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What is it about?

= An efficient Monte Carlo algorithm to simulate fermions coupled to (Abelian) gauge fields;
* Operates on the Hamiltonian formalism,

* Main challenges: Simulate dynamical fermions while satisfying Gauss’ law.
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1. Models and Motivation
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Motivation - A General Picture

Quantum ng, Body Scars New phases of maffer
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Schwinger Model (1d QED)
1d Quantum Link Models
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Motivation - Algorithmic Development

* Provide a step toward the construction of efficient algorithms for more complicated theories (e.g.
higher dimensional gauge theories);

* Cross-validation and potential advantage over other methods in some regimes;

— E. Rico, T. Pichler, M. Dalmonte, P. Zoller, and S. Montangero PRL. 112, 201601 (2014)
— C. Gattringer, T. Kloiber, V. Sazonov 897, 732-748 (2015)

— T. Angelides, L. Funcke, K. Jansen, S. Kihn PRD 108, 014516 (2023)

— E. Huffman, D. Banerjee - arXiv:2305.08917 (2023)

* Probe quantum advantage and guide quantum simulations;

Reliable benchmarks for Quantum Simulators;
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What models are considered?

U (1) gauge theories in 1 + 1 dimensions.

Truncated Schwinger model with spin S:

1
H=-t ¢ Tichra+hc+m (=D)"clen+k  (SE2—N?+U  clhencl, Cne
n n n n
] . o
En - €S5, Un - T Kl Un,Us | 1EEFE Ok (0s,1 — d—s.1)

* Spin S can be made arbitrary;
g . .y L]
* In the worst case, it scales like O S< ;
* Parameter A can also be made arbitrary and it is associated with a finite 8-term;

* Very efficient for m = 0 but can work at arbitrary m. Restricted to 2t = U.
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The Spin 1/2 Model

1 m— 1
H=-t c,0hCh+1+hec.+m (—D)"chen + U ChCnChaiCnst
n n n

The system can be visualized as fermions hopping on the lattice connected by dynamical spins

There is a series of local operators that commute

Y n
Gn=En+1—En—pn, pn :C;Cn"'%

C—JH,Gn] =0
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Gauss’ Law - From Occupation Number to Charges

In the absence of statical charges, physical states satisfy:

Gn |WE=O.

The divergence of the electric field is equal to the charge: pn = clicn + %

* Even sites host zero or positive charge
* 0Odd sites host zero or negative charge
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Gauss’ Law - From Occupation Number to Charges

In the absence of statical charges, physical states satisfy:

Gn W= 0.
The divergence of the electric field is equal to the charge: pn = clicn + ﬂ
* Even sites host zero or positive charge
* 0Odd sites host zero or negative charge
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Gauss’ Law - Constraints on States

For spin 1/2 there are no states with the same charge in a row.

We can have

SrO—® QPP Ot—P—>rO

We cannot have
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The difference of spins of any bounded region is equal to the total charge inside.

Ex — Ey = charge between x and y
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Gauss’ Law - Constraints on States

For spin 1/2 there are no states with the same charge in a row.

We can have

SrO—® QPP Ot—P—>rO

We cannot have
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The difference of spins of any bounded region is equal to the total charge inside.

Ex — Ey = charge between x and y

Spin 1/2 &t most total charge +1 in any bounded region.
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Outline

2. Meron Cluster Algorithms
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The Pure Fermionic Theory

We forget the gauge fields for a second and target a pure fermionic system.

— 1 . —
H=-2U ChOnmCh+1 + h.c.+m (—D"chen +U [ N AR
n n n
1
— — 1
H=-2U ChCn+1 +h.c.—U ChCn +U CnCnChi1Cn+1
n n n
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The Pure Fermionic Theory

We forget the gauge fields for a second and target a pure fermionic system.

— T
H=-2U clopcha+he.+m  (—1)"clen+U  clencl, cnat
n n n
1
1 1
H=-2U c¢lchra+he.—U cien+U  clhencly Cne
n n n
= Compute ground-state expectation values
1 [
Tr Oe™PH

O I Freey

* Construct a "path integral" through Trotterization.

