
Aspects of Quantum Algorithms for Lattice 
Gauge Theory


Gauge Invariance

Michael Fromm, 795. Wilhelm and Else Heraeus Seminar on Simulations of Quantum Field Theories

Sept.5th, 2023, Oberwölz

*Work done in collaboration with Owe Philipsen, Michael Spannowsky, Wolfgang Unger and Christopher Winterowd.



Gauge Theory Digitization

Review: Basic ingredients for digitization of lattice gauge theory (for general Lie group )


Kogut-Susskind[1] Hamiltonian  on Hilbert Space ,


 , 


with quadratic Casimir components  and link operators  comprising the plaquette  where 


Gauge Invariance: how do gauge transformations act on states? How do operators transform?  

Consider ,  and  


 and 


Now define[2] gauge transformation via  and Gauss’s law .

G
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ℓ

ℋℓ

HKS = λE ∑
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Gauge Theory Digitization, Approaches

When starting from  one can approximate[1] the infinite dimensional  …


•  … in the group element basis, i.e. given the continuous gauge group  with states “labeled” by , 
one could choose a suitable finite subset[2] / discrete subgroup [3], i.e. make  finite dimensional.


• … in the representation basis, i.e. change of basis  with representation states 

 (if  is a compact Lie group), where  labels the irreducible representation and  label 

multiplicity within that irrep. One then truncates at a suitable .


Other approaches[4], involving a change in dof…


• Quantum Link Models 

• Loop-String-Hadron Formulation[5]

HKS ℋℓ

G { |g⟩}g∈G
G′￼ ℋℓ

⟨g | jmn⟩ =
dim( j)
|G |

Dj
mn(g)

{ | jmn⟩} G j = 0,
1
2

,1... m, n

jmax
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Simulations with gauge redundancy on e.g. Quantum Annealer

• Ground-state calculation for (truncated) SU(N), 
N=2,3 gauge theory[1,2] via variational principle


,


• Annealer as quantum lab for e.g. tunnelling 
processes of quantum field theories[3]

E0 ≤
⟨ψ | Ĥ |ψ⟩

⟨ψ |ψ⟩
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QA using Quantum Adiabatic Principle 


 


At end of annealing schedule ground-state of target 
Hamiltonian  retrieved .

HQA = A(s) HI + B(s) HKS

HKS
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FIG. 6. The probability density of the simple harmonic oscil-
lator with N = 200 and with sq = 0.7 after time t = 75 µs and
with κ = 0.06. The ground states are measured with an inter-
val "φ = 13. The probability density approximates the red line,
which corresponds to γ ≡ !2/2mη2

0 = 0.33.

beginning by studying the system with no tunneling. That
is, we keep C(t) = C0 and set v to be very large in order
to learn about the effective Planck constant, more pre-
cisely the combination γ = !2/2mη2

0. As mentioned, this
amounts to our calibration of the QASP, and to perform it
in a systematic way, we use the simple harmonic oscillator.
That is, we take

U0(φ) = κ

2
φ2. (24)

We show the result of 30 000 reads of the annealer with
κ = 0.06 in Fig. 6, presented as binned probability den-
sity functions normalized to 1. (In other words as N → ∞,
this curve would be |ψ |2.) The value of κ is chosen small
enough to avoid autoscaling. For this run we hold the
annealer at sq = 0.7 for 75 µs (plus 5 µs of ramp-up and
1 µs of ramp-down).

By inspecting this and similar curves, one gains some
intuition about the behavior of this system. First, apart
from some seemingly characteristic perturbation around
the peak, it clearly appears to have reached the Gaussian
ground state, which is of the form

|ψ |2 = (κ/2γ )1/4

π1/2 e−
√
κ/2γφ2

, (25)

so we can reasonably conclude that for this choice of
parameters 75 µs is long enough for the required dis-
sipation. Note that η0 cancels in the κ/γ ratio. Second,
this curve leads to an approximate estimation of γ = 0.33.
Choosing different physical couplings appears to yield sim-
ilar values of γ , so not only do the wave functions have
the correct shape but they also have the correct functional
dependence on κ . By contrast, the result for the inferred
value of γ does depend on the interval we choose for φ.

Field value φ

FIG. 7. The probability distribution with v = 2.5 and sq = 0.7
after ttunnel = 50, 100, and 150 µs, where N is the number of
events.

This is because different intervals with the same choice of
N = 200 imply different ξ values, and not surprisingly this
affects the mass density m in the field theory.

We stress that absolutely no dynamics is introduced by
hand into the annealer, and therefore this constitutes a gen-
uine measurement of the ground-state wave function of a
quantum mechanical system.

