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b) Vorgabe für Publikation von WissenschafterInnen, die den Kooperationen NAWI Graz und 
BioTechMed-Graz zuzuordnen sind 

Für Publikationen einer Autorin bzw. eines Autors, die/der beiden Kooperationen – NAWI Graz und 
BioTechMed-Graz – zuzuordnen sind, ist folgendes Schema zu wählen: NAWI Graz ist im Kontext der 
Stammaffiliation zu ergänzen, BioTechMed-Graz wird als zweite, separate Affiliation angeführt (siehe 
auch Richtlinie RL 92000 APFP 071-01 der Technischen Universität Graz). 
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The Complexity of Observations

use

• as an event generator
• as an exact tool for resummation
• as a means to explore amplitudes 

and structures in QFT



Event generators

d! ! L " d! H (Q) " PS(Q # µ) " MPI " Had(µ # ! ) " ...
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Amplitudes

Suggests an iterative procedure to build amplitude and conjugate amplitude with many emissions.



Amplitudes

d! ! Tr
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PS(Q " µ)dH (Q)PS  (Q " µ)Had (µ " ! )
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Factorisation and evolution
ground, we can adopt the following analysis of the cross section, which we here present in
a more sketchy way with details to be addressed later:

! =
!

n,m

" "
Tr n [M nU nm ] d" m u(" m ) (8.1)

is the general cross section we would strive to calculate, in terms ofm experimentally
observed particles from which we can calculate an observableu(" m ), and the trace refers
to a sum over degrees of freedom within then constituent particles from which we could
build up the m observed particles. Up until now we have collectively addressedU n =
#

m U nm u(" m ) as the measurement function. The above clearly must be a consequence of
a factorization theorem which would start from an S matrix element of the form
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(8.2)

where the sum over the Þeld indices%, & does consitute Trn , and the relevant GreenÕs
function is a tensor in all of these indices, subject to choosing a basis|%} of colour and spin
(which we here have deliberatly denoted with a curly bracket notation to distinguish them
from the true quantum mechanical states): |m" = |i "|f " is the product of initial and Þnal
states involved in the deÞnition of theS matrix element, and !0|$! (pn)|m" are collectively
denoting the external wave functions, i.e. in general Bethe-Salpeter amplitudes, for the
states of interest as dictated by the interpolating Þelds$! we have chosen for the elementary
or possibly composite external states.Rm is the product of the corresponding wave function
renormalizations for the Þnal state m, and the integrations over the o! -shell constituent
momenta are constrained such that their sum equal the observed Þnal state momentaPi .
The truncation of the GreenÕs functions is to be understood such that iterations ofNm -
PI-irreducible legs which combine into a composite state ofNm constituents have been
truncated. Momentum conservation of the observed particles then leads to momentum
conservation among the constitutent particles. Our current formalism has then assumed
that the result will be dominated by those contributions which have all partonic lines put
on-shell,

{ %|M n|&} = ( Rn,! Røn," )1/ 2 G! (pn) øG" (øpøn)
)
)
)
m and 1-(truncated, on-shell)

, (8.3)

and
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where each of thePi is given by the sum of constituents
#

j pij and the two factors are
then convoluted by momentum integrations
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The role of the IR cutoff

Just a technical parameter?

Q

𝝠

𝝁 S

• If a shower exploits unitarity, then implicit virtual corrections essentially use a 
cutoff-dependent renormalisation scheme.

• Even if we include explicit virtual contributions, a cutoff is present. 
This is independent of the UV renormalisation scheme, and impacts the 
structure of the resummation.

[Hoang, Plätzer, Samitz – JHEP 10 (2018) 200]

[Plätzer – (slow) progress]

My approach: “renormalise” bare colour operators.

Subtract IR divergencies 
in unresolved regions

implications of the shear presence of a non-trivialU n are: we analyse to what extent we can
use the anticipated factorization to consistently construct evolution equations Ð and this
mainly means Þnite, iterative algorithms Ð to build up the hard scattering operator and the
measurement operator (which we can think of as anything in between a jet measurement,
fragmentation function, or a completely exclusive hadronization model), subject to a given
class of observables. Any Þnite algorithm, if it shall be based on events of Þxed multiplicity,
necessarily involves an infrared resolution. The presence of this resolution,e.g. through
an infrared cuto! scaleµS, shall be our starting point. We will devise re-deÞnitions (or
renormalization transformations) from M n and U n,

M nZ n
g = Zn [A (µS), µS] U n = Xn [S(µS), µS]

onto Þnite density operators A (µS) = ( A 0(µS), A 1(µS), ...) and e! ective measurement
operators S(µS) = ( S0(µS), S1(µS), ...) such that the cross section is invariant in the sense
that

!

n

! n
0

"
Tr [ M nU n] d" n =

!

n

! n
S

"
Tr [ Zn [A (µS), µS] Xn [S(µS), µS]] d" n =

!

n

! n
S

"
Tr [ A n(µS)Sn(µS)] d" n ,

where ! 0 = ! SZg relates the bare and renormalized couplings, andµS is a resolution scale
(in fact, as we demonstrate below, a collection of resolutions scales), of which the Þnal
cross sections needs to be independent in the same way as it is of the renormalization scale
(which we have supressed for simplicity in these introductory notes). Jet cross sections
would be recovered ifSn are the unit operators in colour space times a scalar measurement
function, and would then be represented by a scalar product matrix of overlaps of colour
states, see [4] for more details. The independence of the ÒbareÓ objectsM n and U n of the
scaleµS will result in evolution equations for the A n(µS) and Sn(µS), and also implies the
fact that the cross section is independent of the chosen resolution scale. Had we chosen
to work with vectors of density operators A rather their components A n for each partonic
multiplicity, then the action of Z and X would in fact be matrices of colour charge operators
which are inverse to each other. While the former notation might look more transparent
on conceptual grounds, we here aim at a practical analysis, which is better based on the
density operators for individual partonic multiplicities and the cross feed between them,
mediated by the emission of additional partons. We should thus warn the reader that the
implementations of the re-deÞnitionsZ and X in the main text will appear in a more
complicated fashion than by representing them as simple linear operators acting on all the
density operators. However we exactly exploit the fact thatX is inverse toZ , and we spell
out and prove this relation in very detail in the main text: We will actually determine
Z from X to be its inverse, possibly order-by-order in the strong coupling! S. X itself
needs to be determined to provide infrared subtractions to the hard density operator, after
ultraviolet renormalization, and its factorization properties. This step very much resembles
what happens in a Þxed-order calculation in which infrared divergences are subtracted
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ground, we can adopt the following analysis of the cross section, which we here present in
a more sketchy way with details to be addressed later:

! =
!

