLK — the idea

= Indepdendent degrees of freedom? Example: n = 2 ¢q pairs!

O, D G
— #ea e b Ya—>To < [ > Ug—1
<A> (Y) . < (1 r% g)] >(Y) ( n.(i?;) (Y) no target I

m (A)(Y) € R™<™ a curve in a vector space. (JIMWLK!) Vectorially

f tangent




Intelligent truncations

Gauge invariant truncations of JIMWLK — the idea

= Indepdendent degrees of freedom? Example: n = 2 ¢q pairs!

GO <. z LG
(A)(Y) ::< e ey >(y> &< = >(Y Leol g
: r% %) ﬁ(—;) no target

m M(Y) inherits conicidence limits — lives in a vector space (not a
curved 1pG) Parametrize M(Y') (not (A)(Y))

r =:E(Y,Y)) € curved 1pG
Y
/ Ay’ M(Y) | (A)(Y)
Y.

L
€ some vector space

(AY(Y) = Py exp




Intelligent truncations

Gauge invariant truncations: parametrize M

Rule 1: Wilson line correlators must map onto Wilson line
correlators: must respect coincidence limits.

Rule 2: JIMWLK respects matrix symmetry of (A)(Y)!
Adapted basis expansion:

A= by A" = b Asy + b5 A,

asy
E(Y,Yy) and M(Y') must take block form:

d

0O AN (Y) = b MY (A)(Y)

Rule 3: All entries of A invariant under independent global color rot
Vi, and V. Example:

C:)::EVE:VRi VVL,VRESU(H)

Rule 4: Cross sections remain real! (Subtle consequences)




Intelligent truncations

Gauge invariant truncations: parametrize M

m The most general M(Y)? Parametrization equation:

by M (Y ){A7)(Y)
Y 1 .
~(fnfs [ Gt s e
Yo wyuy

c© m
1 .

B by by

5 ) 9 DM I C e Tt

m=31=0 a,8
A> Y)

ULV |

wy o, w v T Yme -
x(memTe e e)

m Using and 4+ coincidence constraints on G_...  Rulel
m Symmetry < : Rule 2
m Color structure of mixed terms must factorize: Rule 3
ay-ap vbib w uy "1 —v
01 kcl 1 all... akl by by

m No m = 3 term for total cross section! Rule 4
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Intelligent truncations

Gauge invariant truncations: parametrize M

B Gu,..u, ! Think structure functions for Wilson lines

m one for each independent n-gluon singlet C'*1-+%n

= need workable algorithm for all of these HW, J A-Z, sketch below
m parametrization up to an initial condition at Yj
m coincidence limits constrain G, ..., HW, R Moerman, sketch below
® gauge invariant at any order
= Result:

[ |
() = (LG, Gty et (V)

= Tuncate at a given number of coodinates n: ignore higher n + k
particle correlations
m N, exact within that truncation. NO large N, limit!
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Intelligent truncations

Gauge invariant truncations: parametrize M

m Example: truncate at G__ (Gaussian truncation): Color dipoles only!
m Evolution is imposed by JIMWLK via Balitsky hierarchy:

d%<%@>(y> o / P Kary (252900 - (GCT0)

1T )>
dy dp

must ignore

m From parametrization equation

<(:D tr(U Uf)) = e CrCeu

Ly

; , —(U“bztr(t”Umth*)) — {5 (Coz+Gay)~Gay) ~CiGay }(¥)
dp Ve AR v

= manifestly gauge invariant — just enough degrees of freedom

z+—xTory yo e
; Cetr(UzU}) —
2N,.C;
ab a brrt = agrt aul o
ULtr(t"Upt"U)) = tr(Unt"ULUot"U}) |
| %tl’( z ;)
v ST Z=T
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Perspectives

Three points, four points, etc?

m Space of gluon singlets from trace basis
m Choose color structures with symmetries:

(K) A1...0p " UL Un i Z (K) Ao (1)-
/ Gul-.vunC(K) Uoayan T nl Guo(l)-”uo(n)C(K)
o, sES,

UL Uy

Simultaneous symmetry in color and coords.
m Or use a “generic one”:

M )" (MM~ is dagon

|

Lo 1 )

HZ(U‘ 0 Gy (000 Chaya, = — Z ar(Tirig) © Gy (Lires) © Clayan,
i=1

where oy, = Ty M),
Three points:

1E 0 0 0
Tuiy | e vwx with T7ij) T(xim) = 0150517 (rim)
0 0 0 I

son line correllators

Heribert Weigert Parametrizing W

»«an(n)in’ul“'un



Perspectives

Work in progress

Program completed for three point truncation

Four point truncation involves mixed contributions:

aiaz sazaq [ ; w1 ug,; U3 T U4 -
/ Guy. 07120 (z b G2l gt g, F( & ))
Ul... U4

Attack via invariance subgroup
swi=({3)) = {E LD SRR KK
and associated cosets
555 :“:ES&S ;2566

Subtract iterated Gaussian truncation ... (“connected 4-points”)




Perspectives

Context

This applies to whereever QCD triggers factorized singlet transitions
mediated by Wilson lines

(AN, = <_> JIMWLK, Jet evolution (SCET)
| ]

JIMWLK coincidence limits = collinear & infraread safety in jets
Truncation in term of n-point correlations. At this level N -exact.

Stay tuned for 4-point results....
Thank you for your attention
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Backup slides

Singlet states with gg-pairing: trace singlet bases

u An algorithm by example: (¢q)?

)
id=(1)(2)(3) — Si0r ® Oz ® Oy =P
)
pe! 1) pe!
1@ ) [y © [ © g, = DY = D
> >
e} e}
1@ — ) (g © 0 ® (g, =2 |1 =P
e >
D D
@) wERE) g, © [ g, © g, = 2 0- D
> >
)
(123) () [y © [y © [y =
>
5
(132) = () [ g, © 1]y © [y = Dﬂ
pe!

= orthogonalize (not unique in general)

= don't forget to normalize!
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Backup slides

States for qq or qq limits

Zeroes from symmetry:

BI[BE 01 BT (| bt b

correct but mentally misleading

Form states from hermitian Young projectors. Example ¢>g>

E 0 0 0

. . @ 1 !
‘ /\ ‘ leads to O Ve !
: [i]s o iEZE JEE o
aea K

Bend and normalize to form states

;{J;E bend & normalize, upil\-u\” mult. by conj “f \\ (// . L /f \\

{

=/ /\k \\\f//

(A) shows block structure after like limits




Backup slides

Gluon-singlets from trace bases: In states in general

m Three: 13 = 2 states. Projected by symmetry recall {

0 \n ’41{
b > 2 > > 2
D'vzzgaﬂ@ﬂ and Do::;:aﬁ,:aﬁ
> Yoo S N

m Four: !4 = 9 states, project by symmetry via Young projectors, viz.

1

oo [+ E ;
‘ FARN /\ /N - leads to 2
. M [ [ ;
mn FEER R BE PP ,
Dimension patterns: 2,0,0,0,2,2,1,1,1,0
I'EB" = 1;(”’“‘“ 12U + tr(d* ) — 2tr(t ™)
Examp|e state: FER(EU ) — 2er(EM 2 4 ml”‘l"‘l"‘l""])

- ;—‘(mz"‘/"-m(l”"/"‘y + tr(7 ) tr(t*2 ) — 2uu"‘l“'\uu"‘l’“))
5
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