
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

A Conformally Symmetric
View from a Fuzzy Sphere
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Quantum Field Theories in 2 + 1D

I Systems in 2 + 1D have a rich class of fixed points, interesting from
condensed matter, particle physics, quantum computing perspectives.

I Universality → one model can be interesting for multiple fields. RG→
Gell-Mann, Low, Kadanoff, Wilson, etc.

I Designer models → different models, same universality class.
Kaul, Melko, Sandvik (2012)

same universality class

(same fixed point)

boiling

water

uniaxial

magnets

at Tc
ϕ4 theory

3d Ising

model

RG

David Simmons-Duffin, arXiv:1602.07982
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Phase Transitions and Universality

I Energy eigenvalues provide useful information for where phase transitions
occur.

I Phase transitions characterized by critical exponents.

I Q: Can we detect η, ν from the spectrum of a theory?

Banerjee, EH, Rammelmueller, PRR (2022), Donner, Ritter, Bourdel, Öttl, Köhl,
Esslinger, Science (2007)
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Phase Transitions and Universality

I Energy eigenvalues provide useful information for where phase transitions
occur.

I Phase transitions characterized by critical exponents.
I Q: Can we detect η, ν from the spectrum of a theory?

Banerjee, EH, Rammelmueller, PRR (2022), Donner, Ritter, Bourdel, Öttl, Köhl,
Esslinger, Science (2007)
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Phase Transitions and Universality

Maybe...if the phase transition corresponds to a
conformal fixed point.
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More on Universality

I In 1 + 1D conformal symmetry always arises in the IR–the scale invariance
at the fixed point guarantees it.

I CFTs are fixed points in the RG flow in any dimension (conformal bootstrap
assumes this symmetry). Are all fixed points in 2 + 1D conformal?

I Is the 2 + 1D Ising fixed point conformal?

boiling

water

uniaxial

magnets

at Tc
ϕ4 theory

3d Ising

model

RG

CFTIR?



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

More on Universality

I In 1 + 1D conformal symmetry always arises in the IR–the scale invariance
at the fixed point guarantees it.

I CFTs are fixed points in the RG flow in any dimension (conformal bootstrap
assumes this symmetry). Are all fixed points in 2 + 1D conformal?

I Is the 2 + 1D Ising fixed point conformal?

boiling

water

uniaxial

magnets

at Tc
ϕ4 theory

3d Ising

model

RG

CFTIR?



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Outline

Conformal Symmetry

Fuzzification

ED Model and Results

QMC Model and Results

Conclusions and Outlook



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Outline

Conformal Symmetry

Fuzzification

ED Model and Results

QMC Model and Results

Conclusions and Outlook



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

What is conformal symmetry?
Local angles are conserved in the conformal transformation.

Symmetry transformations and their generators include:

I Rotations,Mµν ,
I Translations, Pµ,
I Dilatation, D, (r → λr)
I Special Conformal

Transformations, Kµ,

Because we have

[D,Pµ] = Pµ, [D,Kµ] = −Kµ,

Pµ and Kµ can be thought of as raising and lowering operators for D.

Primary operators and descendants:

[D,O] = ∆O Pµ1 ...PµnOi ⇒ ∆+ n

I States and operators carry dilatation and angular momentum quantum
numbers (∆, l).
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How can we check for conformal symmetry?

I In Sd−1 × R, a theory is a CFT IFF it has State-Operator correspondence.

I Eigenstates are directly related to operators of the CFT:

⟨On(x1)On(x2)⟩ =
1

|xi − xj |2∆n
δEn = En − E0 =

v

R
∆n,

I One can find universal numbers (such as η and ν, but many more for a
CFT) in two ways!

I Conformal symmetry can be confirmed by matching them up.
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Conformal Symmetry from 1 + 1D lattices

I For one spatial dimension, a chain with periodic boundary conditions
straightforwardly regularizes to S1 in the continuum.

I Most conformal data can be extracted.

Figure: Milsted and Vidal, 2017.
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The issue for 2 + 1D Lattices

I In two spatial dimensions, a square lattice with periodic boundary
conditions regularizes to S1 × S1 in the continuum, not S2.

I This is a torus, not a sphere.

I Thus we do not have state-operator correspondence, whether or not
there is emergent conformal symmetry.
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The issue for 2 + 1D Lattices

I In two spatial dimensions, a square lattice with periodic boundary
conditions regularizes to S1 × S1 in the continuum, not S2.

I This is a torus, not a sphere.