n,m

" "
Tr n [M nU nm ] d" m u(" m ) (8.1)

is the general cross section we would strive to calculate, in terms ofm experimentally
observed particles from which we can calculate an observableu(" m ), and the trace refers
to a sum over degrees of freedom within then constituent particles from which we could
build up the m observed particles. Up until now we have collectively addressedU n =
#

m U nm u(" m ) as the measurement function. The above clearly must be a consequence of
a factorization theorem which would start from an S matrix element of the form
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m-(truncated, on-shell)

(8.2)

where the sum over the Þeld indices%, & does consitute Trn , and the relevant GreenÕs
function is a tensor in all of these indices, subject to choosing a basis|%} of colour and spin
(which we here have deliberatly denoted with a curly bracket notation to distinguish them
from the true quantum mechanical states): |m" = |i "|f " is the product of initial and Þnal
states involved in the deÞnition of theS matrix element, and !0|$! (pn)|m" are collectively
denoting the external wave functions, i.e. in general Bethe-Salpeter amplitudes, for the
states of interest as dictated by the interpolating Þelds$! we have chosen for the elementary
or possibly composite external states.Rm is the product of the corresponding wave function
renormalizations for the Þnal state m, and the integrations over the o! -shell constituent
momenta are constrained such that their sum equal the observed Þnal state momentaPi .
The truncation of the GreenÕs functions is to be understood such that iterations ofNm -
PI-irreducible legs which combine into a composite state ofNm constituents have been
truncated. Momentum conservation of the observed particles then leads to momentum
conservation among the constitutent particles. Our current formalism has then assumed
that the result will be dominated by those contributions which have all partonic lines put
on-shell,

{ %|M n|&} = ( Rn,! Røn," )1/ 2 G! (pn) øG" (øpøn)
)
)
)
m and 1-(truncated, on-shell)

, (8.3)

and
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Rm

(Rn,! Røn," )1/ 2
!0|$! ({ p} n |{ P} m )|m"! m|ø$" ({ øp} øn |{ P} m )|0"u({ P} m ) , (8.4)

where each of thePi is given by the sum of constituents
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j pij and the two factors are
then convoluted by momentum integrations
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FIG. 1. Illustration of the various regions of validity of our parametrization. As seen from, eq. (21) the condition pi áQi,s ! pi áni,s

is fulÞlled if either both Qi + and Qi ! are small (the genuinely soft region) or if Ei " M i and Qi ! # 0 (the hard collinear
region) or if Ei ! M i and Qi ! # $ Qi + (the threshold region).

Phase space factorization can be obtained systematically at leading power for such kinematic mappings as shown in
[12]. We note that we can uniquely invert the mapping and obtain an expression ofQi,s if we have Þxedpi and ni,s .
This also means that we can use this deÞnition also whenK i,s and K j,s are not independent, e.g. for a one-loop
exchange in between two legsi and j we haveK i,s = ! K j,s = k. Notice that we have chosen a backward direction
ni,s di! erently per hard momentum pi .

Kinematic regions

The kinematic regions covered by our parametrization are best illustrated for one hard line and a speciÞc frame,
where

pi =
! "

E 2
i + M 2

i , !0! , Ei

#
ni,s =

ni,s ápi

Ei +
$

E 2
i + M 2

i

%
1,!0! , ! 1

&
Qi,s =

%
Q(+)

i,s + Q(" )
i,s , !Q(! )

i,s , Q(+)
i,s ! Q(" )

i,s

&
.

(20)
Our expansion is valid if

pi áQi,s =
"

E 2
i + M 2

i (Q(+)
i,s + Q(" )

i,s ) + Ei (Q
(" )
i,s ! Q(+)

i,s ) " pi,s áni,s = Si,s . (21)

The regions of validity contain a Glauber-type region in which Qi,s becomes purely transverse, along with the regions
depicted in Þgure 1.

Propagators and external wave functions

An important ingredient to our factorization formula is to demonstrate, subject to the kinematic parametrization
above, that

#'

n =0

(
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

! (qi + K i,s )

) n
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R,i

=
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2pi áQi,s

" (#pi , M i ) ø" (#pi , M i )
1 ! $ $(M 2

i )
+ O(" ) , (22)

where the derivative of the (physical part of the) self-energy$ (p2) (or, accordingly the transverse self-energy at
vanishing k2 for a massless boson) provides the proper wave function renormalization for the amplitude we factor
to. To illustrate this let us Þrst consider Goldstone bosons in anR! gauge, with a free propagatori/ (k2 ! # ÷M 2

R,i ),
where ÷M 2

R,i = M 2
R,i + iM R,i %R,i in a complex mass scheme [29, 30], and the introduction of%R,i needs to be added

back as additional insertions of two-point functions. This does not provide any change to our main argument. The
propagators of the physical scalar can be obtained by putting# = 1. If the scalar has a one-particle irreducible
two-point function ! i$ S(k2), the resummed propagator is

1

(qi + K i,s )2 ! # ÷M 2
R,i ! $ S((qi + K i,s )2)

=
* 1

2pi áQ i,s

1
1" ! ! (M 2

i ) + O(" ) # = 1 and $ S(k2) = $ (k2)
O(" ) otherwise

(23)

[Löschner, Plätzer, Ruffa, Sjödahl — ’20+] [Plätzer & Weigert – wip]
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Amplitude evolution and resummation algorithms.
• Started with non-global logarithms.
• Establishing links to JIMWLK, EFT, direct QCD resummation.

[Forshaw & Plätzer – wip] [Plätzer & Weigert – wip]

[Forshaw, Plätzer et al. — ’18+]
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Phase space factorization can be obtained systematically at leading power for such kinematic mappings as shown in
[12]. We note that we can uniquely invert the mapping and obtain an expression ofQi,s if we have Þxedpi and ni,s .
This also means that we can use this deÞnition also whenK i,s and K j,s are not independent, e.g. for a one-loop
exchange in between two legsi and j we haveK i,s = ! K j,s = k. Notice that we have chosen a backward direction
ni,s di! erently per hard momentum pi .

Kinematic regions

The kinematic regions covered by our parametrization are best illustrated for one hard line and a speciÞc frame,
where

pi =
! "

E 2
i + M 2

i , !0! , Ei

#
ni,s =

ni,s ápi

Ei +
$

E 2
i + M 2

i

%
1,!0! , ! 1

&
Qi,s =

%
Q(+)

i,s + Q(" )
i,s , !Q(! )

i,s , Q(+)
i,s ! Q(" )

i,s

&
.

