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The Complexity of Observations

Simple building blocks lead to complex 
final states in collider reactions: 
relativistic scattering.

Infer building blocks by statistical 
analysis of event topologies.

Deviations need to reveal as small 
fluctuations on top of the Standard 
Model background.

Collider experiments have established the Standard Model of Particle Physics — 
which we know is incomplete.
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Jets are ubiquitous

Is the nature of the short-range interaction really imprinted in jets?

At high energies e+e- annihilation into hadrons reveal structure.
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Flow of colour charge isolated!

[Cluster models — Gottschalk, Webber, …] 



Jets in momentum space: coherence

E
Ten

e t

Flow of colour charge is a statement at the level of scattering amplitudes.

Colour charge — SU(N) generator

[EARWIG, HERWIG, and all that — Catani, Doskhitzer, Marchesini, Webber, …] 



Complexity, factorized.

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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Complexity, factorized.

100’s of GeV 1-2 GeV few 100’s MeV

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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Complexity, factorized.

100’s of GeV 1-2 GeV few 100’s MeV1-10 GeV

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>



Building parton showers

i i

j j

amplitude conjugate amplitude

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

soft

collinear

colour charge correlations

colour charge squared

Emission of small energy and/or collinear gluons factorize from the amplitude.
Colour correlations are simple in the collinear limit.

Ti

Tj



amplitude conjugate amplitude

soft
collinear

Puig

Mat pain putt T T T Mu pain pm

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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amplitude conjugate amplitude

soft
collinear

Puig

Mat pain putt T T T Mu pain pm
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Exploit QCD coherence:

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

Building parton showers



Coherent branching parton showers

amplitude conjugate amplitude

soft
collinear

E
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e t

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>
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no emission probabilityemission rate

All probabilistic algorithms 
determine the effect of gluon 
exchange and virtual 
corrections by unitarity.
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Dipole parton showers

qi

qj

u

qi
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Advantageous for momentum 
conservation, azimuthal correlations, 
ordering in transverse momentum.

qi = zpi +
p2
⊥

zsij
pj + k⊥

q = (1 − z)pi +
p2
⊥

(1 − z)sij
pj − k⊥

qj =
(

1 −
p2
⊥

z(1 − z)sij

)

pj ,

Bad choice! Just an example.



Current release 
series

Hard matrix 
elements

Shower 
algorithms

NLO Matching Multijet merging MPI Hadronization
Shower 

variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles

Internally 
automated

Internally 
automated

Eikonal
Clusters, 
(Strings)

Yes

Pythia 8
Internal,

event files
Pt ordered, 

DIRE, VINCIA
External

Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2
Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal
Clusters,
Strings

Yes

LHC-age Event Generators



Accuracy of Parton Showers

Fragmentation is fine if we get 
collinear physics right.



Accuracy of Parton Showers

H(αs) × exp (Lg1(αsL) + g2(αsL) + αsg3(αsL) + ...)
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LL — qualitative NLL — quantitative NNLL — precision
αsL ∼ 1
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Global event shapes from coherent 
branching — for two jets.

Fragmentation is fine if we get 
collinear physics right.

[Catani, Trentadue, Webber, Marchesini ….]
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Global event shapes from coherent 
branching — for two jets.

Fragmentation is fine if we get 
collinear physics right.

[Catani, Trentadue, Webber, Marchesini ….]



Accuracy of Parton Showers

Tate T T Tutu

Global event shapes from coherent 
branching — for two jets.

Fragmentation is fine if we get 
collinear physics right.

Coherence breaks down for non-
global observables.

large-N limit



Event generator accuracy

Can we push this to NLLglobal / LLnon-global in one (dipole) algorithm?

(N)NLO with matching
NLL with coherent branching

Issues in dipole showers
Issues in coherent branching

LL with dipole showers

αsL ∼ 1
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Super-active field of research: 
taken from Melissa van Bleekveld’s talk at the CERN workshop on parton showers for future colliders.

