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The SYK model 
—a new frontier for cold-atom quantum simulation 

Kitaev KITP talks “A simple model of quantum holography" 2015
Sachdev, PRX 5 (2015)

Simplification of Sachdev-Ye model Phys. Rev. Lett., 1993

𝐻SYK
4 = ෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙 var 𝐽𝑖𝑗𝑘𝑙 ∝ 𝐽2



Peculiar dynamics of local observables 

single time scale: 𝜅 ∝ ቊ
𝐽,  𝛽𝐽 ≪ 1 

1/𝛽,  𝛽𝐽 ≫ 1 (strong coupling)

maximal operator growth/scrambling 

𝑊 𝑡 , 𝑉 0 2
𝛽 ∼ 𝑒𝜆𝑡 

e.g., OTOCs (analogous arguments for other observables) 

𝜅𝑡10

= 1 − 𝛼𝑒𝜆𝑡

0

1

𝛼 = 𝛽𝐽/𝑁;    𝜆 = 2𝜋/𝜅

At 𝛽𝐽 ≫ 1, saturates 𝜆 = 2𝜋/𝛽

SYK

other models

SYK: 

→ same behavior as a black hole! 

Kitaev KITP talks “A simple model of quantum holography" 2015



A prototype for holographic quantum matter

Artist's 
impression by 
Markus Gann/ 
Shutterstock

𝐻SYK
4 = ෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙

Liu, Sonner, 
arXiv:2004.
06159

Gravity in d+1 dimensions

Sachdev-Ye-Kitaev model 

Holographically dual to 
Jackiw-Teitelboim gravity 

Many-body system 
in d dimensions

no quasiparticles  
• toy model of strange metals
• proxy for quantum critical system  

Picture: blog condensedconcepts



Note: long-range interactions alone do not ensure fast scrambling
 

Reason: destructive interference (e.g., Caruso, et al., J. Chem. Phys. 2009)
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Experiments (ions) Jurcevic, Lanyon, Hauke, Hempel, Zoller, 
Blatt, Roos, Nature 2014

 Richerme et al., Nature 2014
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𝐻 = 𝐽 ෍

𝑖,𝑗

𝜎𝑖
+𝜎𝑗

−

𝑖 − 𝑗 𝛼
+ h. c.
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Quantitative explanation: quasiparticle dispersion (so no SYK!)

𝛼 = 3 𝛼 = 1.5 𝛼 = 0.7



The main characteristic is also the main challenge:  

How to obtain infinite-ranged interactions 
that are random and uncorrelated ?

𝐻SYK
4 = ෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙



A series of proposals already exists  

Analog devices  

Quantum computers Nuclear Magnetic Resonance, Superconducting qubits

Graphene flakes, Majorana wires, optical lattices, molecules, . . .

Not yet 
implemented

Challenge: 
scalability
(𝑁 ≤ 7)Babbush et al., PRA 99 (2019); Luo et al., npj Q. Inf. 5 (2019); Bentsen 

et al., PRL 123 (2019); Kim et al., PRB 101 (2020); Wei and Sedrakyan, 
PRA 103 (2021); 
Jafferis et al., Nature 612, 51 (2022); Kobrin et al., arXiv:2302.07897

Pikulin and Franz, PRX 7 (2017); García-Álvarez et al., PRL 119 (2017); Danshita et 
al., PTEP 2017 (2017); Chew et al., PRB 96 (2017); Chen, et al., PRL 121 (2018); . . . 

-> see talk Joe 
Lykken



Cold atoms in optical cavity – an ideal platform for long-ranged system 

Reviews cold atoms in cavities, e.g., 
Walther, Varcoe, Englert, Becker, Rep. Prog. Phys. 69 (5): 1325–1382 (2006). 
Miller, Northup, Birnbaum, Boca, Boozer, Kimble, J. Phys. B: At. Mol. Opt. Phys. 38 (9): S551–S565 (2005)

In context of holographic quantum matter, see also 
Periwal, Cooper, Kunkel, Wienand, Davis, and Schleier-Smith, Nature 600, 630 (2021)

ۧ|𝑔 ۧ|1
ۧ|𝑒 ۧ|0

ۧ|𝑔 ۧ|0

cavity 
photon

𝜔at

0

𝜔ph
Δph

𝐻 = ∫ 𝑑𝐫 𝑔ph(𝒓)𝑎 𝜓𝑒
† 𝐫 𝜓𝑔 𝐫 + H. c.