(20)
Our expansion is valid if

pi áQi,s =
"

E 2
i + M 2

i (Q(+)
i,s + Q(" )

i,s ) + Ei (Q
(" )
i,s ! Q(+)

i,s ) " pi,s áni,s = Si,s . (21)

The regions of validity contain a Glauber-type region in which Qi,s becomes purely transverse, along with the regions
depicted in Þgure 1.

Propagators and external wave functions

An important ingredient to our factorization formula is to demonstrate, subject to the kinematic parametrization
above, that

#'

n =0

(
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

! (qi + K i,s )

) n
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

=
1

2pi áQi,s

" (#pi , M i ) ø" (#pi , M i )
1 ! $ $(M 2

i )
+ O(" ) , (22)

where the derivative of the (physical part of the) self-energy$ (p2) (or, accordingly the transverse self-energy at
vanishing k2 for a massless boson) provides the proper wave function renormalization for the amplitude we factor
to. To illustrate this let us Þrst consider Goldstone bosons in anR! gauge, with a free propagatori/ (k2 ! # ÷M 2

R,i ),
where ÷M 2

R,i = M 2
R,i + iM R,i %R,i in a complex mass scheme [29, 30], and the introduction of%R,i needs to be added

back as additional insertions of two-point functions. This does not provide any change to our main argument. The
propagators of the physical scalar can be obtained by putting# = 1. If the scalar has a one-particle irreducible
two-point function ! i$ S(k2), the resummed propagator is

1

(qi + K i,s )2 ! # ÷M 2
R,i ! $ S((qi + K i,s )2)

=
* 1

2pi áQ i,s

1
1" ! ! (M 2

i ) + O(" ) # = 1 and $ S(k2) = $ (k2)
O(" ) otherwise

(23)

[Löschner, Plätzer, Ruffa, Sjödahl — ’20+] [Plätzer & Weigert – wip]



Amplitude evolution

One-loop structures … [Plätzer ’13]
Soft evolution … [Angeles, De Angelis, Forshaw, Plätzer, Seymour – ‘18]
Soft + collinear evolution … [Forshaw, Holguin, Plätzer – ’19]
Two-loop structures … [Plätzer, Ruffa — ’21]
First Monte Carlo implementation … [De Angelis, Forshaw, Plätzer —  ’21]
Emissions beyond leading order … [Löschner, Plätzer, Simpson-Dore — ’20]

Markovian algorithm at the amplitude level: Iterate parton exchanges and emission.
Different histories in amplitude and conjugate amplitude needed to include interference.

A n (q) =
! Q

q

dk
k

Pe!
! k

q
d k !

k ! ! (k ! ) D n (k) A n ! 1(k) D  
n (k) Pe!

! k
q

d k !

k ! !   (k ! )
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CVolver  solves evolution equations in 
colour flow space. Flexible for dedicated 
resummation and new parton showers.
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Amplitude evolution: new results
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• VBF including all interferences
• e+e- to hadronic WW — demand for FCC
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• Impact of Glauber exchanges
• Recoil to (inter-)jet radiation
• Impact of interference terms

[Forshaw, Kirchgaesser, Plätzer, Torre– wip] [QCD jets with additional emissions — also relevant to top]
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Figure 12 : To be written... [Why are there not orange dots?] Shall we include the cubic
tunings at all in our discussions?
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Figure 13 : To be written...

In Fig. 14 we show SMC obtained from the default hadronization model over ! for
di! erent ök for the reference shower cut scaleQ0,ref = 1 .25 GeV for the hard scalesQ =
45 GeV (left panels), 91.2 GeV (middle panels) and 200 GeV (right panels). In Fig.15 the
analogous results are displayed obtained from the dynamic hadronization model. The upper
panels showSMC (! , { ök, Q, Q0} ) for several small ök values below 2 GeV, which is the range
where SMC is still strongly depending on ök. The lower panels showSMC (! , { ök, Q, Q0} ) for
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Towards a smooth matching of shower 
and hadronization at the infrared cutoff 
— inspired by coherent branching.
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Towards a full model of cluster 
evolution with fission and colour 
reconnection informed by 
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Why?

Hadronization and the interface to showers lacks:

• comprehensive uncertainty estimates
• predictivity
• extrapolation across different energy regimes
• links to analytic models …

NB: Machine learned models will only continue to 
parametrize our ignorance.
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Priedigkeit 2 Physical Description

In general, not all clusters will have the proper energies to decay into hadrons. This
means that there must be a mechanism by which they can reduce their individual ener-
gies until hadrons can be formed. The mode of this reduction, employed by the Herwig 7
event generator is called cluster Þssion [7]. The Þssion process is thought to be isotropic
in the clusters rest frame and follows equation (4), wherem1 and m2 are the constituents
masses of the cluster with massM and Clmax and Clpow are parameters of the model
[1].

M CL pow ! CLCL pow
max + ( m1 + m2)CL pow [7] (4)

Other parameters include 1) the weights for which particles are created in a Þssion
process, 2) the cut-o! energy at which the Þssion process stops and 3) a parameter which
gives the distribution of the resulting cluster masses.
While this approach can be tuned to Þt the data, a big drawback is that there is no
clear physical interpretation, which makes it hard to improve the model with new theory.
This is where the change of perspective comes in, which motivates this whole discussion.
We want to move away from a parameter based model and convert it to a model that is
based on physical insights about the cluster Þssion process. In order to achieve this, we
have to look at the physical description of a Þssioning cluster and the cross section for
such an event.

Figure 7: A schematic of the cluster Þssion process.

In Þgure (7) we see how the incoming clusterP with constituent p1 and p2 decays into
two clusters Q1 and Q2. The new parton pair q and øq is created from the energy stored
within the color potential.
If we are interested in the di! erential rate of this decay d! we can write this with the
help of an unknown interaction matrix element |M |2 and the phase space limitations due
to conservation of momentum and positivity of energy.

d! (P " Q1, Q2) = |M (p1, p2 " q1, q2, q,øq)|2 (5a)
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Most needed when 
hadronizing the 
unknown: strongly 
interacting dark matter.
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Abstract
We continue on ÒColour evolution and infrared physicsÓ

1 Additional notes on the old paper
Notice that the inverse of the redeÞnition of U n in fact is

Sn = Z 
n U n Zn +

!!

s=1

! s
S

"
E( s)  

n + sU n + sE( s)
n + s

n + s#

i = n +1

µ2!
R [dpi ]÷" (pi ) . (1)

2 Momentum mappings

3 Factoring matrix elements

3.1 Phasespace combinatorics
We denote the matrix element in which m out of n emissions andk out of l loop momenta become
unresolved by

M ( l |k )
n |m .