Progress in improving the PS accuracy

2

• Assessing the logarithmic accuracy of a shower 

      Herwig [1904.11866, 2107.04051], Deductor [2011.04777], Forshaw, Holguin, Plätzer [2003.06400]      

      PanScales [1805.09327, 2002.11114], Alaric [2110.05964], …


• Triple collinear / double soft splittings 
      Dulat, Höche, Krauss, Gellersen, Prestel [1705.00982, 1705.00742, 1805.03757, 2110.05964] 
      Li & Skands [1611.00013], Löschner, Plätzer, Simpson Dore [2112.14454], … 

• Matching to fixed-order 
      NLO; i.e. Frixione & Webber [0204244], Nason [0409146], … 
      NNLO; i.e. UNNLOPS [1407.3773], MiNNLOps [1908.06987], Vincia [2108.07133], … 
      NNNLO; Prestel [2106.03206], Bertone, Prestel [2202.01082] 

• Colour (and spin) correlations 
      Forshaw, Holguin, Plätzer, Sjödahl [1201.0260, 1808.00332, 1905.08686, 2007.09648, 2011.15087] 
      Deductor [0706.0017, 1401.6364, 1501.00778, 1902.02105], Herwig [1807.01955], Plätzer & Ruffa [2012.15215] 
      PanScales [2011.10054, 2103.16526, 2111.01161], … 

• Electroweak corrections 
      Vincia [2002.09248, 2108.10786], Pythia [1401.5238], Herwig [2108.10817], … 

see Simon’s talk

see Alexander’s talk



Hadronization

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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Universal cluster spectrum: pre-confinement.



Hadronization
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[Figure by Patrick Kirchgaesser] [Herwig++ 1.0 release — Gieseke et al. JHEP 02 (2004) 005]



Colour Reconnection

[Gieseke, Kirchgaesser, Plätzer – ‘18]
[Gieseke, Kirchgaesser, Plätzer, Siodmok – ’18]

proton yield

pt

Ignorance about colour 
correlations results in 
clusters which are too heavy.

colour reconnection

Most sophisticated algorithms in the cluster 
model now include baryons and non-trivial 
momentum information.



Challenges

[CMS at Higgs working group — ’21]

signal strength uncertainty

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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simulated pt

deviation of reconstructed pt

1

[ATLAS-PUB-2022-021]

O(1) variation in 
the correction



simulated pt

deviation of reconstructed pt

1

[ATLAS-PUB-2022-021]

O(1) variation in 
the correction

Perturbative precision is far from the last word:

E.g. lack of understanding of baryon production is 
limiting the power of q/g discrimination.

Can we systematically address parton showers, 
hadronization and their interface taking into account 
quantum mechanical interference from the start?

What algorithms do we need?

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

Challenges



LIE I It elite

init init ejecta

|ai
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|bi
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I Tila 0 Ej Tj
E Ti

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

Colour space

conservation of colour charge

vector space of ~ histories of colour charge attachments



Full colour and interferences are central

Colour reconnection and hadronization is about subleading-N.
So are shower accuracy and interference terms.

Colour factor algorithms Colour ME corrections Full amplitude evolution

[Gustafson] [PanScales ‘21]
[Forshaw, Holguin, Plätzer ’21]

[Plätzer, Sjödahl ’12, ‘18]
[Höche, Reichelt ’20]

Coherent, NLL-accurate 
dipole showers

Colour-exact real 
emissions as far as possible

Colour-exact real and 
virtual corrections

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

[Forshaw, Plätzer + … ’13 …]
[Nagy, Soper ’12 …]



amplitude conjugate amplitude

soft
collinear

Puig

Mat pain putt T T T Mu pain pm

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

Reminder: Building parton showers

Suggests an iterative procedure to build amplitude and conjugate amplitude with many emissions.
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ĩj,n

[Plätzer, Sjödahl ’12]
[Plätzer, Sjödahl, Thoren ’18]

Colour matrix element corrections

Colour matrix element corrections:
Real emissions only amplitude evolution — 
first implementation in a shower algorithm. 〉 ↔ Mn = (cn,1, ..., cn,dn)

T

|Mn〉 =

dn
∑

α=1

cn,α|αn〉 ↔

approximation correction factor



Complexity, factorized?

dσ ∼ Tr
h

PS(Q → µ)dH(Q)PS†(Q → µ)Had(µ → Λ)
i
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Subleading colour corrections

Colour reconnection and hadronization is about subleading-N.
So are shower accuracy and interference terms.