S. Chandrasekharan, U.-J. Wiese - PRL, 1999
S. Chandrasekharan, J. Cox, J. C. Osborn, U.-J. Wiese - NPB, 2003
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Setting Up a Path Integral

Trotterization
I 1 I
H=-2U clchsi+hc.—U chen+U  clencl,icne
n n n
| | H=H; +H>
Tr e PH = H~ ©6 © 0 © 06 © 0 o
= Eﬂgﬁ“%m
v H~ © 0 © o © o o o
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Setting Up a Path Integral

Trotterization
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Setting Up a Path Integral

Trotterization

H=—2U
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Setting Up a Path Integral

Trotterization
I 1 I
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The World-line Formulation
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The Meron Cluster Solution
Cluster decomposition

Each elementary transition has its own weights
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The Meron Cluster Solution
Cluster decomposition

Each elementary transition has its own weights
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Solutions, where weights are independent of break-ups, produce efficient solutions
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Mechanics of the Meron-Cluster Algorithm

Tr(oe™FH)

Path integral and cluster updates OEFlimg | B GLDN

et ETH, for Tt Pl "
ETHziirich Fign Pelormance Gompuiatons Prysics roup Joao C. Pinto Barros ~ 14/34



Mechanics of the Meron-Cluster Algorithm

Tr(oe™FH)

Path integral and cluster updates OEFlimg | B GLDN

Cluster Flip =
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Mechanics of the Meron-Cluster Algorithm

Tr(oe™FH)

Path integral and cluster updates OEFlimg | B GLDN

Cluster Flip =

Configuration space
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Mechanics of the Meron-Cluster Algorithm

1
o= o0(C)p(C)

C worldline configuration

0 particles 1 particle 2 particles

000
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Mechanics of the Meron-Cluster Algorithm

1
o= O (C)p(C)

C worldline configuration

0 particles 1 particle 2 particles L particles

000 000

Clusters update configurations non-locally and allow sampling the configuration space very efficiently
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How to Satisfy Gauss’ Law?

0 particles 1 particle 2 particles L particles
000 000
I 1 I
H=-2U clopcha+hec.—U  ciecn+U  clhencl, cne
n n n
bn = Chen + G0 D>O—@ O+—@—0—@—O

* Even sites host zero or positive charge
* 0Odd sites host zero or negative charge
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How to Satisfy Gauss’ Law?

0 particles 1 particle 2 particles L particles
000 000
I 1 I
H=-2U clopcha+hec.—U  ciecn+U  clhencl, cne
n n n
bn = Chen + G0 D>O—@ O+—@—0—@—O

* Even sites host zero or positive charge
* 0Odd sites host zero or negative charge

MOST CONFIGURATIONS VIOLATE GAUSS’' LAW

For Gauss’ law emerging dynamically out of cluster updates see E. Huffman, D. Banerjee - arXiv:2305.08917
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3. Satisfying Gauss’ Law
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Satisfying Gauss’ Law in the Spin 1/2 Quantum Link Model

= Clusters can be classified according to their contribution to the total number of charges in the
system:

— Neutral clusters: bring no net charge into the system;
— Positive: bring net positive charge into the system;
— Negative: bring net negative charge into the system;

O
- Wo,
0ol L2

oy

* Neutral clusters are non-winding;
* Charged clusters wind;
* Positive and negative charged clusters alternate.
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Satisfying Gauss’ in the Spin 1/2 Quantum Link Model

(M
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Conditional Flipping: The Cluster-Automaton Solution

Topological structure of the clusters is encoded in a tree.

= Charge clusters are at the top and are connected with
neighboring clusters;

* Neutral clusters appear as children of charged clusters
or of other neutral clusters.
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Conditional Flipping: The Cluster-Automaton Solution

The distance between two subsequent clusters on the tree
must be odd.
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Conditional Flipping: The Cluster-Automaton Solution

The distance between two subsequent clusters on the tree
must be odd.

PHYSICAL
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Conditional Flipping: The Cluster-Automaton Solution

The distance between two subsequent clusters on the tree
must be odd.
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Conditional Flipping: The Cluster-Automaton Solution

The distance between two subsequent clusters on the tree
must be odd.

NON-PHYSICAL
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Conditional Flipping: The Cluster-Automaton Solution

Neutral cluster combinatorics: exhaust all valid possibilities
as we follow the tree.
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Conditional Flipping: The Cluster-Automaton Solution

Neutral cluster combinatorics: exhaust all valid possibilities
as we follow the tree.