This quantity is to include the combinatorial factors which originate from factoring phase space in
this way, and speciÞcally we have that M ( l |0)

n |0 is free of any infrared divergencies, though it might

still contain UV divergencies. Conversely, M (0 | l )
n |m is free of UV divegencies, as are therenormalized

matrix elements M ( l |k )
R,n |m .

3.2 Power expansions
Renormlized matrix elements with unresolved momentum modes can be expanded in a power
expansion in the unresolved region all of which we genericlaly denote by

M ( l |k )
R,n |m (#n ) !

1
$2( m + k )

k!

r =0

öD ( m,k " r )
n (#n )M ( l " k |0)

R,n " m |0(! m
n " m (#n )) öD ( m,r )  

n (#n ) (2)

for m > 0, and

M ( l |k )
R,n |0 !

1
$2k

k!

r =0

öV ( k " r )
n (#n )M ( l " k |0)

R,n |0 (#n ) öV ( r )  
n (#n ) (3)

Notice that these expansions happen at Þxed order in ! s , and that the deÞnitions of each of
the factoring pieces involves cuto" s from which on an emission is assumed to be ÒhardÓ,i.e.
the according products of phase space contraints# S and $ S , which we have been advocating in
Sec.??. Note that in general the number of unresolved emissions would need to be considered a
vector in di " erent regions, and so would the momentum mapping be indexed, however we keep
this simple to avoid confusion.

! simon.plaetzer@gmail.com

1

Subtracted (“renormalised”) observable defines a very general criterion of 
infrared safety: finiteness means the bare observable must admit 
cancellations local in momentum and colour space.

This structure is ubiquitous if we talk about electroweak final states  
(in isospin space) and if we want to predict fully detailed and exclusive final 
states as needed for an event generator.

Observables singular at his level are genuine non-perturbative.
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we will still not be able to obtain a simple relation for corrections from the subtractions and
observable, not even if only collinear singularities are present since the emission operators
in this case collapse to colour diagonal contributions only for the very last emission which
allows to use the cyclicity of the trace. We stress that even counter terms for Glauber
exchanges willnot drop out of the evolution if Sn has non-trivial colour structure (notice
that there is no reason to assume thatSn will trigger colour conservation, only A n needs
to). This analysis highlights that we do need to consider a di! erent structure of power
corrections once colour projections are involved in the deÞnition of a cross section. In
particular we anticipate that this not only happens for hadronization but also to the case
of analyzing electroweak exchanges at a similar level, using the ingredients presented in [22].
The same remark applies to initial state evolution which would appear in our framework
alongside the Þnal state measurements and we assume that this will shed further light on
the physics of super-leading logarithms addressed in [32, 33].

Only in the case of jet cross sections withSn = 1nu(p1, ..., pn) we have

U n = 1nu(p1, ..., pn)

! ! s

!
µ2!

R [dpn+1 ]÷" (pn+1 ) öD (1,0) 
n+1

öD (1,0)
n+1 " n,1 [u(p1, ..., pn , pn+1 ) ! u(p1, ..., pn)] + O(! 2

s)

(6.7)

reproducing the genuine (power suppressed) di! erence in the observables. Notice that, in
the case for the jet cross section, the procedure above is exactly the same as adding the
O(! S) term to a calculations deÞned in terms ofU n only to provide infrared subtractions
compatible with the behaviour of the observable. In this case, the resolution criterion
" must be accordingly synchronized with the observable in question. In the case of a
prototypical non-global observable we can write

u(p1, ..., pn , pn+1 ) = ( #($ ! p0
n+1 ) + #(p0

n+1 ! $)#(nn+1 " in)) u(p1, ..., pn) , (6.8)

and the quantity to analyze is thus

" n,1 (u(p1, ..., pn , pn+1 ) ! u(p1, ..., pn)) =
"
1 ! #(p0

n+1 ! µS)" " (nn+1 )
#

#
"
#($ ! p0

n+1 ) + #(p0
n+1 ! $)#(nn+1 " in) ! 1

#
u(p1, ..., pn) , (6.9)

where we have generically identiÞed the collinear cuto! prescription with " " (nn+1 ) and the
emissionÕs direction withnn+1 . We assume that the observable probes a veto on energies
less than $ in the angular out region, complementary to the in region. If we identify the
energy resolutionµS with the observable resolution $ then in fact the di ! erence vanishes
except if the emission becomes collinearly unresolved in the out region. In this case we
expect that the change in between di! erent collinear cuto! s will need to be compensated
for by using the cuto! anomalous dimension Eq.5.6 to obtain a stable result.

7 Aspects of a Hadronization Model

We will now focus on the evolution equation forSn. In fact it is interesting to make explicit
that this object is expected to convert the hard partons plus n emissions intom hadrons
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Possible relation to amplitudes from functional methods.

4.2 Soft function

The transformed soft function is subject to an evolution

! SSn = ! ÷!  
S,nSn ! Sn ÷! S,n +

!

s! 1

" s
S

"
÷R (s) 

S,n+ sSn+ s ÷R (s)
S,n+ s

n+ s#

i = n+1

[dpi ]÷#(pi ) (4.7)

where we now Þnd the anomalous dimensions and evolution kernels to be given by

÷! S,n = ( ! SX n) X " 1
n (4.8)

and

µ" 2! s
R

÷R (s) 
S,n+ s " ÷R (s)

S,n+ s =
$

X  
n

%" 1 &
s $(" S)F (s) 

n+ s " F (s)
n+ s (4.9)

+ ! S

$
F(s) 

n+ s " F (s)
n+ s

%
! F(s) 

n+ s
÷!  

n+ s,S " F (s)
n+ s ! F (s) 

n+ s " ÷! n+ s,SE(s)
n

+
s" 1!

s! =1

F (s" s! ) 
n+ s" s!

÷R (s! ) 
S,n+ s " ÷R (s! )

S,n+ sF (s" s! )
n+ s" s! µ" 2! s!

R

'

X " 1
n .

Explicit expressions up to second order are again given in App.A.2.

5 Examples for Evolution at Leading Order

In this section we consider the resummation of non-global logarithms in an ordering with
respect to energy. SpeciÞcally we require virtual counter terms which can be inferred from
the cuts obtained with the methods in [8]. The one-loop virtual correction is given by

V (1)
n =

(
4%µ2) ! 1

2

!

i<j

(! T i áT j ) #

"
[dpn+1 ]

2%i
4pi ápj

(2pi ápn+1 + i0(T ápi )2)(2pj ápn+1 ! i0(T ápj )2)
1

p2
n+1 + i0(T ápn+1 )2 (5.1)

and admits the cuts given in [8], out of which the double cut vanishes in dimensional regu-
larization and a real-valued and imaginary single cut remains, ifi and j are both incoming
or both outgoing, and the absorptive cut is canceled in the case of an incoming/outgoing
pair. These give rise to the subtractions (notice that cutting introduces a minus sign in
the use of the Feynman tree theorem)

X (1)
n,rad =

!

i<j

T i áT j

" #

0

dE
E

$ µR

E

%2!
" 1

" 1
dx

(1 ! x2)" !