      +Δph𝑎† 𝑎  

talks to all atoms 

𝑔ph

random 
speckle pattern

but much structure, 
not random

atoms
in states

𝑒, 𝑔



Outline – Towards quantum simulating the Sachdev-Ye-Kitaev (SYK) model 

Universal equilibration dynamics  

Cavity-QED SYK proposal

Conclusions & outlook

Bandyopadyhay, Uhrich, Paviglianiti, Hauke, 
QUANTUM 2023

Paviglianiti, Bandyopadyhay, Uhrich, Hauke, 
JHEP 2022

Uhrich, Bandyopadhyay, Sauerwein, Sonner, 
Brantut, Hauke
arXiv:2303.11343

Sauerwein, Orsi, Uhrich, Bandyopadhyay, Mattiotti, 
Cantat-Moltrecht, Pupillo, Hauke, Brantut, 
Nat. Phys. 2023

Prelude: Disordered models in cavity QED
Sauerwein, Orsi, Uhrich, Bandyopadhyay, 
Mattiotti, Cantat-Moltrecht, Pupillo, Hauke, 
Brantut, Nat. Phys. 2023



A “simpler” setup

ۧ|𝑔 ۧ|0

ۧ|𝑒 ۧ|1

zsites of 
optical lattice

መ𝑆+ =
1

𝑁
σ𝑖=1

𝑁 ො𝜎𝑖
+ =

1

𝑁
σ𝑖=1

𝑁 𝜓𝑒,𝑖
† 𝜓𝑔,𝑖 

ۧ|𝑔 ۧ|1
ۧ|𝑒 ۧ|0

ۧ|𝑔 ۧ|0

𝜔at

0

𝜔ph
Δca

ۧ|aux

𝜔𝑏

Δca

𝜖𝑖 

Adds to existing disordered atoms toolbox (e.g., Roati et al., Nature 2008; Billy et al., ibidem; Schreiber et al., Science 
2015; Jendrzejewski, et al., Nat. Phys. 2012; Smith, et al., Nat. Phys. 2016; Maier, et al., PRL 2019…)

𝐻 = Δca𝑎† 𝑎 + ෍

𝑖

𝑔 𝑎 𝜓𝑒,𝑖
† 𝜓𝑔,𝑖 + H. c. +σ𝑖 𝜖𝑖𝜓𝑒,𝑖

† 𝜓𝑒,𝑖



The result is a disordered central-mode model 

atomic susceptibility

experiment 

theory 

no disorder 
polaritons

disorder
“grey states”

መ𝑆 =
1

𝑁
෍

𝑖=1

𝑁

ො𝜎𝑖

Sauerwein, Orsi, Uhrich, Bandyopadhyay, Mattiotti, Cantat-Moltrecht, Pupillo, Hauke, Brantut, Nat. Phys. 2023
see also Baghdad, Bourdel, Schwartz, Ferri, Reichel, Long, Nat. Phys. 2023



Useful notation through Feynman diagrams

𝜓𝑒 , Δ𝑒(𝒓)

𝜓𝑔

𝑎, Δca𝜓𝑔

𝜓𝑒 , Δ𝑒(𝒓)

𝑎, Δca

𝜓𝑔

𝜓𝑒 , Δ𝑒(𝒓)

Δca 
dominating 
energy scale

Disordered Lipkin-Meshkov-Glick model 
• instance of Richardson-Gaudin model
• model for BCS pairing, Cambiaggio, Rivas, 