I Thus we do not have state-operator correspondence, whether or not
there is emergent conformal symmetry.
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Landau Level Regularization
I Continuous-space

regularization–electron
motion quenched by
strong magnetic field

I Exact UV symmetry useful
for studying more types of
symmetries on the lattice:
Ippoliti, Mong, Assaad,
Zaletel, PRB 98 (2018)
Wang, Zaletel, Mong,
Assaad, PRL 126 (2021)

I Lowest Landau level used

B

Nϕ = L 2  2 π lB
2

x

y

H0 = 1
2m

(P - e A )2

patch of space

lattice:
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Spherical Landau Levels

I Variation on this
regularization: put a
magnetic monopole at
the origin.

I Landau levels worked out
in Haldane, PRL 51 (1983)
Greiter, PRB 83 (2011)

I Energies:

En =
n(n+ 1) + (2n+ 1)s

2MR2

Degeneracy:

2n+ 2s+ 1

Wavefunctions:
monopole harmonics

B = seR2

H0 =
e B
2M s

∂μ+iAμ
2

Landau levels n = 0, 1, ...

spin - (n + s) irreducible representations

of SO(3) rotations
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Lowest Landau Level Projection

I Landau level Hamiltonian:

H =
1

2Mr2
(∂µ + iAµ)

2+Hmodel

I Lowest Landau level (LLL)
projection is valid if
∆ ≫ Hmodel.

I We impose half-filling on
the LLL.

n = 0

n = 1

n = 2

Δ≫ HModel
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Spherical Landau Level Basis

The Lowest Landau Level wavefunction is

Φm,s(θ, φ) =

√
(2s+ 1)!

4π(s+m)!(s−m)!
eimφ coss+m

(
θ

2

)
sins−m

(
θ

2

)
,

and so the annihilation operators are

ψ (θ, φ) =

s∑
m=−s

Φ∗
mcm.

m = −s,−s+ 1, ...s.

The fermion density is

n (θ, φ) =

s∑
m1,m2

Φm1Φ
∗
m2
c†m1

cm2 =
∑
l,m

nl,mY
m
l (θ, ϕ).
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Fuzzy Sphere
The real space number operators do not commute:
[n(θ, ϕ), n(θ′, ϕ′)] ̸= 0. The electrons live on a fuzzy sphere.
Madore, Classical Quantum Gravity (1992)

Instead of discretizing the sphere:

We have fuzzified the sphere!

See [Brower, Cheng, Weinberg, Fleming, Gasbarro, Raben, Tan, PRD 98 (2018)]
for real-space discretization.
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See [Brower, Cheng, Weinberg, Fleming, Gasbarro, Raben, Tan, PRD 98 (2018)]
for real-space discretization.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Outline

Conformal Symmetry

Fuzzification

ED Model and Results

QMC Model and Results

Conclusions and Outlook



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Ising Model Hamiltonian and Phases

I Quantum Ising Model projected to lowest Landau Level:

H =
1

2Mr2
(∂µ + iAµ)

2 +Hising,

Hising =−
∫
dΩadΩbU(Ωa,Ωb)n

z(θa, φa)n
z(θb, φb)− h

∫
dΩnx (θ, φ) ,

I Density operator and potential:

nα (θ, φ) =
(
ψ†
↑, ψ

†
↓

)
σα

(
ψ↑ (θ, φ)
ψ↓ (θ, φ)

)
, U (Ωa,Ωb) = g1δ (Ωab)+g2∇2δ (Ωab)

I Order parameter:

⟨M2⟩ =
∫
dΩdΩ′⟨nz(θ, φ)nz(θ′, φ′)⟩
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Ising Model Hamiltonian and Phases

I Quantum Ising Model projected to lowest Landau Level:

H =
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Symmetries of the Model

UV Model IR Ising Transition
cm → σxcm Z2 Ising Symmetry

SO(3): cm=−s,...,s SO(3) Lorentz Rotation
Particle-hole: cm → iσyc†m, i→ −i Space-time parity symmetry
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Pseudopotential, Lowest Landau Level

I Ultralocal potential terms:

U(Ω) = g1δ(Ω) + g2∇2(Ω).

I Corresponding pseudopotential
terms:

V0 = g1
(2s+ 1)2

4s+ 1
− g2

s(2s+ 1)2

4s+ 1

V1 = g2
s(2s+ 1)2

4s− 1
.

I For the results, we will set V1 = 1.

2 s - l
Vl

dΩa dΩb U(Ωa, Ωb) na
z nb

z
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Phase Transition: Finite Size Scaling

Figure: V0 = 4.75

I Ordered phase:⟨
M2

⟩
∼ N2

I Disordered phase:⟨
M2

⟩
∼ O(N0)

I Critical point:⟨
M2

⟩
∼ N2−∆, ∆ = 0.518...