It is also instructive to consider the fact that the annealer
returns a wave function with different γ values depend-
ing on the value of sq. When we choose sq, we imbue the
effective field theory with a kinetic φ̇2 term that has a cer-
tain value of !2/2m we do not know. The ground state has
to adjust to have the matching value of γ . Clearly, as we
let sq → 1, the value of !2/2m in our effective theory must
go to zero because quantum effects turn off there. Accord-
ingly the ground-state wave function becomes increasingly
narrow until in the classical limit it approaches a δ func-
tion, which in a reverse annealing is where it begins. In
other words the “classical” δ function position eigenstate

Field value φ

FIG. 8. The transition probabilities for different values of v
with sq = 0.7 after ttunnel = 100 µs.
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performance they should not be very much larger). The
coupling h(chain) forces the system to have spin σ Z

1 = −1 at
one end and spin σ Z

N = +1 at the other, while J (chain) forces
it to have as few spin flips as possible. The result is a sin-
gle “frustrated” position (the so-called domain wall) where
the spin flips from negative to positive. This position, r say,
encodes the value of the scalar field as

φ = φ0 + ξr = φ0 + ξ

2

N∑

i=1

(1 − σi), (18)

where φ0 is a fiducial minimum value, while the second
term gives r contributions of ξ from the negative σ Z

i up
to the domain-wall position. It is then straightforward to
see that one can encode a potential term U1(φ) in the hi
couplings by adding

h(QFT)
j = −ξ

2
U′

1(φ0 + ξ j ). (19)

For our purposes, such a term cannot represent the whole
of U in Eq. (1) however, because we need to divide the
potential into two pieces to have the ability to turn on the
metastable component. This functionality is provided by
the h-gain parameter C(t), so the entire potential is encoded
as

U = U0 + U1, (20)

where

U0 = 3
4

tanh2 φ, U1 = −k(t) sech2 (φ − v) , (21)

where U0 remains to be encoded in J . This allows us first
to allow the system to settle in the minimum around φ = 0
and then to adjust C during the annealing to turn on the
potential U1 and induce tunneling. The encoding of U0 into
J can be done by adding the couplings

J (QFT)
ij = 1

4
U0(φ0 + ξ j )

(
2δij − δi(j −1) − δ(i−1)j

)
, (22)

where δij is the Kronecker δ. These J terms contribute zero
to the Hamiltonian except at the location of the domain
wall, where (2σ Z

k σ
Z
k − σ Z

k σ
Z
k+1 − σ Z

k+1σ
Z
k ) = 4, yielding a

contribution U0(φ) at that point.
h(chain) is also scaled down when C(t) is small, so with

this simple encoding we cannot set C = 0. However, we do
not need to initially turn off U1 entirely, but we just need to
reduce it so that tunneling is not possible. A more precise
encoding that allows one to turn off U1 entirely is to share
U1 between J and h such that the initial value of C makes

Field value φ

U
 (φ

)

FIG. 3. The potential as seen by the Ising model on the
annealer, where we choose N = 200 qubits and k = 1 and v = 5;
cf. the actual potential in Fig. 1. Note the large negative overall
energy offset due to the field theory encoding, and the “dropped
qubit” at φ = φ0.

them cancel exactly. That is,

J (U)
ij = 1

4

(
U0(x0 + ξ j ) − C0

1 − C0
U1(x0 + ξ j )

)

(
2δij − δi(j −1) − δ(i−1)j

)
,

h(U)
j = −ξ

2
1

1 − C0
U′

1(x0 + ξ j ),

(23)

where the choice of parameters C(0) = C0 and C(tf ) = 1
gives the desired behavior. We use this later, but for the
moment we stay with the simpler assignment of potentials.

This completes the encoding of the field theory poten-
tial. To verify that it is working as desired, we show the
resulting potential in Fig. 3. For this and the remainder
of the work we take N = 200 as a reasonable compro-
mise between accuracy and efficiency on the annealer. As
expected there are two unavoidable features of the Ising
potential compared with the original one, both caused by
the Ising chain encoding of the field theory: first, the neg-
ative rewards in J (chain) cause an offset of order −N%;
second, the rewards in h(chain) in Eq. (17) imply “dropped
qubits” at the first and last positions (the one at the last
position is off the scale). Neither of these should affect the
tunneling rate.

