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Pre-Summary

Calculations of corrections to positronium energy levels from the “hard” 
(relativistic) region depend on a single mass parameter, which can be 
factored out, leaving a pure number that is difficult to calculate.

Surprisingly, it is better to generalize and let the two particles have 
different masses.  One can be factored out, leaving a single parameter 
x=m1/m2.

Test at order α6 : The Feynman integrals F(x) satisfy a first-order ODE 
dF/dx = M F.  A convenient solution for F(x) can be found.  We use a 
BC at x=0 since it is easier to calculate F(0) than F(1).  With the BC, 
the function F(x) is completely determined.

Now F(1) gives the result for positronium, but as a benefit, F(x) is 
available for all x.  Specifically, results for muonium are found.

Hopefully, the same approach will work at order α7 and give recoil 
corrections to muonium energy levels at that order.



Muonium: a purely leptonic exotic atom

Muonium, the µ+e- bound system, is closely analogous to hydrogen but 
with several important differences.  First, both of it’s constituents are 
structureless point-like particles.  Compared to hydrogen, where the 
proton size and internal structure matter, the theoretical analysis of 
muonium is relatively straightforward.  Recoil effects are more important 
in muonium than in hydrogen, given that me/m𝜇=1/207 while 
me/mp=1/1837.  The finite muon lifetime of τ=2.2 𝜇s leads to a natural 
minimum linewidth through the uncertainty principle.

High precision measurements of many of the muonium n=1 and n=2 
transitions combined with the possibility of high precision calculation of 
those transition frequencies based mainly on QED make muonium an 
attractive system for the determination of fundamental constants and 
testing the limits of current theory.



Muonium Spectrum

The n=1 and n=2 muonium 
energy levels are shown, 
along with the hyperfine 
intervals.
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Muonium Spectrum

The n=1 hyperfine interval has been 
measured to high precision:

F.G.Marion et al., Phys. Rev. Lett. 49, 
993 (1982)

W.Liu et al., Phys. Rev. Lett. 82, 711 
(1999)
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The n=1 hyperfine interval has been 
measured to high precision:
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993 (1982)

W.Liu et al., Phys. Rev. Lett. 82, 711 
(1999)
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The new work has an uncertainty goal 
of ±5 Hz
P.Strasser et. al. (MuSEUM) EPJ Web of 
Conferences 198, 00003 (2019)
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Muonium Spectrum

The n=1 hyperfine interval has been 
measured to high precision:

The new experimental work has an 
uncertainty goal of ±5 Hz.  

Theoretical prediction:

Mohr, Newell, Taylor, Rev. Mod. Phys. 
88, 035009 (2016)

Eides, Phys. Lett. B 795, 113 (2019)

See also Karshenboim and Korzinin, Phys. 
Rev. A 103, 022805 (2021)
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ẼF

✓
me

mµ

◆
= 1147Hz ,

↵
2
ẼF
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Muonium Spectrum:
1S-2S Interval

The 1S-2S interval has a natural 
linewidth of 145 kHz and can be 
measured with great precision.

V. Meyer et al., Phys. Rev. Lett. 84, 
1136 (2000)
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Muonium Spectrum:
1S-2S Interval

The 1S-2S interval has a natural 
linewidth of 145 kHz and can be 
measured with great precision:
Δν=2,455,528,941.0(9.8) MHz (4 ppb)
V. Meyer et al., Phys. Rev. Lett. 84, 
1136 (2000).
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The 1S-2S interval has a natural 
linewidth of 145 kHz and can be 
measured with great precision:
Δν=2,455,528,941.0(9.8) MHz (4 ppb)
V. Meyer et al., Phys. Rev. Lett. 84, 
1136 (2000).

The theoretical prediction is:
Δν=2,455,528,935.4(1.4) MHz
K. Pachucki et al., J. Phys. B 29, 177 
(1996).
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Muonium Spectrum:
1S-2S Interval

The 1S-2S interval has a natural 
linewidth of 145 kHz and can be 
measured with great precision:
Δν=2,455,528,941.0(9.8) MHz (4 ppb)
V. Meyer et al., Phys. Rev. Lett. 84, 
1136 (2000).

The theoretical prediction is:
Δν=2,455,528,935.4(1.4) MHz
K. Pachucki et al., J. Phys. B 29, 177 
(1996). The QED part of the uncertainty 
is ±6 kHz. 

The present Mu-MASS goal is for an 
uncertainty of ±10 kHz (4 ppt)
I. Cortinovis et al., Eur. Phys. J. D 77, 
66 (2023).
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Muonium Spectrum:
Lamb Shift

A recent measurement of one of the n=2 
transitions, combined with hfs values, 
allows the determination of the Lamb 
Shift.

