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Gauge Theory Digitization

Review: Basic ingredients for digitization of lattice gauge theory (for general Lie group G)

Kogut-Susskind!'l Hamiltonian Hy¢ on Hilbert Space # = ® xz ,,
%

Hys =g Y, (E*x,w)* = Ag ) Te(U, + U) , U, = | dg DJ,.(9)]8)(g|

X, U, p :

with quadratic Casimir components (EO‘)2 and link operators lA]{m comprising the plaquette p where g € G

Gauge Invariance: how do gauge transformations act on states? How do operators transform?
Consider g, h € G, «9? |h) = |hg™!) and Qngh) = | g~ 'h)

oL U, 08" =D/ (9)U! and OF U7, 0%7 = U/ DI (g)

mn g m mn ~g mk — kn

Now definel? gauge transformation via (:)g(x) = Hé’é’“(x) ég’T’i(x) and Gauss’s law (:)g(x) ly) = |y).

1,0

[1] Kogut, John and Susskind, Leonard, Phys. Rev. D 11 (1975)

[2] see e.g. Bender, J. et al., New J. Phys. 20, 093001 (2018) GOETHE &3
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Gauge Theory Digitization, Approaches

When starting from Hy¢ one can approximatel'! the infinite dimensional #Z , ...

. ... In the group element basis, i.e. given the continuous gauge group G with states “labeled” by { | g) }geG,

one could choose a suitable finite subset?! / discrete subgroup G'3, i.e. make # , finite dimensional.

dim(y) .
... in the representation basis, i.e. change of basis (g | jmn) = U) D/ (g) with representation states

‘ |G

{|jmn)} (if G is a compact Lie group), where j = 0,5,1... labels the irreducible representation and m, n label

multiplicity within that irrep. One then truncates at a suitable j, ..

Other approachesl4, involving a change in dof...
 Quantum Link Models

 Loop-String-Hadron Formulationl!

[1] Zohar, Erez, Phil. Trans. R. Soc. A.380 20210069 (2022)
[2] Jansen et al., Eur.Phys.d.C 83 (2023) 7, 669

[3] Alam, M. et al., Phys.Rev.D.105 (2022)

[4] Davoudi, Z. et al., Phys. Rev. D 104, 074505 (2021) 3 CRC'TRZ‘
[56] most recent summary in Davoudi, Z., Shaw, A. F. and Stryker, Jesse R., 2212.14030 [hep-lat]
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Simulations with gauge redundancy on e.g. Quantum Annealer

QA using Quantum Adiabatic Principle

Energy Functions

At end of annealing schedule ground-state of target
Hamiltonian Hyq retrieved .

* Ground-state calculation for (truncated) SU(N),
N=2,3 gauge theoryl'.2] via variational principle

< <W‘ H | l//) 0 02 04 06 0.8 1
0= , o ™ 7\ /
<w‘ W> S0.06—
« Annealer as quantum lab for e.g. tunnelling oo Voot
processes of quantum field theoriesl® e
C 5 2Field valfle ¢
[1] Rah , S. et al., Phys. Rev. D 104, 034501 (2021) 1
[2] IIIZ, Ir\n/IZ?c ang Salavage¥SMar?[Yn J., Phys. Rev. A 106, 052605 (2022) GOETHE -
UNIVERSITAT

[3] Abel, S. and Spannowsky, M., PRX Quantum 2, 010349 (2021) .
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Define a system ...
o Let’s start with the choiceof G = D,,n = 34...

* Finite, |G| = 2n

* Non-Abelian, serves e.g. as truncation to O(2) for n — oo and n odd.

* Already studied in the context of gate-based computing with excellent
descriptionl] o Bens b Do

» Geometry: Let’s start with a ladder of plaquettes ...

U(O,O),2

(0,0) (1,0)

U(I,O),l

U(O 0),1

HBzﬂBZTr(U + UT) and HEzlEZZZf\]mn)m\(]mn\m

=1 jmn

[1] Lamm, H. et al., Phys. Rev. D 100, 034518 (2019)
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... build” gauge-invariant Hilbert Space ...

Start from the lattice with all links in the trivial rep | 000) on  Uem @b Ugo
1] Wi (2) | (e Uoons
 Actl'l with plaquette Up using
dim (] ) o0 Voo (1.0 U0,
2 2 ¢ ] ® ]
U’(n,)n,\]mn) = E E E X 2m'jm | IM)Y(JM | 2n’jn) | JMN)

— =< dim(J)

» Doing so in a systematic way creates an exact enumeration of # whose size grows
exponentially with L.

