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Introduction

Motivation
@ Theoretical description high-precision spectroscopy measurements
e Light, few-particle bound states (H, Ps, Mu, He, H;r, Ho, He;,...)

We need a relativistic bound-state QED approach
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|
Bound state QED

1 - . 7
L= _ZF#VFW + 9 (0, —m) Y — ey A,

‘textbook’ QED
e Perturbation expansion around non-interacting fields
e For S matrix: only few photons

e For bound states: arbitrary number of photons

Nonrelativistic QED (NRQED)
e Expand solutions of Dirac equation in Za
e Calculate every interaction up to a given order in «
e Main challenge: derivation of higher order terms (necessary for

high precision experiments)
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|
Bethe—Salpeter approach

@ Avoid nonrelativistic expansion

@ Account for particle-particle interaction & external field in zeroth
order
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|
Bethe—Salpeter approach

@ Avoid nonrelativistic expansion

@ Account for particle-particle interaction & external field in zeroth
order

The Bethe-Salpeter equation
(1, m2) = fi/d4x3d4x4d4x5d4x6 Si(w1,25)S2(x2, v6) K (5, T6; T3, T4) 0 (T3, T4)
o S(z,2') (external-field) fermion propagator
(10, — h1) Si(z,2') =if1d(x —2') 1= a1 -p1+miB1 + Vaue(r1)

o K(x1,mx9;2),2)) irreducible interaction kernel

i B S

Salpeter, Bethe, Phys. Rev. 84, 1232 ( 1951)

FFK23 95 May 2023 4/14




|
Bethe—Salpeter approach

o Introduce absolute- and relative time, and the ansatz

T= %(tl +t2) t=1t —to o(z1,22) = efiETqﬁ(rl, ra,t)
o In momentum space after rearrangement
F(p1,p2,€) = Kip(p1, p2,¢€)
K=Ki+Ka

o K; is chosen to be instantaneous (e.g.: Coulomb or Coulomb-Breit)
Kif(p1,p2,e) = (—27i) " /dk dw ki(k) f(p1 — k,p2 + k., e — w)
—(-20) " [T (1 pre - )

Salpeter, Phys. Rev. 87, 328 (1952), Sucher, PhD thesis (1958)
Métyus, Ferenc, Jeszenszki, Margécsy, ACS Phys. Chem. Au (2023)



Exact equal-time approach

The equal-time equaiton
¥(p1,p2) = /df-: ¥(p1,p2,€)

de

_ de
\P(plpr) = / —omi F 1qu/(p17p2) +/

—27i

F'Ka (F—Ka) ' Ti¥(p1, p2)

[ = [ S B2 e — )

—27i —27mi
=(E—h1—ha) " (AyAy —A_A)
N N~

Asq A

Salpeter, Phys. Rev. 87, 328 (1952), Sucher, PhD thesis (1958)
Métyus, Ferenc, Jeszenszki, Margécsy, ACS Phys. Chem. Au (2023)
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The exact equal-time equation

(H + HA)‘IJ(’I"l, 7‘2) = E\I/(’I"l, 'I”Q) H = hl =+ hQ + A++IiA++

HA :A++I(1 _— A++) _— A__I'

(B —hy—ha)” /d€ FKa(F —Ka) ' T

FKA(F=Ka) ' = F 'KaF '+ FUKaF 'KaF 4. ..

e H: no-pair Dirac-Coulomb(-Breit) Hamiltonian

Retardation, pair- and radiative corrections in Ha

Perturbative treatment of terms in Ha seems possible

High-precision variational zeroth order solution is possible

v

Métyus, Ferenc, Jeszenszki, Margécsy, ACS Phys. Chem. Au (2023)
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The no-pair Dirac-Coulomb(—Breit) equation

The Hamiltonian

H(1,2) =
vil 4 g1t col - py coll . py B
A col py V1M 4 (U — 2mac?)114 B el py A
++ w,£4] p1 B V14 4 (U - 27711(:2)1[4] 00[24] P ++
BH cal . p, colll . p, V1H 4 (U = 2mi2c?)1¥