Colour factor algorithms Colour ME corrections Full amplitude evolution

[Gustafson] [PanScales ‘21]
[Forshaw, Holguin, Plätzer ’21]

[Plätzer, Sjödahl ’12, ‘18]
[Höche, Reichelt ’20]

Coherent, NLL-accurate 
dipole showers

Colour-exact real 
emissions as far as possible

Colour-exact real and 
virtual corrections

dσ ∼ Tr
h

PS(Q → µ)dH(Q)PS†(Q → µ)Had(µ → Λ)
i
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[Forshaw, Plätzer + … ’13 …]
[Nagy, Soper ’12 …]



Amplitude evolution

[Angeles, De Angelis, Forshaw, Plätzer, Seymour – ‘18]
[Forshaw, Holguin, Plätzer – ’19]

Γ1 Γ
†
0D1D2 D†

2D†
1H

|Mi hM|

A0

b

2

1

aa

2

1

b

Markovian algorithm at the amplitude level:
Iterate gluon exchanges and emission.

Different histories in amplitude and conjugate 
amplitude needed to include interference.

amplitude conjugate amplitude

An(q) =
Z Q

q

dk
k

Pe−
R k

q
dk0

k0
Γ(k0)

Dn(k) An−1(k) D†
n(k) Pe−

R k
q

dk0

k0
Γ†(k0)
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Tracking colour flow

Decompose amplitudes in flow of colour charge.
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Suppression of interferences outside of 
colour connected dipoles.

[Plätzer ‘13]
[Angeles, De Angelis, Forshaw, Plätzer, Seymour ’18]



Tracking colour
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dipole flips — implicit suppression in 1/N

[Plätzer – ’13] — diagrams from [Ruffa, MSc thesis 2020]

i

j

i

j

pi + k

k

pj − k

Pe−
R

k

q
dk0
k0 Γ(k0)

<latexit sha1_base64="gWQmmb+SrDKZswxoI57qCAGOWpI="></latexit>

Dn(k)

<latexit sha1_base64="hnKeyVF+33UbDupcZsaclLaigvE=">AAACJHicbVBJS8NAGJ3UrdYt6tHLYBEUpCRVqeClqAePFawKTSiT6aQdOpmEmS9iCfkxXvwrXjy44MGLv8XpIrg9GHi8923zgkRwDY7zbhWmpmdm54rzpYXFpeUVe3XtUsepoqxJYxGr64BoJrhkTeAg2HWiGIkCwa6C/snQv7phSvNYXsAgYX5EupKHnBIwUts+yrzRkJbqBn7mVpwRdp3KQW3PrbqGjJUce8BuIfOCEJ/mbbnd38nbdvnLxn/J16wymqDRtl+8TkzTiEmggmjdcp0E/Iwo4FSwvOSlmiWE9kmXtQyVJGLaz0b35XjLKB0cxso8CXikfu/ISKT1IApMZUSgp397Q/E/r5VCeOhnXCYpMEnHi8JUYIjxMDHc4YpREANDCFXc3IppjyhCweRaMiG4v7/8l1xWK+5+5eB8v1w/nsRRRBtoE20jF9VQHZ2hBmoiiu7QA3pCz9a99Wi9Wm/j0oI16VlHP2B9fAK0xqCP</latexit>

c
i

c��
i

c
n c

n

Explicit suppression in 1/N
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Systematically expand around large-N limit 
summing towers of terms enhanced by αSN
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dipole flips — implicit suppression in 1/N

[Plätzer – ’13] — diagrams from [Ruffa, MSc thesis 2020]
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CVolver solves evolution equations in colour flow space [De Angelis, Forshaw, Plätzer ‘21]
[Plätzer ’13] 
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Amplitude evolution — CVolver
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CVolver solves evolution equations in colour flow space [De Angelis, Forshaw, Plätzer ‘21]
[Plätzer ’13] 
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amplitude conjugate amplitude
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Amplitude evolution — CVolver
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arXiv:2011.04154v2

Agrees with Hatta & Ueda using equivalent Langevin formulation by Weigert.



Hadronization?

[Bellm, Lönnblad, Plätzer, Prestel, Samitz, Siodmok, Hoang — Les Houches 2017]

shower 
variation

re-fitted 
model



Factorisation and evolution

σ =
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[Plätzer – ’22]



Factorisation and evolution

σ =
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[Plätzer – ’22]
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Factorisation and evolution
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calculate building 
blocks

derive evolution

construct model 
response

constrain by data



Constructing evolution algorithms

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?
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[Plätzer – ’22]

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)
Implies evolution equations,
cross section invariant after redefinition.