« Filter those configs of j's who additionally satisfy Gauss’s law, i.e. locally

100), = Z Z Z (= Yrdedi | jamy) @ |jpme) @ |jymy) (]A e ]I)

my Mg My

[1] Byrnes, Tim and Yamamoto, Yoshihisa, Phys. Rev. A73 (2006) 022328
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N

2 3 4

D3
Dy

49 251 O(1300)
76 392 O(2500)

Table I. List of the size of the physical Hilbert space, Nconf,
on a ladder of size N for D3 and D4. The configurations are
enumerated by a set of integers {j:;,7 = 1,2,...,3N} char-
acterizing the irrep of each link on whereby Gauss’s law is
satisfied at each site.
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Compute the Hamiltonian
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Once config space {;} is labelled, compute H; = (y;| Hgs|yy) where |y) 1 = ® |100) . ({j )
\)
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Strong-interaction matter
under extreme conditions
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Spectrum ?

Ground-state calculation in variational formulation

(y|H|w)
(wly)

E, <

, Where |y) = Zaih//)iwith a, € R

l

Can be cast into QUBO problem using binary variables g; € {0,1} suitable for Quantum
Annealer!' 2]

I o
(z+1) — () _ 1K !
Uy = Uy o) | Z VK—i+z7 ’
i=1
conf K
= (y|H|w) — n{w|y) = Z Z Qup.ij9a.i9p.
a, ,]

[1] Rahman, S. et al., Phys. Rev. D 104, 034501 (2021) -
[2] llla, Marc and Savage, Martin J., Phys. Rev. A 106, 052605 (2022) GOETHE
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Ground-State Calculation via QA

Afs)

o0
T

(@)
T

Computations done on D-Wave QA in forward annealing model!

Energy Functions
S

[\
T

Hy, =A(s)H + B(s) H

O

Can extract/?l

(0),0 = Hy, H . ..

Process does not always
converge, results have hence

uncertainty (grey band), visibly
larger for the larger group D,.
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[2] Fromm, M., Philipsen, O. & Winterowd, C., EPJ Quantum Technol. 10, 31 (2023)




Resolving Gauge Redundancy by Reformulation

Example: Z%H LGT in original formulation, i.e. with gauge redundancy

1 L-2

H = 2a (nZnn+1)(n+1+h C. +WLZ( 1)")(n)(n—62 n,n+1
n=0 n=0

i—1
Typically bosonized via Jordan-Wigner map: y; = H 0L0; s i = Halfa;r,
k=0
| L2

L—1
m
H=_E < n.n+1 n+1_|_0yZ’/ln‘|‘1 n+1>+zz(_1) Z nn+1

Redundancy encoded in Gauss’ law:

©,(n) |w) = |y) where ©(n) = (= 1Y"*'X,X,_ 5%,

Resource count (o0.b.c.):

L site model requires 2L — 1 qubits for matter sites and gauge links - of course gb count grows linearly with volume L

GOETHE $3
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Example: Reformulation by Matter Elimination

Z~ LGT in formulation with matter eliminated!' 23!

1. Map of fermions to hard-core bosonic matter via unitary

2. Decoupling of matter via Gauss’ constraint

L—2 ] ] L-3 m L-2 " L-2
H= eZ,+ Y, =3 Y 2, Y — ) Y 7, \Z,+ > Y (-1)'Z, 2,
n=0 n=1

* Interaction still local with modified three gauge boson interaction

[ site model now requires L — 1 qubits for matter sites and gauge bosons

 No redundant Hilbert space

« Works in arbitrary d, albeit with modified but local gauge boson interaction

[1] Erez Z. and Cirac, J. |., Phys. Rev. B 98, 075119 (2018) 1 _f‘
[2] Pardo, G. et al., Phys. Rev. Research 5, 023077 (2023) GOETHE
[2] Irmejs, R., et al., arXiv:2206.08909 [quant-ph] UNIVERSITAT
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Application: Quantum Simulation for HEP at 7' > 0, Variationally

“Sampling” by mid-circuit measurement “gqvVQT”[1]

» State sampling, preparation and measurement on quantum device using two variational circuits, VQC, and VQOC(, with
parameter sets 0., ¢», and a measurement in-between.

e |dea:

1. VOQC, produces pyqc, = 2 a,(P) | b,) Z a(P){Dy |

2. Measurement leads to collapse, statistically Z | a.(¢) \2 |b,)(b;| T

C =#

do

di

e

3. VQC, mapsitto ) |a()|* U©O)|b){b;| U(6)
. From measurement m estimate p. = | a.(¢) % ~ n./N, hence (S(¢)) = — Z p;logp.