Saraceno, Nucl. Phys. A 624, 157 (1997)

disordered central-mode model 



Good quantity to study

𝜒𝑎 ≈ ෍

𝑚

𝑚 𝑆+ gs 2

At vanishing disorder

At very large disorder

ۧ|𝑚 = 1 =

ۧ|𝑚 = 1 =

𝜖𝑖

atomic susceptibility 
∝ probability to transition to excited state 

=
1

√𝑁
෍

𝑖

𝜎𝑖
+ ۧ|gs

= 𝜎𝑖∗
+ ۧ|gs

𝑚 = 1 𝑆+ gs 2

1

1/𝑁

𝑚 = 1 𝑆+ gs 2 ≥ σ𝑖 𝐴𝑚=1,𝑖
4 −1

=participation ratio∝ σ𝑖 𝐴𝑚=1,𝑖
2

 General

proof: use hierarchy exp 𝐻𝛼1
≥ exp(𝐻𝛼2

)

SM Sauerwein, et al., Nat. Phys. 2023



Finite-N localization transition

simulation

data for 𝑁 ≈ 300,600

participation ratio participation ratio decreases 
=> tendency to localize

𝜒𝑎 ≈ ෍

𝑚

| 𝑚 𝑆+ 𝑔𝑠 |

ۧ|𝑚 = 1 = ۧ|𝑚 = 1 =

(no localization at 𝑁 → ∞ !) 



That’s all nice, but not the SYK model

Cavity-QED quantum simulation of SYK model
atoms

in states
𝑒, 𝑔

cavity 
photon

𝐻eff = ෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙



Summary of setup – in language of Feynman diagrams

𝜓𝑔

classical drive

𝜓𝑒 , Δd(𝒓)

𝜓𝑒 , Δd(𝒓)

𝜓𝑔

𝑎𝑚, Δ𝑚

Elementary 
interactions

Resonant 
process

𝜓𝑔

𝜓𝑔

𝜓𝑔

𝜓𝑔

𝐻eff = ෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙



We propose to use a multimode cavity 

ۧ|𝑔 ۧ|{1𝑚}

ۧ|𝑒 ۧ|{0𝑚}

ۧ|𝑔 ۧ|{0𝑚}

cavity 
photon

𝜔at

0

𝜔m
Δ𝑚

𝐻 = σ𝑚 ∫ 𝑑𝐫 𝑔𝑚 𝐫 𝑎𝑚 𝜓𝑒
† 𝐫 𝜓𝑔 𝐫 + H. c.  + σ𝑚 Δ𝑚𝑎𝑚

† 𝑎𝑚

. .
 . 

atoms
in states

𝑒, 𝑔



Add drive 

𝜔𝑑

Δ𝑑

+∫ 𝑑𝐫 Ω𝑑𝜓𝑒
† 𝐫 𝜓𝑔 𝐫 + H. c. + ∫ 𝑑𝐫Δ𝑑 𝐫 𝜓𝑒

† 𝐫 𝜓𝑒 𝐫

ۧ|𝑔 ۧ|{1𝑚}

ۧ|𝑒 ۧ|{0𝑚}

ۧ|𝑔 ۧ|{0𝑚}

cavity 
photon

𝜔at

0

𝜔m
Δ𝑚

𝐻 = σ𝑚 ∫ 𝑑𝐫 𝑔𝑚 𝐫 𝑎𝑚 𝜓𝑒
† 𝐫 𝜓𝑔 𝐫 + H. c.  + σ𝑚 Δ𝑚𝑎𝑚

† 𝑎𝑚

. .
 . 

atoms
in states

𝑒, 𝑔

𝜓𝑔

classical drive

𝜓𝑒 , Δd(𝒓)

𝜓𝑒 , Δd(𝒓)