É II I i

B



Redefinitions of “bare” operators

α0
�

4πµ2�✏ = αS(µR)µ2✏
RZgRemove UV divergencies

Subtract IR divergencies in 
unresolved regions

Re-arrange to resum IR 
enhancements

Q

!

"S

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

MnZ
n
g = Zn [A(µS), µS ]

Un = Xn [S(µS), µS ]

X
n

αn
S

Z
Tr [An(µS)Sn(µS)] dφn

Cross section is RG invariant

σ =
X

É II I i

B

Implies evolution equations,
cross section invariant after redefinition.



How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

µS
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σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)
Understand basis functions beyond large-N.
Shows how to sample colour flows.

ωij + ωik − ωjk
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ωil + ωkj − ωkl − ωij

<latexit sha1_base64="KV0ez4LWo366C3KkRBIoT7dV/GU="></latexit>

[Holguin, Forshaw, Plätzer — ’21]
[Löschner, Plätzer, Majcen — in preparation]

Constructing evolution algorithms
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σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.

[Plätzer, Sjödahl — ’21]

Constructing evolution algorithms

Factorisation and kinematics.
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Trn [MnUnm] dφmu(φm)

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.
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Constructing evolution algorithms

Basis and mixing of chirality structures.

[Plätzer, Sjödahl — ’21]
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σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Understand colour multiplets for many legs.

[Alcock-Zeilinger, Keppeler, Plätzer, Sjödahl – ’22 & in progress]
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Constructing evolution algorithms



How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?
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σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)
Construct perturbative end of hadronization.

B

e.g. colour reconnection implied just as observed in
[Gieseke, Kirchgaesser, Plätzer – ’18 …]

Constructing evolution algorithms



Hadronization models

∂SSn = �Γ̃
†
S,nSn � SnΓ̃S,n +

X

s≥1

αs
S

Z

R̃
(s)†
S,n+sSn+sR̃

(s)
S,n+s

n+s
Y

i=n+1

[dpi]δ̃(pi)

Q

!

"S

dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...

<latexit sha1_base64="/TlEsv/VVeQcHbYVRS/RaZhAh50="></latexit>

Shower Parton Splitter Fission Decay



Hadronization models
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dσ ∼ L × dσH(Q) × PS(Q → µ) × MPI × Had(µ → Λ) × ...
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Shower Parton Splitter Fission Decay

[Gieseke, Kirchgaesser, Plätzer – ‘18]
[Gieseke, Kirchgaesser, Plätzer, Siodmok – ’18]

=

~ cluster size

proton yield
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amplitude evolution



Algorithms & Efficiency

[Olsson, Plätzer, Sjödahl — ‘20]
[Plätzer, Sjödahl — ’12]

Sudakov-type densities central to Showers

dSP (q|Q, z, x)
dq dz

= ∆P (Q0|Q, x)δ(q −Q0)δ(z − z0)

+ ∆P (q|Q, x)P (q, z, x)θ(Q− q)θ(q −Q0)

no emission

emission

Negative P or unknown overestimate 
requires weighted veto algorithm, with in 
principle arbitrary proposal kernel and veto 
probability.

Q0 ← Q,w ← w0

loop

A trial splitting scale and variables, q, z, are generated
according to SR(q|Q0, z, x), for example using Alg. 1.
if q = Q0 then

There is no emission and the cut-off scale Q0 is returned
while the event weight is kept at w.

else

if rnd≤ ✏ then

The trial splitting variables q, z are accepted, and

w ← w ×
1

✏
×

P (Q0, z, x)

R(Q0, z, x)
. (3)

else

The emission is rejected, and the algorithm continues
with

w ← w ×
1

1 − ✏
×

✓

1 −
P (q, z, x)

R(q, z, x)

◆

Q
0 ← q. (4)

end if

end if

end loop



Weighted Veto Algorithms & Resampling

[Olsson, Plätzer, Sjödahl —’20]

Weighted branching algorithms exhibit prohibitive 
weight distributions & convergence issues.

Resampling algorithms can compress weight 
distributions at intermediate steps.

Result with resampling

Result without resampling

Different resampling method developed as 
event generator after-burner.