1 ! x2

"
d! (d" 3) ö" (ij )

n,1,rad (5.2)

X (1)
n,abs =

!

i<j

T i áT j

" #

0
dE

$ µR

E

%2!

" 1

" 1
dx(1 ! x2)" ! 1

2Ex ! i0
*

2pi ápj

1
x2 ! 1 + i0 2x2

ö" (ij )
n,1,abs

"
d! (d" 3) . (5.3)
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2 Cody B Duncan, Patrick Kirchgae§er: Kinematic strangeness production in cluster hadronization

Shower Parton Splitter Fission Decay

Fig. 1: Figure of a simpliÞed event where we show the ma-
jor stages of hadronization after the parton shower that
can contribute to non-perturbative strangeness produc-
tion. Grey ellipses are clusters, while black are hadrons.

ter can be considered to be a highly primordial, excited
colour-singlet qøq pair.

There are several parts to the hadronization model in
Herwig, in the following algorithmic order:

¥ Non-perturbative gluon splitting,
¥ Colour reconnection,
¥ Cluster Þssion,
¥ Cluster decay to hadron pairs,
¥ Unstable hadron decays.

In Fig. 1, we have omitted colour reconnection since this
step simply changes the colour topology of the event, not
the content of the clusters. While modifying the colour
reconnection algorithm would have a non-trivial impact
on the later stages of hadronization, namely cluster Þssion
and decay, it is outside the scope of this paper, but these
correlations will be studied and addressed in future work.
Since the scope of this project is mainly focused on light
strange hadron production, we tune predominately to pion
and kaon observables. We will also ignore unstable hadron
decays for the purposes of this paper.

The three other listed stages in hadronization are each
allowed to contribute to the overall strangeness in the
event, since they each produce newqøq pairs. We brießy
recall the details of each step as presented in depth in [9].

2.1 Non-perturbative gluon splitting

Once the parton shower ends, all gluons undergo a non-
perturbative splitting into qøq pairs. The species of the pair
is determined by a given weight, e.g. in the tune from
[8] the weights of up, down, and strange are 2:2:1. The
default version of Herwig does not allow for strangeness
production at this step, only uøu and d ød pairs. The only
constraint on the gluon splitting is that the gluon mass

is at least twice the constituent mass of the species in
question, and the gluons are split isotropically.

After all the gluons in an event have been split, near-
est neighbours in momentum space are most likely to be
nearest neighbours in colour space [16], and clusters are
formed from the momentum-space neighbouringqøq pairs,
with a mass distribution decoupled from the hard scatter-
ing process that created them.

2.2 Cluster Þssion

Exceptionally heavy clusters are allowed to Þssion into two
lighter, less excited clusters if the massM of the original
cluster satisÞes the condition:

M p ! qp + ( m1 + m2)p, (1)

where p and q are parameters that control the Þssion-
ing rate criteria, and m1,2 are the parton masses of the
heavy cluster. In Herwig, p is given separate values for
light quarks (u, d, s), charm, and bottom. The light quark
weights are further subdivided, and strangeness is sup-
pressed by a ßat weight.q has a similar divide between
the quark species.

After selecting clusters to Þssion, the cluster Þssioner
produces a qøq pair from the light quarks with a Þxed
weight, distinct values for each ßavour of quark (bar top),
and diquarks. Each parton from the pair go into a separate
cluster, giving the new pair of clusters a mass distribution
of:

M i = mi + ( M " mi " mq)R1/w
i , (2)

wherew is the splitting parameter that controls the rate of
splitting for clusters containing di ! erent species of quarks.

2.3 Cluster decay

The last stage of cluster-based physics is at the cluster
decay level, in which clusters decay into excited hadrons.
Given a cluster with constituents q1, øq2, the weight for
producing hadronsha = q1 øq, hb = qøq2, where q denotes a
quark or diquark species, is given by:

W(ha, hb) = Pqwasawbsbp!
a,b , (3)

where Pq is the production weight for the given quark or
diquark species,wi are the weights for the relevant hadron
production, and si are the suppression factors for the cor-
responding hadrons. The Þnal factor in the weight is the
two-body phase space factor that controls how readily the
cluster can decay into the two chosen hadrons.

2.4 Herwig strangeness parameters

The Herwig parameters that control non-perturbative
strangeness production are the gluon splitting weight -
SplitPwtSquark , and the cluster Þssion & decay weight
- PwtSquark. In the original model, cluster Þssioning and
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with P0 = ' ( "P , M ). It proves useful to introduce the more general object ! ! |j 1 ,...,j n ( "P , M |p1, ..., pn )
which results by only applying the projector P to the constituent Þelds such that ! ! ( "P , M |p1, ..., pn ) =
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We have also introduced an additional renormalization factorZ! , which we have pulled out of the deÞnition of

3

! ! ( "P , M |p1, ..., pn )#

!

P !
n"

i =1

pi

#

=

P i 1 ,...,i n
!

1
(2$)d! 1

$
ddx1 á á áddxn ei

! n
i =1 pi áx i ei

! n
i =1 pi áx i "0|T%1,i 1 (x1) á á á%n,i n (xn )| "P , M, &# (3)

with P0 = ' ( "P , M ). It proves useful to introduce the more general object ! ! |j 1 ,...,j n ( "P , M |p1, ..., pn )
which results by only applying the projector P to the constituent Þelds such that ! ! ( "P , M |p1, ..., pn ) =
uj 1 ,...,j n

! ! ! | j 1 ,...,j n ( "P , M |p1, ..., pn ) (no sum over &). This will prove more useful for the investigations to follow and
for our graphical formalism. We denote it graphically by

! ! |j 1 ,...,j n ( "P , M |p1, ..., pn )#

!

P !
n"

i =1

pi

#

=

p1, j 1

pn, j n

P, ! . (4)

In order to obtain a formula for the T-matrix element it is important to determine orthogonal states to the Bethe-
Salpeter amplitudes. We will do so including renormalization constants for the elemntary Þeld such that renormalized
perturbation theory can be used, eventually. To this end, we multiply Eq. 2 by øX " ( "P , M |p1, ..., pn )Z ! 1/ 2

!

%n
i =1 Z ! 1/ 2

# i
,

and integrate over the constiuent momenta demanding that
$ n&

i =1

ddpi

(2$)d

n&

i =1

Z ! 1/ 2
# i

#

!