Restricted kinetic balance

. wl“ (r1,72)
s, 9P e (r1, r2)
N —— )\ =
¥ 2mc ¥ (r1,m2) ¢SI("'1,7‘2)
P55 (r1,72)
Hgp = XTHX Ixp = XTIX
4 4 4 4
s ) (0 0) (o) (o)
X =diag { 17, — 2mac | 2mic a 4mi1maoc?
v
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Two-electron systems in external field

Direct comparison with corresponding NRQED terms

BfE/By 0L /mEB, SCL/mE,  alei/nE,
H, —1.174489 754 —21 0 —0.2
HT —1.343850527 —24 -1
H- —0.527 756733 -3 0
He (25) 2.146 084 791  —22 —11 —10.4
He (1S) —2.903856 631 —145 -11 —11.2
Lit —7.280698 899 —835 —164
Be?t —13.658 257603 —2952  —1036

4: complete, non-radiative fourth order (after cancellation of
divergences with other QED terms) (PRL 117, 263002 (2016), PRA 74,

022512 (2006))
Jeszenszki, Ferenc, Métyus, JCP 156, 084111 (2022)

Ferenc, Jeszenszki, Mdtyus, JCP 157, 094113 (2022)
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R
Comparison to NRQED

‘a-scaling’
Epc)(a) =€ + a’es + ales + ot ln(a)eﬁl +atey J

Two-electron systems

1t ]
R
(==}
=
537 il
3 5
£ T+ T
<5 1 €cc =~ (* + *) (0(r12))
= H™ : 0.00000802 |- 3.260° |- 23.60" — 2 3
=8 He : 0.0001430° |- 3.270% |- 40.30* —
L‘f Lit : 0.00014602 |- 3.260% |- 109 o' — ~ —3.24(0(r12))
o “TF Be*: 0.00074002 |- 3.250% |- 241 ot —
‘%f H, : —0.00019502 |- 3.27a3 |- 6.59a*
= . Y 2] 31 44 4 fi
HeH* : —0.00044602 |- 3.27a3 |- 44,504 it = —3.26(2)(6(r12))
—9L  Hf : 0.000763a2 |- 3.27a3} 5.270" 1

0.7 08 09 1 1.1 1.2 13 14 15 16
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R
Comparison to NRQED

‘a-scaling’

Epcm) (o) = €0 + a’es + ales + at ln(a)eﬁl +ates J
Two-fermion systems: Ps, Mu, H, uH
50 16 5
U(r) =D D eidfilr) filr) =6
i=1 x=1
DC
€0 € €3 €
Ps={et,e }:
var-fit ~ —0.250 000 000 000  0.046 875 —0.128 8 —0.063 4
nrQED  —0.250 000 000 000  0.046 875  —0.128 8 —0.062 5
a™(de,) —3.0-10713 —4.5-10712 7.2-10712 2.6-10712
(See also: P-Mo-7) Ferenc, Matyus, PRA, 107, 052803 (2023)
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Current status & challenges

Included in zeroth order

e Exact inclusion of dominant instantaneous photon exchange
diagrams

o All-orders in external field

Perturbative
e Pair corrections
o Retardation
e Radiative QED

Work in progress
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Summary

@ Numerical, high precision no-pair relativistic approach with
prospect for including further corrections for QED

@ Zeroth order equation is solvable numerically to high precision
@ Some of the higher order NRQED terms obtained ‘for free’

o ‘alpha-scaling’ provides an order-by-order test with respect to the
corresponding high-precision NRQED corrections

e Perturbative radiative, retardation and pair corrections (in
progress)

Jeszenszki, Ferenc, Métyus, JCP 154, 224110 (2021)

Jeszenszki, Ferenc, Métyus, JCP 156, 084111 (2022)

Ferenc, Jeszenszki, Matyus, JCP 156, 084110 (2022)

Ferenc, Jeszenszki, Métyus, JCP 157, 094113 (2022)

Matyus, Ferenc, Jeszenszki, Margécsy, ACS Phys. Chem. Au (2023)
Ferenc, Métyus, PRA, 107, 052803 (2023)

FFK23 25 May 2023 13 /14



Thank you for your attention!
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