[Andersen, Gütschow, Maier, Prestel — ’20]



Summary

Multi-purpose event generators are working horses of collider phenomenology.
Matching & merging has been focus of last decade.

As we aim to use more and more of the complex 
structures, shower accuracy becomes the bottleneck.

Resummation and design of parton showers needs to 
go hand in hand: amplitude evolution can serve as a 
theoretical tool and an algorithm in its own right.

The understanding of hadronization effects and 
models, and their interplay with parton showers will 
be one of the main topics for precise simulations.

Q
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Why would we care?



No data better no model …

[Kulkarni, Masouminia, Plätzer, Stafford — in progress] 

Hidden valley angular ordered shower, based 
on new shower interactions framework

More flexible cluster hadronization

[Masouminia]

[Plätzer, Stafford]

Herwig package complementing Pythia’s hidden valley model.
Blindly relying on validity of coherence and quasi-collinear limit … among many other questions.



Thank you!



Pressing questions

better parton shower
algorithms

(better) analytic 
resummation tools

(Dipole) parton showers have reached NLLglobal / LLnon-global + NLOfixed order

Just about possible — controlled and fully differential matching to NNLO needs more.
How do we go beyond?

Some electroweak effects included using the QCD blueprint.
In light of how we understand QCD showers, we should do better.
How do we accurately include electroweak effects?

Non-perturbative phenomena can not be addressed realistically without a model.
Strong indications that some of the model is lack of perturbative accuracy.
How do we properly constrain models in building event generators?



Redefinitions of “bare” operators

Zn = X
−1
n XnE(s)

n �E(s)†
n X†

n � F(s)
n Zn−s�Z†

n−sF(s)†
n �

s−1
X

t=1

F(t)
n E(s−t)

n−t �E(s−t)†
n−t F(t)†

n = 0

Redefinitions of hard and soft factor inverse to each other:

] =
X

n

Z

αn
S Tr [(An + ∆n)Sn] dφ(Q)

n
Y

i=1

µ2✏
R [dpi]δ̃(pi) .

soft evolution ~ hadronization modeldressing of hard process ~ parton shower

#s corrections to tower of logarithms in A — 

truncation error of relation of Z factors

Q

!

"S

I I i B

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



Redefinitions of “bare” operators

Q
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B

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

⌘

@SAn = Γn,SAn + AnΓ
†
n,S �

X

s≥1

↵s
SR

(s)
S,nAn−sR

(s)†
S,n

∂SSn = �Γ̃
†
S,nSn � SnΓ̃S,n +

X

s≥1

αs
S

Z

R̃
(s)†
S,n+sSn+sR̃

(s)
S,n+s

n+s
Y

i=n+1

[dpi]δ̃(pi)

Hard factor reproduces CVolver algorithm and 
predicts key features of second order evolution.

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



Constructing evolution algorithms

Similar consequences for virtual corrections.

R(2,0)
n � R(2,0)†

n =
⇣

D̂(0,2)
n � D̂(0,2)†

n Θ̂n,2 � D̂(0,1)
n D̂(0,1)

n−1 � D̂(0,1)†
n−1 D̂(0,1)†

n Θ̂n−1,1Θ̂n,1

⌘

⇥θ(En−1 � µS)δ(En � µs)

+ D̂(0,2)
n � D̂(0,2)†

n Θ̂n,2θ(En � µS)δ(En−1 � µS) ,

Subtract iterated contribution in ordered phase space.

Use full double gluon matrix element outside.

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

Hard factor reproduces CVolver algorithm and 
predicts key features of second order evolution.

Q
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(Soft) factorisation of amplitudes

Factorisation of virtual contributions

Factorisation of real contributions

M
(l)
n

= V
(1)

M
(l−1)
n

+ M
(l−1)
n

V
(1)†
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† + V
(1)

M
(l−2)
n

V
(1)† + V

(2)
M

(l−2)
n

+ M
(l−2)
n

V
(2)† + ...
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M
(l)
n = D

(1,0)
n M

(l)
n−1D

(1,0)†
n
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† + D
(1,1)
n M

(l−1)
n−1 D

(1,0)†
n + D

(1,0)
n M

(l−1)
n−1 D

(1,1)†
n
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† + D
(2,0)
n M

(l)
n−2D

(2,0)†
n + ...
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q2 q2

+{ }i i1 ←→ 2

Coefficient Diagram Colour-factor

Ω
(2)
ij

j

i

(Ti · Tj)(Ti · Tj)