P !
n"

i =1

pi

#

øX " ( "P , M |p1, ..., pn )! ! ( "P , M |p1, ..., pn ) = R1/ 2
R, ! #"

! , (5)

which deÞnes the renormalized LSZ factor (not to be confused with the Þeld strength renormalization)RR, ! , and
where P now is the on-shell four-momentum of the composite state withP2 = M 2. Diagramatically, at the level of
the open indicesj 1, ..., j n this is more transparently denoted by multiplying the analogue of Eq. 2 with openj 1, ..., j n
indices with

!

Z ! 1/ 2
!

n&

i =1

Z ! 1/ 2
# i

#

øX ! ( "P , M |p1, ..., pn )uj 1 ,...,j n
! = P, !

p1, j 1

pn, j n

. (6)

and integrating, as well as summing, over all constituentÕs momenta and quantum numbers. Graphically, Eq. 5 then
becomes

P, !P, " = R1/ 2
R, ! #"

! , (7)

and Eq. 2 is

P, ! T = R! 1/ 2
R, !

'
P2 ! M 2(

P, ! Gconnected (8)

and an on-shell limit P2 $ M 2 is now always implied unless there is a source for confusion.

We have also introduced an additional renormalization factorZ! , which we have pulled out of the deÞnition of

4

the external reference wave functionsøX ! , which demand
to be Þnite from now on, just as well as the reference
direction uj 1 ,...,j n

! . Notice that by the same steps we can

demonstrate that any n ! m correlation function satis-
Þes (it is understood that all regular terms on on-shell
poles will be neglected)
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(p1, ..., pn , " q1, ..., " qm ) øP"
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We can thus calculate the renormalized LSZ factor as
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(2#)d i

"

#

$
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'

( Z " 1
!

øX ! ( "P , M |p1, ..., pn )$

$

P "
n%

i =1

pi

&

P i 1 ,...,i n
!

Gj 1 ,...,j m
R,i 1 ,...,i n

(p1, ..., pn , " q1, ..., " qm ) øP"
j 1 ,...,j m

$

"

# P "
m%

j =1

qj

'

( X " ( "P , M |q1, ..., qn ) . (10)

Graphically, these relations are

-
P2 " M 2.

p1, i 1

pn, i n

q1, j 1

qm, j m

GS =
%

!

p1, i 1

pn, i n

P, !
q1, j 1

qm, j m

(11)

and hence

-
P2 " M 2.

P, ! P, "GS = RR, ! $!" . (12)

We stress that contraction with rectangular composite objects performs renormalization of the GreenÕs functions we
contracte them with. To this end, Eq. 8 deÞnes the truncation on arenormalizedcorrelation function. All divergencies
which originate from integration over the relative momenta of the composite state will need to be cancelled byZ! ,
which in turn provides a strong consistency check.

We can of course also perform the truncation by applying
the inverse of GS to the GreenÕs function we intent to

truncate. In this case the procedure deÞnes both, the
renormalized truncated GreenÕs function, as well as the
renormlaized version of the Bethe-Salpeter amplitude.

Both of which can then be calculated using renormalized Þelds. Eq. 2 becomes

... (13)

and so its diagramtic counterpart Eq. 8 reads

P, ! T = R+1 / 2
R, !

-
P2 " M 2.

P, ! GR,connectedG! 1
R,SR . (14)

Generally we need to understand exclusive processes and factorisation, and 
(renormalised) LSZ and projections onto physical (singlet) final states.

[Plätzer, Sjödahl — ’22] [Maas, Plätzer — in progress]
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Qi+

Qi !
Ei " Mi

Ei # Mi

threshold

soft hard collinear

FIG. 1. Illustration of the various regions of validity of our parametrization. As seen from, eq. (21) the condition pi áQi,s ! pi áni,s

is fulÞlled if either both Qi + and Qi ! are small (the genuinely soft region) or if Ei " M i and Qi ! # 0 (the hard collinear
region) or if Ei ! M i and Qi ! # $ Qi + (the threshold region).

Kinematic regions

The kinematic regions covered by our parametrization are best illustrated for one hard line and a speciÞc frame,
where

pi =
! "

E 2
i + M 2

i , !0! , Ei

#
ni,s =

ni,s ápi

Ei +
$

E 2
i + M 2

i

%
1,!0! , ! 1

&
Qi,s =

%
Q(+)

i,s + Q(" )
i,s , !Q(! )

i,s , Q(+)
i,s ! Q(" )

i,s

&
.

(20)
Our expansion is valid if

pi áQi,s =
"

E 2
i + M 2

i (Q(+)
i,s + Q(" )

i,s ) + Ei (Q
(" )
i,s ! Q(+)

i,s ) " pi,s áni,s = Si,s . (21)

The regions of validity contain a Glauber-type region in which Qi,s becomes purely transverse, along with the regions
depicted in Þgure 1.

Propagators and external wave functions

An important ingredient to our factorization formula is to demonstrate, subject to the kinematic parametrization
above, that

#'

n =0

(
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

! (qi + K i,s )

) n
P(qi + K i,s , M i )

(qi + K i,s )2 ! ÷M 2
R,i

=
1

2pi áQi,s

! (" pi , M i ) ø! (" pi , M i )
1 ! # $(M 2

i )
+ O(" ) , (22)

where the derivative of the (physical part of the) self-energy# (p2) (or, accordingly the transverse self-energy at
vanishing k2 for a massless boson) provides the proper wave function renormalization for the amplitude we factor
to. To illustrate this let us Þrst consider Goldstone bosons in anR! gauge, with a free propagatori/ (k2 ! # ÷M 2

R,i ),
where ÷M 2

R,i = M 2
R,i + iM R,i $R,i in a complex mass scheme [28, 29], and the introduction of$R,i needs to be added

back as additional insertions of two-point functions. This does not provide any change to our main argument. The
propagators of the physical scalar can be obtained by putting# = 1. If the scalar has a one-particle irreducible
two-point function ! i# S(k2), the resummed propagator is

1

(qi + K i,s )2 ! # ÷M 2
R,i ! # S((qi + K i,s )2)

=
* 1

2pi áQ i,s

1
1" ! ! (M 2

i ) + O(" ) # = 1 and # S(k2) = # (k2)
O(" ) otherwise

(23)

where the physical and renormalized (complex) mass relate asM 2
i = ÷M 2

R,i + # (M 2
i ) for the boson in question. Thus

depending on how the unphysical scalarÕs self energy and the gauge parameter relate to each other, the scalars will
contribute at leading power along with their related vector bosons, or not. We will investigate this in more detail in
the future. The simplest non-scalar case to consider is that of a massive gauge boson. In anR! gauge their numerator
reads

V µ" (qi + K i,s , M i ) = ! $µ" + (1 ! #)
(qi + K i,s )µ (qi + K i,s )"

(qi + K i,s )2 ! #M 2
i

. (24)
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amplitude as a vector in the space of quantum numbers (color, isospin, hypercharge and spin), we can write it as

|M { f i } n ,{ gi } m ({ qi } n ; { ki } m )! =
!