B. Ohayon et al., Phys. Rev. Lett. 128, 
011802 (2022)
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A recent measurement of one of the n=2 
transitions, combined with hfs values, 
allows the determination of the Lamb 
Shift.

B. Ohayon et al., Phys. Rev. Lett. 128, 
011802 (2022)

Theoretical prediction:

Janka, Ohayon, Crivelli, EPJ Conf. 262, 
01001 (2022)

Frugiuele, Pérez-Ríos, Peset, Phys. Rev. D 
100, 015010 (2019)
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Method of Calculation

1. Use Non-Relativistic QED (NRQED) and dimensional regularization
2. Obtain all required matching coefficients.  (Finding the contact term 

matching coefficients is an essential part of the recoil calculation, 
and is a significant challenge.)

3. Describe two-body bound states using the NRQED Bethe-Salpeter
equation.  Energies appear as poles in the Green function.

4. Build a perturbation scheme based on an exact lowest-order solution 
to the NRQED Bethe-Salpeter equation

5. Use the “method of regions” to identify contributions at various 
powers of the expansion parameter α

6. Express all contributions in terms of expectation values of various 
operators in states of the D-dimensional non-relativistic Schrödinger-
Coulomb equation



Method of Calculation

For our calculation of recoil and radiative-recoil corrections at order α6, 
there were two main classes of terms: hard (relativistic) and soft (non-
relativisitic).  The recoil correction has contributions of both types, but 
the radiative-recoil correction was from the hard region only.  
Contributions coming from both hard and soft regions have the possiblilty
of ln(1/α) factors.  Contributions involving the hard region have the 
possibility of ln(mµ/me) factors.
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The NRQED Contact Term

The NRQED contact term contains the 
contributions of all photon-exchange 
diagrams (possibly including radiative 
corrections) containing purely relativistic 
momenta.



The NRQED Contact Term

The idea is that the space-time size of a relativistic process is small on an atomic scale.



The NRQED Contact Term

The idea is that the space-time size of a relativistic process is small on an atomic scale.



Energy Correction due
to the Contact Term
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The contact term contributes to an energy shift in NRQED by first order perturbation
theory.  The contact term matching coefficients are calculated from QED by taking the
threshold limit of graphs where all loop momenta are hard (i.e. relativistic).  Because
the contact term has all particles meeting at a point, the energy shift is proportional to
the square of the wave function at contact (i.e. at zero relative displacement).



Energy Correction due
to the Contact Term
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The contact term contributes to an energy shift in NRQED by first order perturbation
theory.  The contact term matching coefficients are calculated from QED by taking the
threshold limit of graphs where all loop momenta are hard (i.e. relativistic).  Because
the contact term has all particles meeting at a point, the energy shift is proportional to
the square of the wave function at contact (i.e. at zero relative displacement).

where        is the amplitude for hard corrections to QED threshold scattering
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Recoil Diagrams at Order (Z↵)6
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FIG. 7: The lowest order three-photon-exchange diagrams. These include the three-rung ladder diagram (a), the two-particle
reducible ladder-crossed diagrams (b) and (c), the irreducible “Z” diagrams (d) and (e), and the irreducible fully-crossed diagram
(f). We have assumed that the masses of the two fermions are not equal and and that the exchange happens at threshold. The
vector min, where n = (1,~0 ) is the timelike unit vector, represents the energy-momentum for the initial and final particles at
threshold. The exchange momenta were defined so that the lower line–particle 2–is the same for all six diagrams, with only the
factor for the top line–particle 1–changing from diagram to diagram.

The finite integral was done by Broadhurst [22]. Knowledge of H[{1, 1, 0, 1, 0, 1, 1}] along with the other known master
integrals H[{0, 0, 0, 1, 1, 0, 0}] = M1 and H[{1, 0, 1, 0, 1, 0, 0}] = M2 allows us to find the new master integral

M6 = H[{0, 0, 0, 1, 0, 1, 1}] . (III.194)

Since M1 and M2 are known exactly, knowledge of the finite integral H[{1, 1, 0, 1, 0, 1, 1}] in d = 4 dimensions allows
us to evaluate M6 through O(✏2). The result for H[{1, 1, 0, 1, 0, 1, 1}] is

H[{1, 1, 0, 1, 0, 1, 1}] =

Z
dq̃dk̃

⇥
(q2)(k2)(q2 + 2qn)(k2 � 2kn)((q � k)2 + 2(q � k)n)

⇤�1

! �
1

⇡4

Z
d4q d4k

⇥
(`2)((k � n)2)((`� n)2 � 1)(k2 � 1)((`� k)2 � 1)

⇤�1

=

✓
�

1

⇡4

◆�
�⇡4

�
I3(1)

=
3

2
⇣(3)� ⇡2 ln 2 , (III.195)

using (33) of [22]. In going from the first line to the second of this term we have used d ! 4, q ! �`, k ! �k + n,
so that q � k ! �(`� k + n) and k2 � 2kn = (k � n)2 � 1 ! k2 � 1. See (Z.138) and the surrounding work for more
details.