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Conformal Multiplets

I So far, a standard finite-size-scaling analysis. But now we check the
energy spectrum.

For a conformal theory on S2 × R:

δEn = En − E0 ∝ ∆n.

I We will look for conformal multiplets in the spectrum. Each primary
operator is characterized by (∆, l), and has descendents of the form:

Operator type Form Quantum Number
Scalar (l = 0) ∂ν1 ...∂νj�nO ∆+ 2n+ j, l + j

l > 0, A ∂ν1 ...∂νj∂µ1 ...∂µi�nOµ1...µl ∆+ 2n+ j + i, l + j − i

l > 0, B ϵµlρτ∂ρ∂ν1 ...∂νj∂µ1 ...∂µi�nOµ1...µl ∆+ 2n+ j + i+ 1, l + j − i
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Conformal Multiplets

I So far, a standard finite-size-scaling analysis. But now we check the
energy spectrum.

For a conformal theory on S2 × R:

δEn = En − E0 ∝ ∆n.

I We will look for conformal multiplets in the spectrum. Each primary
operator is characterized by (∆, l), and has descendents of the form:

Operator type Form Quantum Number
Scalar (l = 0) ∂ν1 ...∂νj�nO ∆+ 2n+ j, l + j

l > 0, A ∂ν1 ...∂νj∂µ1 ...∂µi�nOµ1...µl ∆+ 2n+ j + i, l + j − i

l > 0, B ϵµlρτ∂ρ∂ν1 ...∂νj∂µ1 ...∂µi�nOµ1...µl ∆+ 2n+ j + i+ 1, l + j − i
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Identifying Multiplets

δEn = En − E0 =
v

R
∆n.

I We rescale the energy gaps by requiring the energy-momentum-tensor
(Z2 = 1, P = 1, l = 2 sector) to be equal to 3.

The process is as follows:

I (1) Find the low lying eigenstates of the model.
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Identifying Multiplets

δEn = En − E0 =
v

R
∆n.

I We rescale the energy gaps by requiring the energy-momentum-tensor
(Z2 = 1, P = 1, l = 2 sector) to be equal to 3.

The process is as follows:

I (2) For states in a Z2 sector, identify the lowest state as corresponding to a
primary operator, then enumerate scaling states according to the
conformal multiplet through their rescaled energy gaps.
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Identifying Multiplets

δEn = En − E0 =
v

R
∆n.

I We rescale the energy gaps by requiring the energy-momentum-tensor
(Z2 = 1, P = 1, l = 2 sector) to be equal to 3.

The process is as follows:

I (3) Remove these states from the energy spectrum, and then repeat the
process.
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Conformal Multiplet data: σ

I Descendents: ∂ν1 ...∂νj�nO

3 2 

∂μ1

∂μ1 ∂μ2

∂μ1 ∂μ2 ∂μ3

∂μ1 ∂μ2 ∂μ3 ∂μ4
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Observation of Conformal Symmetry (1)

I State-Operator Correspondence:

Figure: (left): Energy gaps correspond to a ∆ = 0.518. (right):
Finite size scaling has good crossing with ∆ = 0.518.
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Conformal Multiplet data: ϵ, ϵ′

I Descendents: ∂ν1 ...∂νj�nO
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Conformal Multiplet data: l > 0

I Descendents: ∂ν1 ...∂νj∂µ1 ...∂µi�nOµ1...µl , and
ϵµlρτ∂ρ∂ν1 ...∂νj∂µ1 ...∂µi�nOµ1...µl
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Observation of Conformal Symmetry (2)

I We identified 15 primary operators, all match bootstrap within 1.6%.

I For the 70 lowest lying states with l < 5, 60 match bootstrap within 3%, and
10 match bootstrap within 3− 5%. No states are missing from the
conformal multiplets.

Figure: Slide from Yin-Chen.
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Conformal Symmetry

Fuzzification

ED Model and Results

QMC Model and Results

Conclusions and Outlook
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Ising Model Hamiltonian for QMC

I Ising Model from four fermion flavors:

H = −g
∫
dΩadΩbn

z(θa, φa)U(Ωa,Ωb)n
z(θb, φb)− h

∫
dΩnx(θ, φ),

(four fermion flavors for sign-problem-free QMC–nα = c†(σα ⊗ 12)c)
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Magnetization Data

0.19 0.20 0.21 0.22 0.23 0.24
h

1.5

2.0

2.5

3.0

3.5

4.0

M
2

/(
N

)4
2

Ne=16
Ne=20
Ne=24
Ne=28

Figure: Parameters are V0 = 0.5564, V1 = 0.1, decided by ED at
N = 6. The assumption ∆ = 0.518 is used. ED predicted
hc = 0.1962.

