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Anomalies and Precision
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• Measurement of CKM matrix elements is a powerful test of the SM

• Inclusive and exclusive measurements of |Vcb| (and |Vub|) are in tension

• R(D) and R(D*) depend on the same models used to determine |Vcb|

• Developments in LQCD calculations may help
resolve these anomalies

Inclusive

PDG (2020)

Exp. + theor. error

Stat. error
Sys. error Error from truncation (for PDG)

Combination error

https://doi.org/10.1093/ptep/ptaa104


• Cannot measure CKM elements from quark interactions ⇒ form factor description

• Differential decay rates for B→D(*)lν described by 

• Wave function overlap at zero hadronic recoil (w=1) 
gave LQCD predictions with no constraints on shape

Quark 
confinement

A new era in LQCD calculations
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Hadronic 
interactions

• New developments in LQCD provide calculations 
of form factors at non-zero hadronic recoil

JLQCD (2020): B→D(∗)ℓν  form factors… doi.org/10.22323/1.363.0139
Fermilab-MILC (2021): Semileptonic form factors... arXiv:2105.14019

https://doi.org/10.22323/1.363.0139
https://arxiv.org/pdf/2105.14019.pdf


B→D*lν Decay
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• Exclusive |𝑉𝑐𝑏| measurements have historically had some model 
dependence

• Differential decay rate for l = e, μ, is a function of four 
observables: hadronic recoil (w) and three angles (𝜃ℓ, 𝜃𝑉 , 𝜒)

• Belle 2019 untagged study (doi.org/10.1103/PhysRevD.100.052007) performed fits for {H±, H0} defined in 
both CLN and BGL parameterisations

w cos(𝜃ℓ) cos(𝜃𝑉) 𝜒

Background 
contributions

Binned Data
Forward-folded fit 

using CLNEv
en

ts

𝐵 → 𝐷∗∗ Signal correlated Uncorrelated Fake ℓ Fake 𝐷∗ Continuum

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.100.052007
https://linkinghub.elsevier.com/retrieve/pii/S0550321398003502
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.56.6895


CLN parameterisation
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• Helicity amplitudes defined in terms of form factors and form 
factor ratios to represent full form factor expression ℱ2(𝑤)

• Standard CLN has four free parameters

• QCD sum rule constraints can be removed 
to add 𝑅′1 1 and 𝑅′2 1 as new free 
parameters in ratios (CLNnoR)

• Heavy quark symmetry can then also be 
removed to add curvature term 𝑐𝐷∗ in 
ℎ𝐴1(𝑤) (CLNnoHQS)

[𝜂𝐸𝑊ℎ𝐴1 1 ] 𝑉𝑐𝑏 : Overall normalisation

𝜌2: Slope term
𝑅1 1 : Ratio 1 term at w=1
𝑅2 1 : Ratio 2 term at w=1



Fitting in CLN
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• Fitting to the 2019 untagged Belle data set shows convergence with the different configurations.

Ferlewicz et. al (2021): Revisiting fits... doi.org/10.1103/PhysRevD.103.073005

• Large uncertainties are seen due to 
increased number of free parameters in
the χ2 fit but results consistent.

Configuration ℱ 𝟏 𝜼𝑬𝑾 𝑽𝒄𝒃
(Val. ± stat. ± sys.)

CLN 35.63 ± 0.18 ± 0.79

CLNnoR 34.29 ± 0.66 ± 1.33

CLNnoHQS 34.23 ± 0.63 ± 1.32

* Branching fractions and resonances have been updated to 
match Fermilab-MILC study, see backup slides

https://doi.org/10.1103/PhysRevD.103.073005


• The helicity amplitudes in BGL are defined by power series

• Each coefficient 𝑎𝑛
𝑖 is a free parameter

• Setting ෤𝑎𝑛
𝑖 = 𝜂𝐸𝑊|𝑉𝑐𝑏|𝑎𝑛

𝑖 reduces normalisation D.O.F.

• Another free parameter removed through

• , where            = 

BGL parameterisation
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BGL(𝑛𝑓 , 𝑛𝑔, 𝑛 )



Fitting in BGL
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• Belle 2019 study used BGL(1,0,2). 

• Higher orders were found to have high 
correlations, risks of reaching end points 
and non-convergence

• Truncation error was added and is the 
leading uncertainty

Stat. error
Sys. error Error from truncation (for PDG)

Configuration ℱ 𝟏 𝜼𝑬𝑾 𝑽𝒄𝒃
(Val. ± stat. ± sys.)

BGL(1,0,2) 35.35 ± 0.28 ± 0.95

BGL(1,1,2) 33.92 ± 0.58 ± 1.25



Variation from covariance
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• Standard χ2 minimisation algorithm for fitting expected results from theory, Nexp, to observed data, Nobs, 
given covariance in data, C:

• High systematic correlations related to the overall normalisation may 
cause a bias in the fit results

• The measured systematic covariance matrix cannot be added to the
statistical covariance matrix in a naïve way

PDG 2018: 4.9%

Lower 𝜒2

values

• Need a way to avoid bias by 
separating the covariance 
matrices while maintaining 
covariance properties 
⇒ Cholesky decomposition



The Cholesky decomposition toy MC
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• Separate statistical and systematic covariance matrices

• Include systematic uncertainty via toy MC method and 
Cholesky decomposition

• Generate 𝑁𝑜𝑏𝑠
′ and minimise 𝜒2 many times to obtain 

distribution of free parameter values (𝒞 = 𝒞𝑠𝑡𝑎𝑡. in 𝜒2

formula)