Ω̃
(2)
ij

j

i

T
a
iT

b
iT

b
jT

a
j

Ω
(2)
ijl

j

i

l

(Ti · Tl)(Ti · Tj)

Ω̂
(2)
ijl

j

i

l

ifabc
T

a
iT

b
jT

c
l

Ω
(2)
ij,self�en.

j

i

TR(Ti · Tj)

Ω
(2)
ij,vertex�corr.

j

i

TR(Ti · Tj)

Ω̂
(2)
ij

i

j

T
b
iT

a
iT

b
iT

a
j

[Plätzer, Ruffa — ’21]

[Majcen — M.Sc. thesis 2022]
based on Catani & Grazzini

X

(a,b),(c,d)

nX

i,j,k,l=1

ωabcd
ijkl T

(a)
i T

(b)
j � T

(c),†
k T

(d),†
l

i

j

=

i

j

Handle virtual as phase-space 
type integrals to remove 
divergencies with subtractions.

k q

pi � (k + q)

�pj � (k + q)

pi � q

�pj � q

cutting

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



Cutting rules

1
[q2 − i0(T · q)|T · q|]

=
1

[q2 + i0(T · q)2]
+ 2πiδ(q2)θ(T · q)

Feynman tree theorem:

Algorithmic treatment of virtual corrections needed

k
0

k
0 k0

Advanced Feynman

1
k2 + i0(T · k)2

=
1

(k0)2 − ~k2 + 2i0(k0)2
"to (Tµ) = (

√
2,~0)

[Plätzer, Ruffa — ’21]



Cutting rules

1
[q2 − i0(T · q)|T · q|]

=
1

[q2 + i0(T · q)2]
+ 2πiδ(q2)θ(T · q)

Feynman tree theorem:

Algorithmic treatment of virtual corrections needed

k
0

k
0 k0

Advanced Feynman

1

2pi · k − i0(T · pi)2
=

1

2pi · k + i0(T · pi)2
+ 2πi δ(2pi · k)

1

[q2 − i0(T · q)|T · q|]2
−

1

[q2 + i0(T · q)2]2
= −2iπθ(T · q)δ0(q2)

Extend to Eikonal and higher-power propagators:

ω(ij) =
(2π)2✏

π

"

Z

dΩ(d�2)

4π
ni · nj

ni · n n · nj
� iπ

Z

dΩ(d�3)

2π

#

i

j

= −

2

6

4

i

j

+

i

j

+

i

j

3

7

5

Eikonal

1
k2 + i0(T · k)2

=
1

(k0)2 − ~k2 + 2i0(k0)2
"to (Tµ) = (

√
2,~0)

[Plätzer, Ruffa — ’21]



Cutting rules
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"to (Tµ) = (
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+
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+
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Cutting rules

k q

pi � (k + q)

�pj � (k + q)

pi � q

�pj � q

+ +

+ +

+ + + +

++

k k

pi � (k + q) pi � (k + q)

pi � k

k
�

q

cutting in k

cutting in q

shifting
momentum

q

�pj � q�pj � k

pi � q

pi � k pi � k

pi � k pi � k pi � k

pi � k
k

�
q q

pi � q

k k

k k k

k q

pi � (k + q) pi � q

pi � (k + q) pi � qpi � q

qq

pi � (k + q)

q

pi � q pi � q

k
�

q q

k
�

q

pi � q

q

pi � q

q

two loop momenta cut

[Plätzer, Ruffa — ’21]



Cutting rules

k q
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k
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q q
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k k k

k q

pi � (k + q) pi � q
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qq
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q

pi � q pi � q

k
�

q q

k
�

q

pi � q

q

pi � q

q

two loop momenta cut

[Plätzer, Ruffa — ’21]

= µ4ε
Z

ddk

iπd/2
ddq

iπd/2

(

(2πi)2δ̃(k)δ̃(q)
[pi · k + i0][(k + q)2 + i0][−pj · (k + q) + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[k2 + i0][(k + q)2 + i0][−pj · (k + q) + i0]

+
(2πi)2δ̃(k)δ̃(q)

[pi · k + i0][(q − k)2 + i0][−pj · q + i0]