 From measurement my, estimate £ = (H )

+ Classical machine performs F(8, ¢) = (H) — T(S) — min

GOETHE
UNIVERSITAT
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[1] Selisko, J. et al., arXiv: 2208.07621 [quant-ph]




Quantum Simulation for HEP at 7' > 0, Variationally, Z%H

algorithm just like Heisenberg model

* A note on entropy estimation:

S =~ ), p,log(p,) where p; ~ 1;/Ny,

estimate entropy in different ways:

k function F...

/ No gauge redundancy, from the perspective of the \

* Gates can be hardware efficient, from generic libraryl}

» Lower gbit count: L matter sites need ~ Ld qubits

But: Can “fork” after intermediate measurement and

« Expand Tr(p log p) and use modified cost

’l‘.L ) /l.‘D
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[1] MF, Philipsen, O., Spannowsky, M. & Winterowd, C., arXiv:2306.06057 [hep-lat]
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https://arxiv.org/abs/2306.06057

Continuous Time Limit in Euclidean Formulation

» Euclidean formulation of LGT with stagg. fermions on L_X L _ lattice

Z — @ U@)( 9)? €_ﬁSWils_SFerm Parity ALU .....................................................................
d e(0) = +1 L — i Discrete Time
6(1) — 1 = H ‘ — _Dimer Chains
. In strong coupling limit # = 0 gauge integration | D U... can be performed, P 0 =
o €2) =+1 i f;
exactly, followed by the Grassmann integral o s — —
e(3) =—1 — —
° SyStem beCOmeS Stat|st|ca| dlmer System Of COIOr Slnglet umesonlcu and €<O):+1 ..... — ContanOUSTlme ........
“baryonic” loops, described by l TT l
6(1) — 1 _______ Meson States
(3—k )' P e
= ¥ S Iy T
{fn.t } b=(x) o . «3) =~ .... . ,0 L

. Limit of continuous Euclidean timel'l: L. — oo with 8, = y*/L_= const

Zer(Br app) = trg, [e—ﬁm—m]

1] Klegrewe, M., Wolfgang, U., Phys.Rev.D 102 (2020) 3, 034505 -~
[1] Kleg gang y (2020) GOETHE
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Continuous Time Limit in Euclidean Formulation

* Continuous Euclidean time limit gives rise to “spin” Hamiltonian

) I L X
_ i _ A
A, = —E%<foy +Jny> and N, = ga)

with sparse operators ff, @, and Hilbert Space #

H = ® |B,), where |h) = |m,b) = 3, | encodes six hadronic states.

XEX
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Continuous Time Limit in Euclidean Formulation: Digitization

qo - O
« Hamiltonian H sparse, local, can be easily qubitized " $ —
gi | Mesonic Trotter(6t) |
» Mesonic theory U(3) requires 2 qubits per site x, inclusion of g5 — -
baryons SU(3) adds one additional control bitl'! " I
q1 7
* “(Anti)-Baryons” evolve trivially (diagonal) g2 1 — Ry (—2upt) ——

h)y = |m,b), § —F Outlook

Ih), <(__2 . N} = 1: Low qubit count, system can already be studied on current

i

NISQ devices for T > 0, uz > 0 and compared to Euclidean
results

. Nf = 2: Hamiltonian still sparse, local while Hilbert space

dim(,) = 6 — 92

Symbolic Trotter circuit for N, = 1 theory, taken from [1]
Yellow = Staggered Mesonic Trotter step, Blue = Baryonic Evolution ¢ ]\6‘ — 1a @(ﬂgauge) : Effective Hamiltonian

[1] Fromm, M., Philipsen, O., Unger, W. & Winterowd, C., arXiv:2308.03196 [hep-lat] ,/ X
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https://arxiv.org/abs/2308.03196

Thank you !
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