
Spectrum of some two-dimensional gauge theories with massless fermions*

Rajamani Narayanan

Department of Physics, Florida International University, Miami, FL 33199

*Work done in Collaboration with

Sruthi A Narayanan


Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2L 2Y5 

eprint: 2308.12887 

Main references: 

Adjoint Majorana QCD at finite N,  Ross Dempsey(Princeton U.), Igor R. Klebanov(Princeton U. and Princeton U., PCTS), Loki L. Lin(Princeton U.), Silviu S. Pufu(Princeton U.) (Oct 19, 2022) 

Published in: JHEP 04 (2023) 107 • e-Print: 2210.10895 [hep-th]

Infrared phases of 2d QCD,  Diego Delmastro(Perimeter Inst. Theor. Phys. and Waterloo U.), Jaume Gomis(Perimeter Inst. Theor. Phys.), Matthew Yu(Perimeter Inst. Theor. Phys.) (Aug 4, 2021) 

Published in: JHEP 02 (2023) 157 • e-Print: 2108.02202


795. Wilhelm and Else Heraeus Seminar "Simulations of Quantum Field Theories"

Thanks to the organizers:  Denes Sexty, Reinhard Alkofer, Simon Plätzer, Willibald Plessas 



Two dimensional gauge theories with massless fermions

 QED with one flavor - Schwinger model

 Gauge field topology results in a condensate and a scale


 QCD in the limit of large number of colors and finite flavors - ’t Hooft model

 One massless pseudoscalar and infinite tower of massive scalars and pseudoscalars

These theories are conformal and described by a WZW model formed out of the flavor currents.

  One of the first results appeared in 1988 (Hornbostel’s thesis) Light Cone Quantized QCD in (1+1)-Dimensions, Kent 

Hornbostel(SLAC), Stanley J. Brodsky(SLAC), Hans Christian Pauli(Heidelberg, Max Planck Inst.) (Oct, 1988) Published in: Phys.Rev.D 41 (1990) 3814 

 In collaboration with Nikhil Karthik, we are performing a numerical computation of the 
mass anomalous dimensions for several different choices of N and Nf


SU(2) gauge theories with one flavor of Majorana fermion in an integer representation
 There is no flavor current in this set of theories.

 The three dimensional representation (J=1) is the adjoint QCD and the spectrum is massive.

 The J=2 theory is also expected to be massive while J>2 theories are expected to have a massless sector.

 The infra-red chiral algebra is proposed to be a W-algebra, W(2,4,…,2J). J=1,2 are topological QFT. J=3 is 
the fermionic tri-critical Ising model.

SU(N) gauge theories with Nf flavors of massless Dirac fermions



Two dimensional QCD

Why might these class of theories be of interest to this audience?

 The gauge degrees of freedom are constrained by Gauss’s Law in the axial and light-cone gauge.

 In addition, one of the chiral fermions is also constrained in the light-cone gauge.

 The Hamiltonian in the axial gauge or light-cone gauge is purely fermionic.

 Light-cone gauge has the added advantage that the fermionic momentum is positive.

 The interacting Hamiltonian is a current-current (color) interaction. 

 The momenta become discrete if the space is compactified to a circle of length L.

 The total momentum operator commutes with the Hamiltonian and the Fock space for a fixed 
finite momentum, K, is finite in the light-cone gauge

 Spectrum in the limit of large L is obtained by tracking individual states as a function of K and 
taking the limit 

 Numerical inaccuracies makes it difficult to use Krylov space based algorithms to extract the low 
lying spectra. Loss in orthogonality results in missed states and states going out of the colorless 
subspace.

 The number of states grows exponentially with K:  for J=1;  for J=2,  for J=3,  
for J=4.

 Each state is a linear combination of a large number of Fock states. 

 Using a single processor with typical memory, we were able to reach 2K = 40, 28, 22, 18 for J = 
1,2,3,4 respectively. This can be improved by some clever coding. But it not likely to go beyond 2K 
= 100 for J=1.

K → ∞

e0.3K e0.48K e0.6K e0.78K



Some math details

Lagrangian for 2D SU(N) QCD with Nf flavors of Dirac fermions

ℒ(Ai, ψ̄f, ψf) =
1

2g2
F2

a +
NF

∑
f=1

ψ̄f [iσj (∂ j + iAj
aTa + m)] ψf

F = FaTa; Fa = ∂1A0
a − ∂0A1

a − fabcA1
bA0

c = ∂+A−
a − ∂−A+

a − fabcA+
b A−

c .