We now turn to the configuration of the annealing itself.
As mentioned, the coefficients A and B describe how
“quantum” the system is, and are best visualized with the
plot in Fig. 4. When s = 0, the system is maximally quan-
tum, and when s = 1, the system has arrived at the pure
classically Ising-encoded problem. A “forward annealing”
schedule would take s(ti) = 0 and s(tf ) = 1, beginning
with a rapidly tunneling system and ending up with a sys-
tem that solves the optimization problem of interest. A
“reverse annealing” schedule gains initial classical control
with s = 1. Then we turn on the quantum mechanics so
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FIG. 6. Three runs of the AQAE algorithm at each adaptive
step using K = 4 logical qubits per entry in the state vector.
This example is the ground state of a six-plaquette lattice
with jmax = 1

2 at x = 0.2. The use of several adaptive steps
is visibly crucial on D-Wave hardware but less important for
the noise-free case of classical simulated annealing.

parity and momentum corresponding to each Ei. Physi-
cally interesting glueball energies would be obtained from
computations on larger lattices closer to the continuum
limit, which is approached as the inverse gauge coupling
x is increased.

The calculations in Sec. IV produced eigenvectors as
well as eigenvalues, and the eigenvector corresponding to
E0 represents the theory’s vacuum state. This provides
access to the calculation of the vacuum-to-vacuummatrix
elements that are so important in quantum field theory.
In this section, vacuum expectation values are computed
and used to probe the systematic e↵ects due to lattice
volume and the jmax truncation.

Because we cannot use an infinite number of qubits,
there is always some limit to the precision of any calcula-
tion. For the variational method, these uncertainties are
O(✏) for the eigenstates but O(✏2) for the eigenvalues,
where ✏ represents a perturbation. Therefore we can an-
ticipate less precise results for vacuum expectation values
than for the associated eigenvalue.

Recall from Eq. (2) that the general SU(2) Hamiltonian
is the sum of a chromoelectric term and a plaquette term,
where the continuum limit of the plaquette term contains
a chromomagnetic contribution and an additive constant.
In units of g2/2, the vacuum expectation value of Eq. (2)
can be written as

h0|HSU(2) |0i = h0|HE |0i+ h0|H⇤ |0i . (16)

To the left of the equal sign is the smallest eigenvalue.
The first(second) term on the right side can be calculated
by matrix multiplication using the diagonal(o↵-diagonal)
terms in the Hamiltonian together with the ground-state
eigenvector that was computed in Sec. IV.
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      jmax = 1/2
      jmax = 1

〈0| HE|0〉

〈0| HSU(2)|0〉

〈0| H  |0〉

FIG. 7. The chromoelectric part, plaquette part, and total
vacuum expectation value for the SU(2) Hamiltonian on a
two-plaquette lattice as functions of the gauge coupling x of
Eq. (3). Data points are computed on the D-Wave Advan-
tage quantum annealer. Solid, dashed and dotted curves are
classical calculations for jmax = 1

2 , 1 and 3
2 respectively.

Figure 7 shows the three terms of Eq. (16) on a two-
plaquette lattice for the available jmax values, with data
points obtained from the quantum annealer and curves
obtained classically. Data points show small but visible
deviations from the classical curves for the chromoelectric
and plaquette terms separately but, as anticipated, their
sum is equal to the minimum eigenvalue and is closer
to its classical curve. Data points for jmax = 3

2 do not
appear on the graph because, as discussed in Sec. IV,
those D-Wave results are not significantly resolved from
the jmax = 1 data points.
The full e↵ects of gauge fields are attained as jmax !

1, and the comparison of di↵erent jmax choices in Fig. 7
suggests a rapid convergence for the range of gauge cou-
plings studied here, 0 < x < 1. The precise rate of con-
vergence always depends on the particular observable be-
ing considered, and we see that calculations for jmax = 1
and 3

2 are closer together for the full Hamiltonian than
for the chromoelectric or plaquette terms separately.
To determine how results depend on lattice volume, it

is convenient to divide Eq. (16) by the number of plaque-
ttes, thereby obtaining an energy density. Classical cal-
culations show no visible distinction between Nplaq = 4
and 6 at the resolution of Fig. 8 so they appear as a single
dot-dashed curve. The two-plaquette result is a nearby
solid curve. Taken together, the three volumes show that
these energy densities (chromoelectric, plaquette, and to-
tal) are indeed local quantities with no significant depen-
dence on lattice volume beyond a few plaquettes, at least
for the range of x considered here. As expected, compu-
tations on the D-Wave quantum annealer in Fig. 8 show
smaller errors for the total energy than for the separate
chromoelectric and plaquette terms.
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[3] Abel, S. and Spannowsky, M., PRX Quantum 2, 010349 (2021)



…

(0,0) (1,0)

(0,1) (1,1)

Û(0,0),1 Û(1,0),1

Û(0,1),1 Û(1,1),1

Û(0,0),2 Û(1,0),2

Define a system …
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• Let’s start with the choice of 


• Finite, 


• Non-Abelian, serves e.g. as truncation to  for  and  odd.