Charged cluster combinatorics: sample words from a regular
language (recognized by a finite-state automaton).
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Conditional Flipping: The Cluster-Automaton Solution

1. Construct the clusters ignoring gauge fields;

— Access to an exponential number of configurations;
— Most of them violate Gauss’ law;

2. Map Gauss’ law constraint to clusters;

3. Choose a random physical configuration
(which satisfies Gauss’ law).
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Conditional Flipping: The Cluster-Automaton Solution

1. Construct the clusters ignoring gauge fields;

— Access to an exponential number of configurations;
— Most of them violate Gauss’ law;

2. Map Gauss’ law constraint to clusters;

3. Choose a random physical configuration
(which satisfies Gauss’ law).

The results can be generalized to higher spins:
* Clusters look the same;

* Some previously forbidden configurations are now allowed;

= Weight configurations appropriately according to the value of the electric field.
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4. Results
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CP Symmetry Breaking on the Spin 1/2 Quantum Link Model

1 m— 1
H=-t clotch+s+hec.+m (D" chen +U ChCnCheiCnst

n n n

Small mass limit - Pair creation is common - Symmetric phase

Large mass limit - Pair creation is rare - CP -broken phase

>« @ >
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CP Symmetry Breaking on the Spin 1/2 Quantum Link Model

Small mass limit: Pair creation is common, Symmetric phase

C—P=ro—P >« P=» S C¢—P—> <
Large mass limit: Pair creation is rare, CP -broken phase
>« @ p

Finite size scaling of the electric susceptibility

¥ L=64 *
XcF  © aOn il "
¥ L=256
0.6
Non-universal critical mass: % i
m. QP4 % 04 x
. ey . ;
2d Ising critical exponents give curve collapse: i
v=1p=1/8 g
% % xx% m@}"‘
E. Rico, T. Pichler, M. Dalmonte, P. Zoller, and S. Montangero PRL. 112, 201601 (2014) -
-60 -40 -20 0 20 40 60
(m—=moL"
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Higher Spins and Continuum Limit

1 .
Truncated Schwinger Model vs Quantum Link Models: Approaching the Schwinger Model U,UT = 0.

Quantum Link Models Truncated Schwinger Models

L] : . . ] " 1
u,u - S(S+1)S [Kl u,u | || = Ok (5s'| — 5_5'|).
Operator norm - 0as S — oo Operator norm always 2 as S — oo

Is this a problem to recover the Schwinger model?

Our results indicate that this is not a problem.
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Higher Spins and Continuum Limit - Preliminary Results m/e = .01

Large spin extrapolation at 6 = 4"

S=8 §=6 S=4

AV VN
0.350 4 } { {

—0.360 4

. S

—0.370 4 %
—0.375 4 % i
0.380 4 % i
~0.385 4 }
0.00 0.05 0.10 0.15 0.20 0.25
1/S

Zero lattice spacing extrapolation at 6 = 2"

1]
—0.14
~0.1 3
0.16 .
f
EJ\ 0.1 o
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0.20
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0.00000  0.00025  0.00050 0.00075 0.00100 0.00125 0.00150  0.00175  0.00200
1/z

* No dependence on the spin, within error bars (shown for different lattice spacings).

* We can extrapolate for zero lattice spacing (x - o).
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Outline

5. Conclusion and Outlook
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Conclusions

* Cluster algorithms

— are Monte Carlo algorithms;
— can provide non-local updates and be very efficient;
— can solve sign problems;
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Conclusions

* Cluster algorithms

— are Monte Carlo algorithms;
— can provide non-local updates and be very efficient;
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Can we use this to simulate relevant models of fermions coupled to gauge fields?

* Yes!
— cluster are no longer independent;
— valid configurations can be generated by being associated with words from a regular
language;
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Conclusions

* Cluster algorithms

— are Monte Carlo algorithms;
— can provide non-local updates and be very efficient;
— can solve sign problems;

Can we use this to simulate relevant models of fermions coupled to gauge fields?

* Yes!
— cluster are no longer independent;
— valid configurations can be generated by being associated with words from a regular
language;

This can be used to address a whole family of physical questions typically outside the scope of
standard Monte Carlo approaches.

* larger spin S can be easily addressed;
= finite 8 angle has no sign problem.
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Outlook

Present and Future

* The algorithm illustrates a way of implementing constraints into efficient algorithms;

* Can be used to simulate models in the canonical ensemble (no gauge fields)

* Can we use similar ideas in higher dimensions?
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Outlook

Future

Classical computers face fundamental challenges (e.g. real-time evolution).

Quantum simulators hold the promise of addressing these issues.

BUT

Improvement is not impossible.

In fact, it is crucial to complement, guide, and validate quantum simulators.
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