• Assume a Gaussian to obtain mean value and sys. uncertainty

𝑢 = 𝑔𝑎𝑢𝑠 𝜇 = 0, 𝜎 = 1 1×40

𝒞40×40 = 𝐿𝐿𝑇 =[      ] [      ]
Positive definite 

covariance matrix Lower triangular 
matrix

Upper triangular 
matrix

ℱ 1 ηEW Vcb

𝜇

𝜎

• Results obtained through this 
method agree with 2019 Belle 
study while using the measured 
systematic covariance matrix

CLN



Lattice QCD synthetic data
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• Synthetic data points generated from fit to extrapolated lattice spacing

• F-MILC has used these results with 𝐵 → 𝐷(∗)𝜏𝜈 measurements to 
determine the impact of using these values for R(D(*)) and sees tension

• Comparing to light cone sum rules shows good agreement

JLQCD
F-MILC

F-MILC

𝑛𝜎 confidence levels bands



Inclusion of JLQCD input
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• To make a joint fit, add a term to the 𝜒2 for LQCD. 

𝑓𝑖 is a function corresponding of the LQCD inputs, 𝑥𝐿𝑄𝐶𝐷 and compared with the free parameters, 𝑓𝑖 𝑥
𝑓𝑖𝑡

• Two points each used for ℎ𝐴1(𝑤) and ℎ𝑉(𝑤) at 𝑤 = 1.04, 1.08, including correlations

• Convergent, consistent results with reduced 
uncertainty across higher order (n=2) BGL
configurations

𝜒2 =෍

𝑖𝑗

𝑁𝑖
𝑜𝑏𝑠 − 𝑁𝑖

𝑓𝑖𝑡
𝒞𝑖𝑗
−1 𝑁𝑗

𝑜𝑏𝑠 − 𝑁𝑗
𝑓𝑖𝑡

+ ෍

𝑖𝑗

𝑓𝑖 𝑥
𝐿𝑄𝐶𝐷 − 𝑓𝑖 𝑥

𝑓𝑖𝑡 𝒞′𝑖𝑗
−1 𝑓𝑗 𝑥

𝐿𝑄𝐶𝐷 − 𝑓𝑗 𝑥𝑓𝑖𝑡

Configuration ℱ 𝟏 𝜼𝑬𝑾 𝑽𝒄𝒃
(Val. ± stat. ± sys.)

BGL(1,0,2) 35.30 ± 0.24 ± 0.88

BGL(1,1,2) 35.22 ± 0.24 ± 0.86

BGL(2,2,2) 35.13 ± 0.49 ± 0.98



CLN with JLQCD input
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• CLN also shows consistency for different 
configurations.

• |Vcb| remains consistent despite high uncertainty in 
R2(w) when HQS and QCD sum rule theoretical 
assumptions released

Config. ℱ 𝟏 𝜼𝑬𝑾 𝑽𝒄𝒃
(Val. ± stat. ± sys.)

CLN 35.63 ± 0.17 ± 0.78

CLNnoR 35.22 ± 0.23 ± 0.84

CLNnoHQS 34.96 ± 0.31 ± 0.90



Inclusion of Fermilab-MILC input
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• Nine data points in total for 𝑔, 𝑓, ℱ1 at 𝑤 = 1.03, 1.10, 1.17

• Results consistent with JLQCD, slightly reduced uncertainty

Configuration ℱ 𝟏 𝜼𝑬𝑾 𝑽𝒄𝒃
(Val. ± stat. ± sys.)

BGL(1,0,2) 35.66 ± 0.20 ± 0.80

BGL(1,1,2) 35.62 ± 0.20 ± 0.81

BGL(2,2,2) 35.40 ± 0.48 ± 0.82

CLN 35.74 ± 0.16 ± 0.78

CLNnoR 35.57 ± 0.22 ± 0.84

CLNnoHQS 35.57 ± 0.21 ± 0.84

F-MILC combined 
LQCD+Belle in BGL

34.93 ± 0.75
(val. ± total uncert.)

• 𝜒2 for fits increase due to large 
terms in inverse covariance matrix, 
leading to small p-values (also 
reported by authors)
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Comparing form factors

• Studies can be 
performed to 
compare results 
between data, 
JLQCD and F-
MILC inputs at 
low hadronic 
recoil



Implications
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• Inclusion of LQCD points will drive down systematic uncertainty in |Vcb| measurements

• Form factors also used with 𝜏 channel in R(D(*)) measurements will have less model-
dependence

• QCD factorisation studies will have more 
precise input (Separate result from Belle 
collaboration coming soon)

F-MILC

𝑛𝜎 confidence levels bands



Conclusion

17DANIEL FERLEWICZ, SCHOOL OF PHYSICS, THE UNIVERSITY OF MELBOURNE

• Model-independent results for B→D*lν decays

• Results using new Fermilab-MILC and JLQCD 
inputs are consistent

• Nominal result using BGL(2,2,2) with F-MILC is 
ℱ 1 𝜂𝐸𝑊 𝑉𝑐𝑏 = 35.40 ± 0.48 ± 0.82

(𝑣𝑎𝑙 ± 𝑠𝑡𝑎𝑡. ±𝑠𝑦𝑠.)

• Inclusive-exclusive tension remains with higher 
confidence.

• Future studies will be able to make use of these 
LQCD calculations to tighten systematic 
uncertainties on exclusive |Vcb|, R(D(*)) and 
hadronic factorisation
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Back up slides



Updated input values
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MILC inputs inverse covariance table

MILC inputs covariance table

g(1.03) g(1.10) g(1.17) f(1.03) f(1.10) f(1.17) F1(1.03) F1(1.10) F1(1.17)



CLN results with MILC

DANIEL FERLEWICZ, SCHOOL OF PHYSICS, THE UNIVERSITY OF MELBOURNE