• Already studied in the context of gate-based computing with excellent 
description[1]


• Geometry: Let’s start with a ladder of plaquettes …





  and  


G = Dn, n = 3,4…

|G | = 2n

O(2) n → ∞ n

HKS = HE + HB

HB = λB ∑
p

Tr(Up + U†
p) HE = λE ∑

x

d

∑
i=1

∑
jmn

fj | jmn⟩x,i |⟨jmn |x,i .

[1] Lamm, H. et al., Phys. Rev. D 100, 034518 (2019)



…“build” gauge-invariant Hilbert Space …
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…

(0,0) (1,0)

(0,1) (1,1)

Û(0,0),1 Û(1,0),1

Û(0,1),1 Û(1,1),1

Û(0,0),2 Û(1,0),2

Start from the lattice with all links in the trivial rep 


• Act[1] with plaquette  using





• Doing so in a systematic way creates an exact enumeration of  whose size grows 
exponentially with .


• Filter those configs of  who additionally satisfy Gauss’s law, i.e. locally 

|000⟩

U(2)
p

Û(2)
m′￼n′￼

| jmn⟩ = ∑
J

∑
M

∑
N

dim( j)
dim(J)

× ⟨2m′￼jm |JM⟩⟨JM |2n′￼jn⟩ |JMN⟩

ℋ
L

j′￼s

|00⟩x = ∑
mI

∑
mA

∑
mE

( − ) f( jA,jE,jI;mI) | jAmA⟩ ⊗ | jEmE⟩ ⊗ | jImI⟩( jA jE jI
mA mE mI)

[1] Byrnes, Tim and Yamamoto, Yoshihisa, Phys. Rev. A73 (2006) 022328



Compute the Hamiltonian
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Once config space  is labelled, compute    where .{j} Hik = ⟨ψi |HKS |ψk⟩ |ψ⟩{j} = ⨂
s

|00⟩s({j})
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Spectrum ?

• Ground-state calculation in variational formulation


where  with 


• Can be cast into QUBO problem using binary variables  suitable for Quantum 
Annealer[1,2]


 


 

E0 ≤
⟨ψ | Ĥ |ψ⟩

⟨ψ |ψ⟩
, |ψ⟩ = ∑

i

ai |ψ⟩i ai ∈ ℝ

qi ∈ {0,1}

a(z+1)
α = a(z)

α −
qα,K

2z
+

K−1

∑
i=1

qα,i

2K−i+z
,

F = ⟨ψ | Ĥ |ψ⟩ − η⟨ψ |ψ⟩ =
Nconf

∑
α,β

K

∑
i,j

Qαβ,ijqα,iqβ,j
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Ground-State Calculation via QA

Computations done on D-Wave QA in forward annealing mode[1]


 


At end of annealing schedule extract ground-state coefficients  and hence  

HQA = A(s) HI + B(s) H

ai |ψ⟩ = ∑
i

ai |ψ⟩i
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Can extract[2] 





Process does not always 
converge, results have hence 
uncertainty (grey band), visibly 
larger for the larger group .

⟨O⟩, O = HB, HE . . .

D4

[1] Catherine C. McGeoch, Synthesis Lectures on Quantum Computing 2014 5:2, 1-93

[2] Fromm, M., Philipsen, O. & Winterowd, C., EPJ Quantum Technol. 10, 31 (2023)



Resolving Gauge Redundancy by Reformulation
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Example:   LGT in original formulation, i.e. with gauge redundancy


  


Typically bosonized via Jordan-Wigner map: 





Redundancy encoded in Gauss’ law:


 where 


Resource count (o.b.c.):


 site model requires  qubits for matter sites and gauge links - of course qb count grows linearly with volume 

ℤ1+1
2

H =
1

2a

L−2

∑
n=0

(χ̄nZn,n+1χn+1 + h . c . ) + m
L−1

∑
n=0

(−1)n χ̄n χn − ϵ
L−2

∑
n=0

Xn,n+1

χi =
i−1

∏
k=0

σz
kσ−

i , χ̄i =
i−1

∏
k=0

σz
kσ+

i ,

H̃ = −
1

4a

L−2

∑
n=0

(σx
nZn,n+1σx

n+1 + σy
nZn,n+1σ

y
n+1) +

m
2

L−1

∑
n=0

(−1)nσz
n − ϵ

L−2

∑
n=0

Xn,n+1

Θg(n) |ψ⟩ = |ψ⟩ Θ(n) = (−1)n+1XnXn−1σz
n .