+
(2πi)2δ̃(q)δ(pi · k)

[k2 + i0][(q − k)2 + i0][−pj · q + i0]

−

(2πi)2δ̃(q)δ̃(k)
[pi · (k − q) + i0][(k − q)2 + i0][−pj · k + i0]

+
(2πi)3δ̃(k)δ̃(q)δ̃(k + q)

[pi · k + i0][−pj · (k + q) + i0]

+
(2πi)3δ̃(q)δ̃(k + q)δ(pi · k)
[k2 + i0][−pj · (k + q) + i0]

+
(2πi)3δ̃(q)δ̃(k)δ̃(q − k)
[pi · k + i0][−pj · q + i0]

+
(2πi)3δ̃(q − k)δ̃(q)δ(pi · k)

[k2 + i0][−pj · q + i0]

)

.

Z

· − · −

(iv)µ4ε

Z
ddk

iπd/2

ddq

iπd/2

1

[pi · k + i0][−pj · (k + q) + i0][k2 + i0][q2 + i0][(k + q)2 + i0]

i

j

Eikonal coupling only to hard lines!
see also [Angeles, Forshaw, Seymour – ’15]



Infrared subtractions

X
(1)
n

= V̂
(1)
n

[Ξn,1]
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F(1,0)
n � F(1,0)†

n = D(1,0)
n � D(1,0)†

n Θn,1 2

6

4

i

j

i

j

V̂
(l)
n [Ξn,l] =

X
↵

Z
I
(l)
n,↵(p1, ..., pn; k1, ..., kl) Ξ(↵)

n,l

lY
i=1

µ2✏
R [dki]

resolution function for real emission

resolution function for (cut) loop momenta

Q

!

"S
Un = X†

nSnXn �
∞
X

s=1

αs
S

Z

F(s)†
n+sSn+sF(s)

n+s

n+s
Y

i=n+1

µ2✏
R [dpi]δ̃(pi)

Subtractions necessitate a resolution: 
what is it we call ‘unresolved’? 
Encompass all singular regions!

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



Infrared subtractions
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(1)
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= V̂
(1)
n
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µ2✏
R [dki]

resolution function for real emission

resolution function for (cut) loop momenta

X(2)
n = V̂(2)

n [Ξn,2]− V̂(1)
n [Ξn,1]V̂(1)

n

<latexit sha1_base64="CgzkHs6uyFrL7b293yLzwb9Hc9g="></latexit>

� �

F(2,0)
n � F(2,0)†

n = D(2,0)
n � D(2,0)†
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n�1 D(1,0)†
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F
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n � F

(1,0)†
n = D

(1,1)
n [Ξn−1,1] � D

(1,0)†
n Θn,1 (2.19)

+ D
(1,1)
n [1 � Ξn−1,1] � D

(1,0)†
n Θn,1 +D

(1,1)
n [Ξn−1,1] � D

(1,0)†
n (1 � Θn,1)

� V̂
(1)
n [Ξn−1,1]D

(1,0)
n � D

(1,0)†
n +D

(1,0)
n V̂

(1)
n−1 � D

(1,0)†
n Θn,1

Continues to higher orders …
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µ2✏
R [dpi]δ̃(pi)

Subtractions necessitate a resolution: 
what is it we call ‘unresolved’? 
Encompass all singular regions!

σ =
X
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Trn [MnUnm] dφmu(φm)



Infrared subtractions

Un = X†
nSnXn �

∞
X

s=1

αs
S

Z

F(s)†
n+sSn+sF(s)

n+s

n+s
Y

i=n+1

µ2✏
R [dpi]δ̃(pi)

Subtractions necessitate a resolution: 
what is it we call ‘unresolved’? 
Encompass all singular regions!

Un = 1nu(p1, ..., pn)

− αs

Z

µ
2✏
R [dpn+1]δ̃(pn+1)D̂

(1,0)†
n+1 D̂

(1,0)
n+1Θn,1 [u(p1, ..., pn, pn+1) − u(p1, ..., pn)] + O(α2

s)

Enters the re-definition of observables, e.g. demanding a jet cross section
Z

D
(1,0)†
n+1 D

(1,0)
n+1Θn,1µ

2✏
R [dpn+1]δ̃(pn+1) = �

1
2
V̂(1)

n [Θn,1]use unitarity and pick equal resolutions
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Proof this to vanish or to generate a power correction.