𝜓𝑔

𝑎𝑚, Δ𝑚



Let’s drop spatial dependence for a moment

𝜔𝑑

Δ𝑑

+ Ω𝑑𝜓𝑒
†𝜓𝑔 + H. c. + Δ𝑑𝜓𝑒

†𝜓𝑒

largest scale

ۧ|𝑔 ۧ|{1𝑚}

ۧ|𝑒 ۧ|{0𝑚}

ۧ|𝑔 ۧ|{0𝑚}

cavity 
photon

𝜔at

0

𝜔m
Δ𝑚

𝐻 = σ𝑚 𝑔𝑚𝑎𝑚 𝜓𝑒
†𝜓𝑔 + H. c.  + σ𝑚 Δ𝑚𝑎𝑚

† 𝑎𝑚

. .
 . 

atoms
in states

𝑒, 𝑔



Exploit separation of scales  
𝐻 = 𝜓𝑒

† Ω𝑑𝜓𝑔 + σ𝑚 𝑔𝑚𝑎𝑚𝜓𝑔 + H. c.  

     +Δ𝑑𝜓𝑒
†𝜓𝑒 + σ𝑚 Δ𝑚𝑎𝑚

† 𝑎𝑚 

Adiabatic elimination of ۧ|𝑒  

𝜕𝑡𝜓𝑒 = −𝑖 𝐻, 𝜓𝑒 = 0

𝜓𝑒 =
Ω𝑑 + σ𝑚 𝑔𝑚𝑎𝑚 𝜓𝑔

Δ𝑑

𝐻 =
Ω𝑑

∗ +σ𝑚 𝑔𝑚
∗ 𝑎𝑚

† Ω𝑑+σ𝑚 𝑔𝑚𝑎𝑚

Δ𝑑
𝜓𝑔

†𝜓𝑔  + σ𝑚 Δ𝑚𝑎𝑚
† 𝑎𝑚 ≈

Ω𝑑
2

Δ𝑑
𝜓𝑔

†𝜓𝑔 + ෍

𝑚

Ω𝑑
∗ 𝑔𝑚

Δ𝑑
𝑎𝑚 + H. c. 𝜓𝑔

†𝜓𝑔

assuming 
Ω𝑑 ≫ 𝑔𝑚  

+ σ𝑚 Δ𝑚𝑎𝑚
† 𝑎𝑚

𝜔𝑑

Δ𝑑

ۧ|𝑔 ۧ|{1𝑚}

ۧ|𝑒 ۧ|{0𝑚}

ۧ|𝑔 ۧ|{0𝑚}

Δ𝑚

. .
 . 

Schrieffer-Wolff 
transformation

𝐻eff =
Ω𝑑

2

Δ𝑑
𝜓𝑔

†𝜓𝑔 + ෍

𝑚

Ω𝑑
2 𝑔𝑚

2

Δ𝑑
2 Δ𝑚

𝜓𝑔
†𝜓𝑔 𝜓𝑔

†𝜓𝑔

quartic term! 

next-largest scale 

𝜓𝑔

𝜓𝑔

𝜓𝑔

𝜓𝑔



Re-insert spatial dependence

𝐻eff = 𝐻single−body + ∫ 𝑑𝒓 ∫ 𝑑𝒓′ ෍

𝑚

Ω𝑑
2𝑔𝑚

∗ (𝒓)𝑔𝑚(𝒓′)

Δ𝑑
2 Δ𝑚

𝜓𝑔
†𝜓𝑔 𝒓 𝜓𝑔

†𝜓𝑔 𝒓′

Infinite-range 2-body interactions! but not random! 

𝑥



Make detuning (randomly) spatially dependent

Level scheme

ۧ|𝑔

ۧ|aux

𝜔𝑑

Δ𝑑

𝜔𝑏

ۧ|𝑒

𝑥

𝜔𝑑

Δ𝑑(𝑥)



Make detuning (randomly) spatially dependent

𝐻eff = 𝐻single−body + ∫ 𝑑𝒓 ∫ 𝑑𝒓′ ෍

𝑚

Ω𝑑
2𝑔𝑚

∗ (𝒓)𝑔𝑚(𝒓′)

Δ𝑑 𝒓 Δ𝑑 𝒓′ Δ𝑚

𝜓𝑔
†𝜓𝑔 𝒓 𝜓𝑔

†𝜓𝑔 𝒓′

In single-body basis (have checked basis independence) 