L 2L − 1 L



Example: Reformulation by Matter Elimination

 LGT in formulation with matter eliminated[1,2,3]


1. Map of fermions to hard-core bosonic matter via unitary


2. Decoupling of matter via Gauss’ constraint


 


• Interaction still local with modified three gauge boson interaction


•  site model now requires  qubits for matter sites and gauge bosons


• No redundant Hilbert space


• Works in arbitrary , albeit with modified but local gauge boson interaction

ℤ2

H =
L−2

∑
n=0

ϵZn +
J
2

Yn −
J
2

L−3

∑
n=1

Zn−1YnZn+1 −
m
2

L−2

∑
n=1

Zn−1Zn +
μ
2

L−2

∑
n=1

(−1)nZn−1Zn

L L − 1

d
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Application: Quantum Simulation for HEP at , VariationallyT > 0

12

“Sampling” by mid-circuit measurement “qVQT”[1]


• State sampling, preparation and measurement on quantum device using two variational circuits,  and  with 
parameter sets  and a measurement in-between.


• Idea:


1.  produces 


2. Measurement leads to collapse, statistically 


3.  maps it to 


• From measurement  estimate , hence  


• From measurement  estimate 


•Classical machine performs 

VQC1 VQC2
θi, ϕk

VQC1 ρVQC1
= ∑ an(ϕ) |bn⟩∑ ak(ϕ)⟨bk |

∑
i

|ai(ϕ) |2 |bi⟩⟨bi |

VQC2 ∑ |ai(ϕ) |2 U(θ) |bi⟩⟨bi |U†(θ)

mS pi ≡ |ai(ϕ) |2 ≈ ni/N ⟨S(ϕ)⟩ = − ∑ pi log pi

mE E = ⟨H⟩

F(θ, ϕ) = ⟨Ĥ⟩ − T⟨ ̂S⟩ → min

[1] Selisko, J. et al., arXiv: 2208.07621 [quant-ph]
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q0

q1

qn-1

c

VQC2VQC1



Quantum Simulation for HEP at , Variationally, T > 0 ℤ1+1
2

• No gauge redundancy, from the perspective of the 
algorithm just like Heisenberg model


• Gates can be hardware efficient, from generic library[1]


• Lower qbit count:  matter sites need ~  qubits


• A note on entropy estimation:


 where 


But: Can “fork” after intermediate measurement and 
estimate entropy in different ways:


• Expand  and use modified cost 
function …

L Ld

S = − ∑
n

pn log(pn) pi ≈ ni/Nshots

Tr(ρ log ρ)
F̃
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Continuous Time Limit in Euclidean Formulation

• Euclidean formulation of LGT with stagg. fermions on  lattice





• In strong coupling limit  gauge integration  can be performed, 

exactly, followed by the Grassmann integral


• System becomes statistical dimer system of color singlet “mesonic” and 
“baryonic” loops, described by


 


• Limit of continuous Euclidean time[1]:  with 


Lτ × Lσ

Z = ∫ 𝒟U𝒟χ𝒟χ̄e−βSWils−SFerm

β = 0 ∫ 𝒟U…

Z = ∑
{k,n,ℓ}

∏
b=(x, ̂μ)

(3 − kb)!
3!kb!

γ2kbδ0̂, ̂μ∏
x

3!
nx!

(2amq)nx∏
ℓ

w(ℓ)

Lτ → ∞ βτ = γ2/Lτ = const

ZCT(βτ, aμB) = trℋ [e−βτ(Ĥ−N̂aμB)]
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ΛB
σ _∪ΛM

σ ¼ Λσ ≡ Nσ
3: ð23Þ

The vertex weights introduced in the second line vðx⃗;τÞ
depend on the dimers k−0 ¼ k0ðx⃗; τ − 1Þ and kþ0 ¼ k0ðx⃗; τÞ,
k−0 ¼ k0ðx⃗; τ − 1Þ and simplify due to the Grassmann
constraint, k−0 þ kþ0 þ 1 ¼ Nc:

vðk−0 jkþ0 Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Nc

ðNc − k−0 Þ!
k−0 !

ðNc − kþ0 Þ!
kþ0 !