{ f !
i } n

!

s

R { f !
i } n

s;{ f i } n ,{ gi } m
({ qi } n ; { ki } m )

"

i ! hs

P i (qi + K i,s , M i )
(qi + K i,s )2 " M 2

i
|M { f !

i } n ({ Pi } n )! (1)

in which P i represents the propagator numerator of the
most o! -shell line i as an operator in the space of the
involved quantum numbers, andR s encodes the remain-
ing structure we intend to factor from the hard process
amplitude.

The factorization eq. (1), which is an exact identity, is
depicted diagrammatically below for the case of a single
exchange (K i,s = + k, K j,s = " k)

Pi = qi + K i,s qi

qjPj = qj + K j,s

k
Mi

Mj

mi

mj

. (2)

Our aim is to identify when, in a very general set-
ting, this amplitude factors in a systematically expand-
able way onto anon-shell hard amplitude after isolating
external sub-diagrams as above, and how we can con-
struct bases for the space of quantum numbers such that
we can express the abstract operators in a concrete fash-
ion to iterate virtual exchanges and emissions in the so-
lution to an evolution equation of the amplitude. The
parametrization of the kinematics is complicated by the
mass-shell conditions. We considerq2

i = m2
i , while the

mass of the ßavor of the most o! -shell lines usually is
referred to asM i , and these masses refer tophysical, on-
shell masses, a choice which will provide us with a fac-
torization of physical, renormalized S-matrix elements.
On top of this, we will need to allow for the possibility
to implement recoil such as to respect overall energy-
momentum conservation among the momenta involved.
This motivates to re-parametrize the momenta in terms
of an auxiliary, light-like vector ni,s as

K µ
i,s = " µ

!
#
Q!

i,s + ! i,s n!
i,s

$
(3)

qµ
i = " µ

!

%
" p!

i +
(1 " " 2)M 2

i + pi áQi,s

2" ni,s ápi
n!

i,s

&
" K µ

i,s

where pi (with p2
i = M 2

i ) is the transformed on-shell
momentum we would like to assign to linei after factor-
ization ( i.e., directly right of the gray blob in eq. (2)).
The momentum Qi,s is used to determine our unresolved
limits for i # hs, and Qi,s = 0, M i = mi if i /# hs is not

participating in the unresolved dynamics. The parameter
! i,s is determined such that q2

i = m2
i , and " is a proper

orthochronous Lorentz transformation and Ñ as the pa-
rameter " Ñ relates to maintaining energy-momentum
conservation and phase space factorization as outlined
in the supplemental material. Our mapping is designed
such that the o! -shell propagators are directly given in
terms of

(qi + K i,s )2 " M 2
i = 2pi áQi,s , (4)

and we consider the expansion

pi áQi,s $ pi áni,s % Si,s (5)

around the on-shell limit of the o! -shell line i . It is im-
portant to stress that we do not consider di! erent pi

for di! erent classes of diagramss, while we might want
to exploit di ! erent parametrizations of unresolved mo-
menta if needed. In the on-shell limit above we Þnd
(see supplemental material) that " = 1 + O(#), where
# & pi áQi,s /S i,s is our counting parameter which simul-
taneously enforces the above hierarchy for all hard lines
i . The o! -shell momentum in the propagator then also
obeysqi + K i,s = " pi + O(#), and a similar mapping can
be analyzed for those lines which are not participating in
any exchange or emission. Introducing an operator cor-
responding to the on-shell wave functions of the particles
we consider,

' s| ø# (q, m)|s"! = ø$s(q, m)! ss! , (6)

i# (q, m) ø# (q, m) = P(q, m)|q2 = m 2 , (7)

we Þnd that we can factor the amplitude at leading power
in # as

| ÷M ({ qi } n ; { ki } m )! (
!

s

Ss({ q} i ! hs , { ki } m )| ÷M ({ pi } n )! , (8)

in terms of the on-shell amplitude with n external hard
lines, | ÷M ! =

'
i

ø# i |M ! , carrying momenta { pi } n (we
have suppressed the ßavor labels for the sake of read-
ability), where the factored contribution is given by the
operator

Momentum mappings to systematically 
factor renormalised matrix elements.

Composite particle scattering — for FMS as 
well as to study exclusive processes.

3

! ! ( "P , M |p1, ..., pn )#

!

P !
n"

i =1

pi

#

=

P i 1 ,...,i n
!

1
(2$)d! 1

$
ddx1 á á áddxn ei

! n
i =1 pi áx i ei

! n
i =1 pi áx i "0|T%1,i 1 (x1) á á á%n,i n (xn )| "P , M, &# (3)

with P0 = ' ( "P , M ). It proves useful to introduce the more general object ! ! |j 1 ,...,j n ( "P , M |p1, ..., pn )
which results by only applying the projector P to the constituent Þelds such that ! ! ( "P , M |p1, ..., pn ) =
uj 1 ,...,j n

! ! ! | j 1 ,...,j n ( "P , M |p1, ..., pn ) (no sum over &). This will prove more useful for the investigations to follow and
for our graphical formalism. We denote it graphically by

! ! |j 1 ,...,j n ( "P , M |p1, ..., pn )#

!

P !
n"

i =1

pi

#

=

p1, j 1

pn, j n

P, ! . (4)

In order to obtain a formula for the T-matrix element it is important to determine orthogonal states to the Bethe-
Salpeter amplitudes. We will do so including renormalization constants for the elemntary Þeld such that renormalized
perturbation theory can be used, eventually. To this end, we multiply Eq. 2 by øX " ( "P , M |p1, ..., pn )Z ! 1/ 2

!

%n
i =1 Z ! 1/ 2

# i
,

and integrate over the constiuent momenta demanding that
$ n&

i =1

ddpi

(2$)d

n&

i =1

Z ! 1/ 2
# i

#

!

P !
n"

i =1

pi

#

øX " ( "P , M |p1, ..., pn )! ! ( "P , M |p1, ..., pn ) = R1/ 2
R, ! #"

! , (5)

which deÞnes the renormalized LSZ factor (not to be confused with the Þeld strength renormalization)RR, ! , and
where P now is the on-shell four-momentum of the composite state withP2 = M 2. Diagramatically, at the level of
the open indicesj 1, ..., j n this is more transparently denoted by multiplying the analogue of Eq. 2 with openj 1, ..., j n
indices with

!