⟨M2⟩ =
s∑

m1,m2=−s

⟨(c†m1
σzcm1 )(c

†
m2
σzcm2 )⟩



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Scaling collapse using Ising ∆σ and ν (preliminary)

0.3 0.2 0.1 0.0 0.1 0.2

(h hc)( N)1/

0

1

2

3

4

5

6

M
2

/(
N

)4
2

Ne=16
Ne=20
Ne=24
Ne=28

A fit to ∆σ = 0.518 and ν(=1/(3−∆ϵ) = 0.63) (χ2 = 1.305).
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Conformal Symmetry Evidence (1)

0.1950 0.1975 0.2000 0.2025 0.2050 0.2075 0.2100 0.2125 0.2150

h

0.45

0.50

0.55

0.60

0.65

 from g

Ne=24
Ne=20
Ne=16
Ne=12

2s∑
l=0

Ȳl,m=0(θ, 0)Yl,m=0(0, 0) ⟨nz(0)l,0n
z(0)l,0⟩ ∝ 1/ (2 sin (θ/2))2∆

Han, Hu, Zhu, He 2306.04681
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Energy Gaps from QMC

⟨O(τ)O(0)⟩ ∝ ⟨E0| e−(β−τ)HOe−τHO |E0⟩

=
∑
n

⟨E0| e−(β−τ)E0O |En⟩ ⟨En| e−τEnO |E0⟩

=
∑
n

|⟨E0|O |En⟩|2 e−βE0e−τ(En−E0)

If ⟨E0|O |E0⟩ is zero, but ⟨E0|O |E1⟩ is nonzero,

⟨O(τ)O(0)⟩ ∼ Ce−τ(E1−E0)

To extract ∆σ(= (η + 1)/2), we set O = nz
l,0 (odd under 1 ↔ 2, 3 ↔ 4),

where l gives us c(∆σ + l). For ∆ϵ we set O = nx
l,0.
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Energy Gaps from QMC

⟨O(τ)O(0)⟩ ∝ ⟨E0| e−(β−τ)HOe−τHO |E0⟩

=
∑
n

⟨E0| e−(β−τ)E0O |En⟩ ⟨En| e−τEnO |E0⟩

=
∑
n

|⟨E0|O |En⟩|2 e−βE0e−τ(En−E0)

If ⟨E0|O |E0⟩ is zero, but ⟨E0|O |E1⟩ is nonzero,

⟨O(τ)O(0)⟩ ∼ Ce−τ(E1−E0)

To extract ∆σ(= (η + 1)/2), we set O = nz
l,0 (odd under 1 ↔ 2, 3 ↔ 4),

where l gives us c(∆σ + l). For ∆ϵ we set O = nx
l,0.
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Fit Challenges
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What about the additional energy gaps?

I The additional SU(2) symmetry from doubling the flavors causes there to
be twice as many energy gaps for given (l,Z2, PH).

I Two layer-symmetry-classes: Layer scalar (τ0 = 1), and layer vector
(τx,y,z).
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E S
E 0

Layer SU(2) Vector

2 even, PH even, l=2

2 even, PH even, l=1

2 even, PH even, l=0

2odd, PH even, l=2

2odd, PH even, l=1

2odd, PH even, l=0
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Evidence of Conformal Symmetry (2)

0 1 2

l

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

CFT, 
CFT, 
CFT,  T

QMC, 
QMC, 
QMC,  T

These are values at h = 0.1964, V0 = 0.5564, V1 = 0.1, identified by ED as
optimal for Ne = 12.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Energy gap deviations from ∆σ

For Ne = 16.
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Conclusions and Outlook

PRX 13, 021009 (2023)

I We simulated 3d Ising transition on a sphere, and observed state-operator
correspondence, finding that the energy spectrum formed operator
multiplets...even at very small system sizes.

I Identified 13 parity-even primary operators which agreed with the
conformal bootstrap within 1.3%.

I Identified two parity-odd operators, not computed with conformal
bootstrap.

I QMC-amenable designer Hamiltonian identified, state-operator
correspondence evidence found there too.

I New method for finding many universal numbers for conformal theories,
and (potentially) at very small system sizes!
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Thanks for your attention

Looking forward to this afternoon...

...and some more impressive views, from the surface of a more conventional
sphere...
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