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNc − k−0 Þð1þ k−0 Þ

Nc

s

: ð24Þ

They come in pairs of adjacent spatial sites ðx⃗; τÞ, ðx⃗þ î; τÞ
at both ends of a spatial dimer on a bond b ¼ ðx⃗; τ; iÞ.
There are Nc types of vertices since k−0 can take the values
from 0 to Nc − 1. For Nc ¼ 3, there are only three types of
vertices,

vð0j2Þ ¼ vð2j0Þ ¼ 1; vð1j1Þ ¼ 2ffiffiffi
3

p : ð25Þ

The important observation is that the mesonic part of the
partition function only depends on the number of vertices
and not on the precise temporal position. The temporal
intervals between vertices attached to spatial dimers have a
trivial weight: due to the Grassmann constraint on every
site where no spatial dimer is attached, k−0 þ kþ0 ¼ Nc
implies that the dimer numbers form alternating chains as
shown in Fig. 2 and cancel in weight:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðNc − k−0 Þ!

k−0 !
ðNc − kþ0 Þ!

kþ0 !

s

¼ 1: ð26Þ

Only the relative order of the vertices v is important but not
the length of the intervals between them. The partition
function of SC-LQCD with Nc ¼ 3 can be written in terms
of these vertices as follows:

Z̃ðγ; μB=T;NτÞ ¼
X

fΛM
σ ;ΛB

σ g

X

n

XGC

n
k0ðx⃗;0Þ;
n∟ ;n⊤

o"""
ΛM

( 
Yn

ðhx⃗;y⃗ij;τj;Þ;j¼1

#
v∟
γ

$
n∟ðx⃗;τjÞ

#
v⊤
γ

$
n⊤ðy⃗;τjÞ

!

ð2 coshðμB=TÞÞjΛ
B
σ j

)

: ð27Þ

The temporal dimers in the first time slice k0ðx⃗; τ ¼ 0Þ are
now dynamic variables in the partition sum. The ∟-vertices
and ⊤-vertices at sites x ∈ ΛM are defined in terms of the
previous vertices, v∟ ¼ vð0j2Þ ¼ vð2j0Þ, v⊤ ¼ vð1j1Þ ¼
2ffiffi
3

p , and the order in the high temperature expansion is given
by the number of spatial dimers:

n ¼ 1

2

X

x⃗∈ΛM
σ

Z
1=T

0
dτðn∟ðx⃗; τÞ þ n⊤ðx⃗; τÞÞ≡ NDs: ð28Þ

In the partition sum Eq. (27), within the sum denoted by
GC, not all temporal positions of the vertices are
admisssible due to the Grassmann constraint. We still need
to replace γ by the temperature aT, which requires book-
keeping of possible locations for spatial dimers. We will
provide the details in the Appendix A. A simplified
argument that allows us to understand the temperature
dependence is that for the first spatial dimer there are up to
Nτ possible locations between two adjacent spatial sites

hx⃗; y⃗i, but due to the even-odd decomposition there are only
Nτ=2 possible locations for the second spatial dimer, and
likewise for all other dimers, as long as Nτ is large. Hence,
every spatial dimer, after summing over possible locations,
has weight Nτ

2γ2 ¼ 1=ð2T Þ. The final result is

ZCTðT ; μBÞ ¼
X

fΛM
σ ;ΛB

σ g

X

fωgjΛBσ

eωx⃗μB=T
X

n∈2N

1

n!
1

ð2T Þn

×
X

G∈ΓΛMσ
n

vN⊤ðGÞ
⊤ ;

N⊤ ¼
X

x⃗∈ΛM
σ

Z
1=T

0
dτn⊤ðx⃗; τÞ; ð29Þ

where Γn ¼ fn∟ðx⃗; τÞ; n⊤ðx⃗; τÞg is the set of all valid
configurations on the mesonic sublattice ΛM

σ with n≡ NDs
spatial dimers, andN⊤ ≤ 2n is the total number of⊤-vertices,

FIG. 2. Correspondence between discrete time configurations
in terms of dimer coverings and baryon world lines (top) and in
terms of hadron occupation numbers in continuous time (bottom).
Multiple spatial dimers become resolved in single spatial dimers
(which can be oriented consistently from emission sites E to
absorption sites A, indicated by the arrow), baryons become
static, and only vertices of ∟-shape or⊤-shape survive as aτ → 0.
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Continuous Time Limit in Euclidean Formulation

• Continuous Euclidean time limit gives rise to “spin” Hamiltonian


 and 


with sparse operators  and Hilbert Space 


where  encodes six hadronic states.


• These are gauge invariant “matter” states with finite dimensional Hilbert Space .