𝐻eff = 𝐻single−body + 𝐻eff
(4)

Can be compensated 𝐻eff
(4)

= ෍

𝑖𝑗𝑘𝑙

𝐽𝑖𝑗𝑘𝑙𝑐𝑖
†𝑐𝑗

†𝑐𝑘𝑐𝑙

𝐽𝑖𝑗𝑘𝑙 = ෍

𝑚

𝐼𝑖𝑗,𝑚𝐼𝑘𝑙,𝑚

Δ𝑚
 

𝜓𝑔 = ෍

𝑖

𝜙𝑖 𝒓 𝑐𝑖

all-to-all, random, 
2-body interactions! 

𝐼𝑖𝑗,𝑚 = ∫ 𝑑𝒓Ω𝑑

𝑔𝑚
∗ 𝒓 𝜙𝑖

∗ 𝒓 𝜙𝑗 𝒓

Δ𝑑 𝒓Uhrich, Bandyopadhyay, Sauerwein, 
Sonner, Brantut, Hauke arXiv:2303.11343

𝜓𝑔

𝜓𝑔

𝜓𝑔

𝜓𝑔



Are the 𝐽𝑖𝑗𝑘𝑙  really random? 
Numerics from “first principles” including speckle pattern etc.

Interesting research question: what random distributions are “permissible”?

See, e.g.,  Krajewski, et al., Phys. Rev. D 2019; Cao, et al., Science Bulletin 2020; 
                  García-García, et al., Phys. Rev. D 2021; Tezuka, et al., Phys. Rev. B 2023
Legramandi, Bandyopadyhay, Uhrich, Hauke, in preparation 

Gaussian

random

We find, that happens also in 
Chen, et al., Phys. Rev. Lett. 2018 
Wei and Sedrakyan, Phys. Rev. A 2021

but rather Cauchy



Test physics, e.g., maximal short-time chaos 

SYK

Δ0 ↑

Fast scrambling as revealed by OTOC

Dynamics approaches that of SYK model!  

𝑚

𝑚
𝐽𝑖𝑗𝑘𝑙 = σ𝑚

𝐼𝑖𝑗,𝑚𝐼𝑘𝑙,𝑚

Δ𝑚
 

𝐽𝑖𝑗𝑘𝑙 =
𝐼𝑖𝑗,0𝐼𝑘𝑙,0

Δ0
 

Note: relevant experimental time scales = few 𝐽 !  



Spectral form factor approaches that of SYK model 

SYK

Δ0 ↑

Are there other interesting phenomena 
that are easier to observe?  

Heisenberg time

Plateau

rampdip

long-time chaos

e.g., Cotler et al., Black holes and random matrices, JHEP 2017

short/intermediate-time chaos
(long-distance spectral correlations)

(numerics for 𝑁 = 14)

long-time chaos

Again, dynamics approaches that of SYK model!  



Universal quench dynamics in SYK model

Alessio
Paviglianiti
(→ SISSA) 

Philipp
Uhrich

Soumik 
Bandyopadyhay

S. Bandyopadyhay, P. Uhrich, A. Paviglianiti, P. Hauke, QUANTUM 2023
A. Paviglianiti, S. Bandyopadyhay, P. Uhrich, P. Hauke, JHEP 2022



Scenario: violent quench into SYK model

time evolution computed using 
exact numerics up to N=24



Universal equilibration 
dynamics

Different initial states

Rapid equilibration 
⇒ Gaussian (super-
exponential) decay

(Same behaviour for generic 
equal-time observables)

simple rescaling

Quantum Fisher information 

(here: wrt staggered magnetization)

lower bound of multipartite entanglement: 
Hyllus et al., PRA 2012

Universal 
collapse! 



Explanation from disorder-averaged Lindblad dynamics  
noise

Given

what is the dynamics of ?