Z ! 1/ 2
!

n&

i =1

Z ! 1/ 2
# i

#

øX ! ( "P , M |p1, ..., pn )uj 1 ,...,j n
! = P, !

p1, j 1

pn, j n

. (6)

and integrating, as well as summing, over all constituentÕs momenta and quantum numbers. Graphically, Eq. 5 then
becomes

P, !P, " = R1/ 2
R, ! #"

! , (7)

and Eq. 2 is

P, ! T = R! 1/ 2
R, !

'
P2 ! M 2(

P, ! Gconnected (8)

and an on-shell limit P2 $ M 2 is now always implied unless there is a source for confusion.

We have also introduced an additional renormalization factorZ! , which we have pulled out of the deÞnition of



Summary

Colour space evolution equations:

• exiting theoretical tool to build parton shower and resummation algorithms,
• important subject in their own right to study structures in (QCD) amplitudes.

For event generators, parton shower accuracy is crucial, but 
hadronization is the elephant in the room. Get this back on top of the 
agenda, and link to non-perturbative methods.

Factorisation of infrared physics will teach us about the development 
of hadronization models, colour reconnection, initial states, JIMWLK 
and more.

The framework outlined here has significant room for extensions and 
further analytic work and simulation, either in or beyond the large-N 
limit, in QCD, electroweak physics, or even gravitational dynamics.

Priedigkeit 2 Physical Description

In general, not all clusters will have the proper energies to decay into hadrons. This
means that there must be a mechanism by which they can reduce their individual ener-
gies until hadrons can be formed. The mode of this reduction, employed by the Herwig 7
event generator is called cluster Þssion [7]. The Þssion process is thought to be isotropic
in the clusters rest frame and follows equation (4), wherem1 and m2 are the constituents
masses of the cluster with massM and Clmax and Clpow are parameters of the model
[1].

M CL pow ! CLCL pow
max + ( m1 + m2)CL pow [7] (4)

Other parameters include 1) the weights for which particles are created in a Þssion
process, 2) the cut-o! energy at which the Þssion process stops and 3) a parameter which
gives the distribution of the resulting cluster masses.
While this approach can be tuned to Þt the data, a big drawback is that there is no
clear physical interpretation, which makes it hard to improve the model with new theory.
This is where the change of perspective comes in, which motivates this whole discussion.
We want to move away from a parameter based model and convert it to a model that is
based on physical insights about the cluster Þssion process. In order to achieve this, we
have to look at the physical description of a Þssioning cluster and the cross section for
such an event.

Figure 7: A schematic of the cluster Þssion process.

In Þgure (7) we see how the incoming clusterP with constituent p1 and p2 decays into
two clusters Q1 and Q2. The new parton pair q and øq is created from the energy stored
within the color potential.
If we are interested in the di! erential rate of this decay d! we can write this with the
help of an unknown interaction matrix element |M |2 and the phase space limitations due
to conservation of momentum and positivity of energy.

d! (P " Q1, Q2) = |M (p1, p2 " q1, q2, q,øq)|2 (5a)

! ddp1 ddp2 " (p0
1) " (p0

2) ! (p2
1 # m2

1) ! (p2
2 # m2

2) ! (p1 + p2 # P) (5b)

! ddq1 ddq " (q0
1) " (q0) ! (q2

1 # m2
1) ! (q2 # m2) ! (q1 + q # Q1) (5c)

! ddq2 ddøq " (q0
2) " (øq0) ! (q2

2 # m2
2) ! (øq2 # m2) ! (q2 + øq # Q2) (5d)

! dQ1 dQ2 ! (Q2
1 # M 2

1 ) ! (Q2
2 # M 2

2 ) ! (q1 + q2 + q + øq # p1 # p2) (5e)
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ground, we can adopt the following analysis of the cross section, which we here present in
a more sketchy way with details to be addressed later:

! =
!

n,m

" "
Tr n [M nU nm ] d" m u(" m ) (8.1)

is the general cross section we would strive to calculate, in terms ofm experimentally
observed particles from which we can calculate an observableu(" m ), and the trace refers
to a sum over degrees of freedom within then constituent particles from which we could
build up the m observed particles. Up until now we have collectively addressedU n =
#

m U nm u(" m ) as the measurement function. The above clearly must be a consequence of
a factorization theorem which would start from an S matrix element of the form

|! f |S|i "|2 =
!

! ,"

Rm

"
[dp]n [døp]øn

$

i

#

%

&
ni!

j =1

pij # Pi

'

( #

%

&
øni!

j =1

øpij # Pi

'

(

!0|$! ({ p} n |{ P} m )|m"! m|ø$" ({ øp} øn |{ P} m )|0" G! (pn) øG" (øpøn)
)
)
)
m-(truncated, on-shell)

(8.2)

where the sum over the Þeld indices%, & does consitute Trn , and the relevant GreenÕs
function is a tensor in all of these indices, subject to choosing a basis|%} of colour and spin
(which we here have deliberatly denoted with a curly bracket notation to distinguish them
from the true quantum mechanical states): |m" = |i "|f " is the product of initial and Þnal
states involved in the deÞnition of theS matrix element, and !0|$! (pn)|m" are collectively
denoting the external wave functions, i.e. in general Bethe-Salpeter amplitudes, for the
states of interest as dictated by the interpolating Þelds$! we have chosen for the elementary
or possibly composite external states.Rm is the product of the corresponding wave function
renormalizations for the Þnal state m, and the integrations over the o! -shell constituent
momenta are constrained such that their sum equal the observed Þnal state momentaPi .
The truncation of the GreenÕs functions is to be understood such that iterations ofNm -
PI-irreducible legs which combine into a composite state ofNm constituents have been
truncated. Momentum conservation of the observed particles then leads to momentum
conservation among the constitutent particles. Our current formalism has then assumed
that the result will be dominated by those contributions which have all partonic lines put
on-shell,

{ %|M n|&} = ( Rn,! Røn," )1/ 2 G! (pn) øG" (øpøn)
)
)
)
m and 1-(truncated, on-shell)

, (8.3)

and

{ &|U nm |%} =
Rm

(Rn,! Røn," )1/ 2
!0|$! ({ p} n |{ P} m )|m"! m|ø$" ({ øp} øn |{ P} m )|0"u({ P} m ) , (8.4)

where each of thePi is given by the sum of constituents
#

j pij and the two factors are
then convoluted by momentum integrations

$

i

#

%

&
ni!

j =1

pij #
øni!

j =1

øpij

'

( ÷#

%

&
ni!

j =1

pij , M 2
i

'

(
øni$

j =1

÷#(øpij , øm2
i )[døpij ] . (8.5)
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Thank you!