ĤMes. = −
1
2 ∑

⟨x,y⟩
( ̂J+

x
̂J−
y + ̂J−

x
̂J+
y ) N̂Bar = ∑⃗

x

ω̂x

̂J±
x , ω̂x ℋ

ℋ = ⨂
x∈Σ

|𝔥x⟩, |𝔥⟩ = |𝔪, 𝔟⟩ =

0
π

2π
3π
B+

B−

ℋ
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Continuous Time Limit in Euclidean Formulation: Digitization

• Hamiltonian  sparse, local, can be easily qubitized


• Mesonic theory  requires  qubits per site , inclusion of 
baryons  adds one additional control bit[1]


• “(Anti)-Baryons” evolve trivially (diagonal)

H

U(3) 2 x
SU(3)
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0

1
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3

0

1

2

3

0

1

2

3

0

1

2

3

4

q0 : S H

diag_famI

H S
:

q1 :

q2 : S H H S
:

q3 : ‚ S H H S
: ‚

q0 : RZ p´ �t
2
p

3
q RZ p´ �t

2
p
3

q

q1 : RZ p´ �t
2
p

3
q ‚ ‚

q2 : RZ p´ �t
2
p
3

q ‚ ‚

q3 : ‚ ‚ ‚ ‚

Figure 1. (Top) Four qubit quantum gate corresponding to the Fam1 unitary in the Mesonic Trotter step. (Bottom) The
diagonal gate diag_famI of the above unitary, decomposed into elementary operations.

takes the form

Fam1 “ {pIXqxpY Y qy, pIY qxpY Xqy ` x Ø y terms},
Fam2 “ {XXY Y,XY Y X, Y Y XX, Y XXY },

Fam3 “ {IXXX, IY XY,XXIX,XY IY },

Fam4 “ {Y Y Y Y, Y XY X, IXIX, IY IY,XXXX,XY XY },

(11)

where the big endian convention is used. The individual
terms are multiplied by the coefficients cpkq

j which are
listed in the Appendix (Eq. (A1)). Each of the Famk can
be diagonalized simultaneously using the tableau formal-
ism described in [23], yielding the sets

DiagFam1{2 “ {IIZZ, IZZZ,ZIIZ, ZZIZ},

DiagFam3 “ {IZZI, IZZZ,ZZII, ZZIZ},

DiagFam4 “ {ZZZZ,ZIZZ, IIIZ, IZIZ, IIZZ, IZZZ}.

(12)

The transformations Vk which diagonalize the families of
operators

exp

0

@i
X

j

cpkq
j P pkq

j

1

A “ Vk exp

0

@i
X

j

c̃pkq
j P̃ pkq

j

1

AV :
k(13)

are given below in gate form. The remaining step in
the derivation of the primitive gate sets for the He{o, is
the optimization of the exponentiated sum of diagonal
terms exp

⇣
i
P

j c̃
pkq
j P̃ pkq

j

⌘
. Here, optimization refers to

the number of CNOT gates. Making use of the iden-
tity Za b Zb “ CNOTa,bIa b ZbCNOTa,b and taking
into account mutual cancellations between neighboring
CNOTs, we arrive at the gate set for each of the four ex-
ponentiated families. As an example, the relevant gates
for the exponentiation of the first family are displayed
in Fig. 1 where the remaining sets are given in the Ap-
pendix, Fig. 6.

q0 :

q3 :

q1 :

MesonicTrotterp�tqq2 :

q4 :

q5 :

Figure 2. An example of the two-qubit controlled version
of the mesonic Trotter gate where the qubits pq0q1q2q and
pq3q4q5q have been arranged for readability.

B. Inclusion of Baryons

Extending our theory from gauge group Up3q to SUp3q
requires the extension of |hi “ |mi to |hi “ |m, bi, as
defined in Eq. (6). It is important to note that owing to
the limit of infinite gauge coupling and continuous time,
baryons remain static in our toy theory. Given an initial
state | 0i “ bx |hix, the time evolution of bosonic and
baryonic sites decouples as rH,N s “ 0, with baryons
evolving trivially, only leaving an imprint on the sur-
rounding “pion bath” through a fixed excluded volume.
From the practical side of quantum simulations this im-
plies that the gate set identified so far is sufficient to cap-
ture the dynamics of the theory with gauge group SUp3q
in the zero temperature limit.

