
Seminar on Simulations of Quantum Field Theories

Towards computing real-time observables
from first principles

Based on JHEP 06 (2023) 011, [2212.08602],
+ preliminary results

Paul Hotzy
in collaboration with Kirill Boguslavski and David I. Müller

Institute for Theoretical Physics, TU Wien

August 11, 2023

Paul Hotzy (TU Wien) Towards computing real-time obs. August 11, 2023 1 / 19

https://arxiv.org/abs/2212.08602


Motivation of this endeavor

. There is no �rst principle description of the quark-gluon plasma (QGP).

. Stages of the QGP evolution are described by different models with limited
applicability (classical statistical approximation, kinetic theory,
hydrodynamics, . . . ).

. Matching of these models requires QCD transport coe�cients as input
from theory (viscosity coefficients for hydrodynamics, q̂, � for jets and
heavy quarks, . . . ).

. Direct computations of such QCD real-time observables are difficult due to
the complex action problem (next slide).

. Potential impact on other fields: QCD at finite chemical potential, cold
quantum gases, compact stars, condensed matter physics, . . . .
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Observables in the real-time formalism

. Path integral expression for expectation values:

hO[A]i = 1

Z

Z
DAE e�SE [AE ]

Z
DA+DA� eiS[A+;A−]O[A+; A�; AE ]

. Yang-Mills action:

SYM = � 1
4

R
C±;CE

d4xF��a F a��

. Correlation functions of T�� :
- speed of sound
- bulk- and shear-viscosity
- spectral functions
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Curing the sign problem

Real-time path introduces a complex weight eiS[A+,A�]

! results in a hard sign problem!

. Various methods tackle the sign problem:
Reweighting, contour deformation, analytic continuation, Taylor expansion,
Lefschetz thimbles, complex Langevin (CL) method, . . .

. Ideas behind the CL method:

- adding an additional d.o.f., the Langevin time �: Aa�(x) Aa�(�; x)

- complexification of the gauge fields: su(Nc) sl(Nc;C) (non-compact!)

- Gauge fields are treated as a stochastic process w.r.t �
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Complex Langevin for gauge �elds in a nutshell

. CL equation describes the stochastic process in �

@�A
a
�(�; x) = i

�SYM

�Aa�(t; x)
+ �a�(�; x)

. Gaussian distributed noise term

h�a�(�; t;x)i = 0;

h�a�(�; t;x)�b�(�0; t0;x0)i = 2�(� � �0)�(t� t0)�(d�1)(x� x0)�ab���

. Correspondence with Fokker-Planck equation shows that
Aa�(� !1; x) is described by �[A] = N exp [�SYM[A]].

CL bypasses the sign problem by sampling at late �

hO[A]i =
Z
DA�[A]O[A] � lim

�0!1

1

T

Z �0+T

�0

d�O[A(�)]
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Complex Langevin on the lattice

. Link variables and plaquette variables

Ux;� ’ exp
�
iga�A�

�
x+ �̂=2

��
2 SU(Nc) SL(Nc;C);

Ux;�� = Ux;�Ux+�̂;�U
�1
x+�̂;�U

�1
x;�

. Wilson plaquette action: SW[U ] = 1
2Nc

P
x;� 6=� ���Tr [Ux;�� � 1]

. Coupling constants: �0i = � 2Nc
g2

as
at;k

; �ij = + 2Nc
g2

āt;k
as

. Averaged lattice spacing (time reversability): āt;k = (at;k + at;k+1)=2

Update step (Euler-Maruyama) for the link variables

Ux;�(� + �) = exp
h
ita
�
iΓ��D

a
x;�SW +

p
Γ�� �

a
x;�(�)

�i
Ux;�(�)

! Field independent kernel function Γ� leaves stationary solution intact but
can be utilised to improve convergence and stability!
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The fall and rise of complex Langevin

. CL su�ers from two types of instabilities [1]:

- Runaways: Straying too far into the “bulk” of complex manifold leads to a
numerical blowup of the solution.