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)



How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?
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σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)
Understand higher orders and ordering.

[Löschner, Plätzer — in progress]

[Plätzer, Ruffa — ‘21]
[Löschner, Plätzer, Simpson — ’21]
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Ingredients for evolution algorithms

Colour mixing at two loops 
and double emissions.

(Angular) ordering for 
double emissions.



How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Understand basis functions beyond large-N.

ωij + ωik − ωjk

<latexit sha1_base64="2mEWhyzkjvxgkTaJuKmfmEkQ/D0="></latexit>

ωil + ωkj − ωkl − ωij

<latexit sha1_base64="KV0ez4LWo366C3KkRBIoT7dV/GU="></latexit>

[Holguin, Forshaw, Plätzer — ’21]
[Plätzer, Majcen — in preparation]

Constructing evolution algorithms

ωij

<latexit sha1_base64="Q3E+lm7pxuTAjHiChPIIOaCH2ZE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5id9CZj5rHMzAphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3V7SsCQ9DP2OO2XK37VnwOvkiAnFZSj0S9/9QaKpgKkpZwY0w38xIYZ0ZZRDtNSLzWQEDomQ+g6KokAE2bzk6f4zCkDHCvtSlo8V39PZEQYMxGR6xTEjsyyNxP/87qpja/DjMkktSDpYlGccmwVnv2PB0wDtXziCKGauVsxHRFNqHUplVwIwfLLq6R1UQ1q1cv7WqV+k8dRRCfoFJ2jAF2hOrpDDdREFCn0jF7Rm2e9F+/d+1i0Frx85hj9gff5A6OJkX8=</latexit>
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singlet → gg + 4g

[Holguin, Forshaw, Plätzer — ’20]

Can extend coherence 
to three jets where 
colours are still trivial.



µS

<latexit sha1_base64="gKqmThH3EAvtb++I6b+Duh4ojwc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTVtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OZ+54kqzWL5aKYJDQQeSRYxgo2V/L5IBw+Das2tu3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQzY+doTOrDFEUK1vSoLn6eyLDQuupCG2nwGasl71c/M/rpSa6DjImk9RQSRaLopQjE6P8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2hd1r1G/vG/UmjdFHGU4gVM4Bw+uoAl30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/unqOpA==</latexit>

0 =
d

dµS

<latexit sha1_base64="joGfjW1MlXPQIu2/813bILDg2WY=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyWRim6EohuXFe0FmhAm00k7dGYSZiZCCdm58VXcuFDEra/gzrdx2kbQ1h8GPv5zDmfOHyaMKu04X9bC4tLyympprby+sbm1be/stlScSkyaOGax7IRIEUYFaWqqGekkkiAeMtIOh1fjevueSEVjcadHCfE56gsaUYy0sQL7wLnwIolwlnmSw16e/4DH0+A2D+yKU3UmgvPgFlABhRqB/en1YpxyIjRmSKmu6yTaz5DUFDOSl71UkQThIeqTrkGBOFF+Nrkjh0fG6cEoluYJDSfu74kMcaVGPDSdHOmBmq2Nzf9q3VRH535GRZJqIvB0UZQyqGM4DgX2qCRYs5EBhCU1f4V4gEws2kRXNiG4syfPQ+uk6taqpze1Sv2yiKME9sEhOAYuOAN1cA0aoAkweABP4AW8Wo/Ws/VmvU9bF6xiZg/8kfXxDT7DmZI=</latexit>

σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.

[Plätzer, Sjödahl — ’21]

Constructing evolution algorithms

Factorisation and kinematics.
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d
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σ =
X

n,m

Z Z

Trn [MnUnm] dφmu(φm)

How do we consistently hadronize in light of (improved) shower algorithms? 
How to do this at subleading N and higher order shower evolution?

Construct electroweak evolution.
Measurement projection is ubiquitous.

[Plätzer, Sjödahl — ’21]

Constructing evolution algorithms

Factorisation and kinematics.

Cutting indicates that subtraction terms refer 
to different final states:

1
k2 �m2 � imΓ sign(T · k)

=

1
k2 �m2 + imΓ

+ 2i
mΓ

(k2 �m2)2 + m2Γ2 θ(T · k)