At nonzero chemical potential or temperature, µB , T °
0 we will need to extend our register to three qubits
per site x to represent all six classical states of |hix “
p0,⇡, 2⇡, 3⇡, B`, B´qTx , leaving two states as redundancy.
As Hxe{o and Nx act on this Hilbert space through a
direct sum, we can use the three qubits in the regis-
ter pq0q1q2q and encode the hadronic sector (meson or
baryon) of hx in, say, q0, thus having it act as control
bit. A mesonic Trotter step thus consists of the gates
derived in the last section, Fig. 1 and Fig. 6, but in their
controlled version (e.g. on “0”), with one control bit per
site. The unitary exp

�´i�tHxe{o

�
acting on pairwise sets

of qubits encoding |hix and |hiy of nn-pairs hx, yi, respec-

5

q0 : ‚
q1 :

q2 : RZ p´2µBtq

Figure 3. Baryonic evolution gate for a single site. The
local control bits q0 and q1 encode the hadronic sector and
redundant state space, respectively.

tively, is hence represented by the symbolic circuit Fig. 2.
The baryon evolution happens in diagonal form per

site x (i.e. Z-term in the Hamiltonian) through the term
exp (´it

P
x !̂x) and hence does not need to be trotter-

ized. We thus only have to take into account local con-
trol by q0 (e.g. on “1”), which encodes the hadronic sec-
tor. Locally, to restrict the action of exp (´it!x) to the
pB`, B´qT part of |hix, we can add a control by q1, thus
excluding action on the redundant states of the 2

3 possi-
ble classical states. Fig. 3 thus shows the only baryonic
gate used in the time evolution of the full (SUp3q) theory.

C. Trotterized Time Evolution in d “ 1 ` 1

Trotterizing the time evolution according to

Uptq “
⇣
e´i�t

P
xe

Hxe e´i�t
P

xo
Hxo

⌘N
e`itN̂aµB ,(14)

where t “ �tN , Fig. 4 depicts the symbolic circuit corre-
sponding to the staggered layers of mesonic Trotter gates,
followed by a baryonic evolution for a lattice of dimen-
sion d “ 1 ` 1 with linear extent L “ 4, using open
boundary conditions for displaying purposes. The ini-
tial state chosen, | 0i “ p|`i |0i |`iqbL, corresponds lo-
cally to |hix “ 1

2 p1, 1, 0, 0, 1, 1qT , i.e. a superposition of
mesonic and baryonic occupation.

To exemplify the correctness of our gate decomposition
summarized in Fig. 4, we show in Fig. 5 a comparison of
exact and trotterized observables as a function of Trot-
ter time t, with initial state | 0i on a lattice of L “ 4

sites with p.b.c., using n “ 3L qubits. Displayed are
the results of a noise-free classical simulation, assuming

infinite shot statistics, resulting in the time-evolution of
expectation values of the mesonic observables Ĵ1{2 (left),
defined in Eq. (7) and the overlap | h 0| ptqi |2 (right) for
several values of the baryon chemical potential aµB . We
observe good agreement with the exact results.

IV. CONCLUSION AND OUTLOOK

In summary, we have mapped the Hamiltonian for
strong-coupling lattice QCD with one flavor of staggered
quarks to qubit degrees of freedom by writing down the
necessary complete gate set to simulate its dynamics
on a quantum computer. This formulation serves as a
preparatory step to actual studies of the model on quan-
tum hardware, where it is evident that this will not only
allow one to study the dynamics of the model but also its
thermal and finite density properties, using e.g. thermal
pure quantum states [24, 25] or the variational methods
described in [26] and [27].

Repeating this exercise for Nf ° 1 is another avenue
to pursue. Considering the state multiplicity diagram
given in [17], one sees that the the purely bosonic sector
of the theory (i.e. Up3q) will require the use of six qubits
per lattice site. This perhaps suggests that a mapping
of the system to an effective theory or the use of a qudit
formulation would be advantageous.

The most physically relevant extension of the current
work would be the inclusion of gauge corrections to the
Hamiltonian formulation. This would allow one to make
contact to other effective theories in the strong-coupling
limit [10], and in the longer term, approach the contin-
uum limit a Ñ 0.
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Symbolic Trotter circuit for  theory, taken from [1]

Yellow = Staggered Mesonic Trotter step, Blue = Baryonic Evolution  

Nf = 1

Outlook 

• : Low qubit count, system can already be studied on current 
NISQ devices for  and compared to Euclidean 
results


• : Hamiltonian still sparse, local while Hilbert space 



•  : Effective Hamiltonian

Nf = 1
T > 0, μB > 0

Nf = 2
dim(ℋx) = 6 → 92

Nf = 1, 𝒪(βgauge)

https://arxiv.org/abs/2308.03196
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