Von Neumann equation

For us

𝜉𝑙 𝑡 = 𝐽𝑖1𝑖2𝑖3𝑖4

𝐻 𝑡 = 𝐻SYK
4 = ෍

𝑖1𝑖2𝑖3𝑖4

𝐽𝑖1𝑖2𝑖3𝑖4
𝑐𝑖1

† 𝑐𝑖2

† 𝑐𝑖3
𝑐𝑖4

“noise with infinite 
correlation time”

How to treat this?

Novikov’s theorem

E.A. Novikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 47 (1965)
Hänggi, Z. Physik B 31, 407–416

Infinite series for nested commutators, truncate to lowest order

Markov approximation
෤𝜌 𝑡′ → ෤𝜌(𝑡)

Born-Markov/decorrelation assumption 
Bandyopadhyay, Uhrich, Paviglianiti, Hauke, QUANTUM 2023 

Rigorous + systematic improvement: cumulant expansion 
Paviglianiti, Bandyopadhyay, Uhrich, Hauke, JHEP 2022
Becomes exact for “Brownian SYK”



Explanation from disorder-averaged Lindblad dynamics  

For us

𝜉𝑙 𝑡 = 𝐽𝑖1𝑖2𝑖3𝑖4

𝐻 𝑡 = 𝐻SYK
4 = ෍

𝑖1𝑖2𝑖3𝑖4

𝐽𝑖1𝑖2𝑖3𝑖4
𝑐𝑖1

† 𝑐𝑖2

† 𝑐𝑖3
𝑐𝑖4

Lindblad eq. 

jump operators dissipation rates

ℎ𝑙 = 𝑐𝑖1

† 𝑐𝑖2

† 𝑐𝑖3
𝑐𝑖4

𝛾 𝑡 = න
0

𝑡

𝑑𝑡′𝔼 𝜉 𝑡 𝜉 𝑡′ ∝ 𝑡𝐽2

Disorder average gives effective open system dynamics

explains Gaussian decay!

“noise with infinite 
correlation time”

(explanation of collapse requires a bit more work)



Numerical test 

exact

Lindblad eq. 
Potential “easy” experimental signature: 
superexponential, universal collapse of 
equal-time observables

Bandyopadyhay, Uhrich, Paviglianiti, Hauke, QUANTUM 2023 

Paviglianiti, Bandyopadyhay, Uhrich, Hauke, JHEP 2022



Conclusions & Outlook

Cavity QED is an ideal platform for pursuing SYK-type physics 

New perspective reveals 

interesting phenomena

Further work

• Thorough investigation of imperfections

• Improvements of implementation

• How to measure complex observables in this setup (SFF, OTOCs, . . .)?

• Hook up SYKs (wormholes!)  



Why SYK in quantum simulator? 

# fermionic modes

∞
exactly

0 ≲ 24 − 30
numerically

mesoscopic size fluctuations around saddle point

deformations of model • Is the ideal SYK model a pathological point? 
• Is holographic matter/maximal chaos possible in real system?

• What are the ingredients we really need? 
• What are the limits of realistic quantum mechanical many-body systems? 

solvable

not 
solvable

• Implementation challenge → Does nature permit us to realize such an idealized model? 



Many more fascinating things along this road 
Disordered systems, 
Richardson-Gaudin 
models

Sauerwein, Orsi, Uhrich, Bandyopadhyay, Mattiotti, Cantat-
Moltrecht, Pupillo, Hauke, Brantut, Nat. Phys. 2023
Baghdad, Bourdel, Schwartz, Ferri, Reichel, Long, Nat. Phys. 2023

Santra, Hauke, Jendrzejewski, Egger arXiv:2205.10383

Quantum optimization 

Singha Roy, Bandyopadhyay, Costa de Almeida, Hauke, arXiv:2309.00049
Unveiling Eigenstate Thermalization for Non-Hermitian systems 
Contrasts Cipolloni, Kudler-Flam, Non-Hermitian Hamiltonians Violate the 
Eigenstate Thermalization Hypothesis, arXiv:2303.03448

Eigenstate thermalization with non-Hermitian 𝐽𝑖𝑗𝑘𝑙
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