Light-cone gauge A+
a = 0, x− Direction of propagation Axial gauge Direction of propagationA1

a = 0, x0

H = − i
m2

2 ∫ dx+ψ†
fR

1
∂+

ψfR +
g2

2 2 ∫ dx+ [ 1
∂+

(ψ†
fRTaψfR)]

2

P = i∫ dx+ψ†
fR∂+ψfR

H = i∫ dx (ψ†
fRdψfR − ψ†

fLdψfL) − 2m∫ dx (ψ†
fLψfR + ψ†

fRψfL) +
g2

2 ∫ dx [ 1
d (ψ†

fLTaψfL + ψ†
fRTaψfR)]

2

P = i∫ dx (ψ†
fLdψfL + ψ†

fRdψfR)

Only  are dynamical variablesψfR are dynamical variablesψfR and ψfL

Quantization in a circle x+ ∈ [0,L] ψfR(x) =
1

L

∞

∑
n= 1

2 , 3
2 ,⋯

[afne−i 2nπx
L + b†

fne
i 2nπx

L ]
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∞
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n= 1

2 , 3
2 ,⋯

2nπ
L

(a†
fnaifn + b†

ifnbfn)Normal ordered momentum operator

H0 =
m2L
4π

∞

∑
n= 1

2 , 3
2 ,⋯

1
n

(a†
fnafn + b†

fnbfn)Normal ordered free Hamiltonian

ψfL(x) =
1

L ∑
n

[(vnafn − unc†
fn) e−i 2nπx

L + (vnb†
fn + undfn) ei 2nπx

L ]; ψfR(x) =
1

L ∑
n

[(unafn + vnc†
fn) e−i 2nπx

L + (−unb†
fn + vndfn) ei 2nπx
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P = ∑
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2πn
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m2 +
π2n2

L2
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fnbfn + c†

fncfn + d†
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Quantization in a circle x ∈ [0,L]

Free Hamiltonian goes to zero in the massless limit

λn = m2 +
π2n2

L2 ; un =
m

2λn (λn + πn
L )

; vn =
λn + πn

L

2λn (λn + πn
L )

; u 2
n + v2

n = 1.Need to simultaneously diagonalize 
momentum and the free Hamiltonian



Interactions, color currents and flavor currents

Only the interacting Hamiltonian is present in the massless limit and light-one gauge

The fermion has a color and flavor index

The general Hermitian current operator is JT(x) = ψ†(x)Tψ(x) =
1
L

∞

∑
k=−∞

[JkTe−i 2πkx
L ]; T† = T

JkT = ∑
n

[a†
nTan+k − b†

nTtbn+k] + ∑
n<k

bk−nTan; J(−k)T = J†
kT

Normal ordered current modes

[Jk1T1
, Jk2T2] = J(k1+k2)[T1,T2] + k1δ(k1 + k2) Tr (T1T2)Affine Kac-Moody algebra

H =
g2L

4 2π2

∞

∑
k=1

N2−1

∑
c=1

1
k2

J†
kTc

JkTc

Hamiltonian in the light-cone gauge with massless fermions

This is not  in the Sugawara construction due to the presence of L0
1
k2

 are the color generators and are diagonal in flavor spaceTc

 when  is a color generator and  is a flavor generator[Jk1Tc
, Jk2Tf

] = 0 Tc Tf [H, JkTf
] = 0

The spectral degeneracy is generated by the flavor currents which describe a Kac-Moody algebra of level N

Note that  is the color charge and it commutes with  and we restrict ourselves to the colorless sectorJ0Tc
H



Fermions in real representations

If  then each Dirac fermion decouples into two Majorana fermions and 
we can consider a theory with many flavors of Majorana fermions

Tc = − Tt
c

JkTc
= ∑

n

a†
nTcan+k +

1
2 ∑

n<k

ak−nTcan; J(−k)Tc
= J†

kTc

The flavor currents form a  algebra with  flavors of Majorana fermionsO(Nf ) Nf

There is no flavor current for a theory with a single Majorana fermion and 
a degeneracy in the spectrum is not expected

A brute force computation in SU(2) gauge theories with one Majorana fermion in integer J representation

 Write the current in the standard  basis

 Compute all odd partitions of the integer 


 Use Pauli’s exclusion principle to reduce the Fock subspace with identical momenta

 Use Clebsch-Gordon coefficients to generate all colorless (total J=0) states

 Obtain the Hamiltonian and find the eigenvalues and eigenvectors

|J, M⟩
2K = ∑

i

(2i + 1)



J=1 J=2



J=3 J=4

Number of 
zero 

modes



What next?

We can use these theories to study flows 

 Consider a theory with two flavors of identical massless Majorana fermions and SU(2) color. The 
theory only depends on the ratio of couplings . A continuous symmetry for  vanishes at 

. We can study the flow of the spectrum as a function of  How does the result depend on J? 
J=1 and J=2 should be qualitatively different from J > 2.

 Consider a theory with two flavors of massless Majorana fermions and SU(2) color. Let the two 
different representations be J1 and J2. The theory only depends on the ratio of couplings . 

The flows have to be qualitatively different for  or  and  or .

 Such studies will help us understand how scale invariance is broken.

r =
g1

g2
r = 1

r = 0 r .

r =
g1

g2
J1 ≤ 2 J1 > 2 J2 ≤ 2 J2 > 2

I am hoping the experts in this audience will help with radically 
different numerical methods that enables one to go to larger 

total momentum and produce much cleaner results

Suggestions and collaborations are most welcome. I think these theories can be used as 
testing ground for showing the computational prowess of complimentary methods.
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