- Wrong convergence: Breaking of assumption of the method during
evolution can lead to distorted results.

. Several methods have been introduced to mitigate these issues (next slide):
adaptive step size [2], gauge cooling [3], dyn. stabilization [4], kernels [5], . . .

Anisotropic kernel

. We introduce an anisotropic kernel to alleviate instabilities

Γt = jatj2=a2s; Γs = 1

. Motivation: Based on a careful rederivation of the CL equation on complex
time contours [6]. (see back up)
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Our simulation approach

. Discrete path integral needs to be
regularized

! we tilt the SK-contour

! instabilities more sever for
smaller tilt angles

. Our kernel alleviates instabilities for
increasing anisotropies!

Instabilities for smaller tilt angles can be counteracted by larger
lattice anisotropies as=jatj!
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Average spatial plaquette

. Spatial average plaquette:

O[U ] = 1
6NcNx

P
x;i6=j Tr [Ux;ij ]

. t-indep. in thermal equilibrium
! comparison to Euclidean
results

. Reproduction of studies on iso-
sceles contours [7]
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Our kernel Γ

No kernel

tan(α) = 1.0:

No stabilisation

GC, Nt = 64

GC + Γ(64)

Euclidean

tan(α) = 0.5:

No stabilisation

GC, Nt = 1024

GC + Γ(1024)

� Not-stabilised simulation:
Wrong convergence result after
short time.

X� Stabilised simulation:
GC and the anisotropic kernel
reproduces Euclidean results.

=) Existing methods are not enough to stabilise the simulations,
however the introduction of our kernel did!

Lattice parameters:

L = Nt � 43

g = 1; � = 1=T = 4
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Dyson-Schwinger equations as probe for stability

. Self-consistency check of link configuration
2(N2

c�1)
Nc

hReTr(Ux;ij)i = i
2Nc

P
j�j6=i �i�



ReTr

�
(Ux;i� � U�1x;i�)Ux;ij

��

. RHS is very sensitive ! probe for stability

No kernel Our kernel
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Correlations of the magnetic energy density

. Calc. of corr. fcts. on the real-time
path requires extrapolation �! 0

. We are interested in the magnetic
energy density:

B2(t; x) =
1

4

X

i<j

F 2
ij(t; x)

. Clover leafs for the calc. of F��

As a first study, we calculate the unequal time correlation function of B2(t; x)
(summed over all x):

C(t; t0) =
X

x

C(t; t0; x) =
X

x



B2(t; x)B2(t0; x)

�
/
X

k

C̃(t; t0; k):

! improves statistics, shorter runtimes

Lattice parameters:

L = 64� 163

g = 0:5; � = 1=T = 1
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Euclidean correlation function
Prelim

inary

. Euclidean correlation function C(�; � 0) along thermal path

. Coinciding with correlation function from Euclidean simulation

. Independence of tilt angle �
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Limit towards the SK-contour �! 0

. Decreasing tilt angle leads to
“converging” time-ordered Feynman
propagator DF .

. Justification for extrapolation
�! 0. −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

∆t = t− t′

−3

−2

−1

0

1

R
e
[ D

F
]

tan(α) = 0.33

tan(α) = 0.17

tan(α) = 0.08

tan(α) = 0.04

tan(α) = 0.02

tan(α) = 0.01

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5
∆t = t− t′

−3

−2

−1

0

1

Im
[ D

F
]

tan(α) = 0.33

tan(α) = 0.17

tan(α) = 0.08

tan(α) = 0.04

tan(α) = 0.02

tan(α) = 0.01

Prelim
inary

Paul Hotzy (TU Wien) Towards computing real-time obs. August 11, 2023 13 / 19




	Real-time simulations of QFTs
	Complex Langevin on the lattice
	Simulation approach for real-time Yang Mills theory
	Unequal time correlation functions of B2
	Conclusion and outlook
	Back up slides
	Back up slides