G. Matching for exchange four-fermion contact terms: Order (Z↵)3; non-equal masses

Here I calculate the amplitude for threshold scattering of two fermions, one of charge and mass q1, m1 and the
other with q2, m2 at two-loop order using the fermion-fermion technique. The three-photon-exchange diagrams with
non-equal masses are shown in Fig. 7. The scattering amplitude for the first (123) graph is

iM123 =

Z
d̄dqd̄ds u1f (�iq1�

µ1)
i

�(m1n+ q)�m1
(�iq1�

µ2)
i

�(m1n+ s)�m1
(�iq1�

µ3)u1i

✓
�i

q2

◆✓
�i

(q � s)2

◆✓
�i

s2

◆

⇥ u2f (�iq2�µ1)
i

�(m2n� q)�m2
(�iq2�µ2)

i

�(m2n� s)�m2
(�iq2�µ3)u2i, (III.196)
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Integration by parts (IBP) identities are found using the fact that the integral of a divergence in d-dimensional space

is zero.

0 =

Z
d
d
q d

d
s

@

@qµ

⇢
v
µ

dens

�
=

Z
d
d
q d

d
s

@

@sµ

⇢
v
µ

dens

�
(.20)

where v
µ
= q

µ
, s

µ
, or any external momentum vector. An example of the type of identity that is produced is

0 =

Z
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d
q d

d
s
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@qµ

⇢
q
µ

(�q2 +m2
A)

↵(�(q � s)2 +m2
B)

� · · ·

�

=

Z
d
d
q d

d
s

⇢
d

( )↵( )� · · · +
2↵q

2

( )↵+1( )� · · · +
2�q · (q � s)

( )↵( )�+1 · · · + · · ·
�

(.21)

Many such identities are generated (using computer assistance) and are used to reduce a complicated integral contain-

ing very many terms to a linear combination of a few “master integrals”. The relatively small set of master integrals

are the only ones that must actually be evaluated.

Integration by Parts Reduction
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We use d = 4� 2✏. The factors � = �i(2⇡)2�✏e✏�E are included for convenience.
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Some of the master integrals can be done exactly:
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But others are not so easily done.  We note that each depends on two masses:
m1 and m2.  We can scale one mass (we choose m2) out, leaving integrals that 
depend only on the mass ratio x= m1 / m2.  We first consider two of the master
integrals:

We scale out m2, leaving
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Method of Differential Equations

We focus on the integrals J1(x), J2(x), and J3(x),  where J1(x) is an auxiliary integral
that has been included to make a set that is closed under differentiation.   We can get
the value of J1(x) exactly.  The Ji(x) integrals are:  
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The integration variables q, s are now considered to be dimensionless, as is x. We will use the method of di↵erential
equations to find J2(x) and J3(x). The equations are
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The x derivatives of the Ji(x) integrals are easily found, and then the IBP identities were
used to write the derivative in terms of Ji(x):
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Method of Differential Equations

The set of coupled differential equations can be put in matrix form.  This is a set of first
order, ordinary, linear, homogeneous coupled differential equations.  It is challenging 
to solve only because the coefficient matrix A depends on the independent variable x.
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Method of Differential Equations

5

As they stand, the di↵erential equations for J1(x), J2(x) and J3(x) are challenging to solve. The trick is to make a

change in dependent variable. The original di↵erential equations are
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The “harmonic polylogarithm” functions HPL(a;x) are defined as a set of iterated integrals, starting with
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and in general

HPL(0, · · · 0;x) ⌘ 1

n!
ln

n
x for theHPLwith first argument consisting of n zeros

and

HPL(a, a1, · · · , ak;x) =
Z x

0
dt fa(t)HPL(a1, · · · , ak; t)

with

f1(x) =
1

1� x
, f0(x) =

1

x
, f�1(x) =

1

1 + x

E. Remiddi and J. A. M. Vermaseran, Int. J. Mod. Phys. A 15, 725 (2000)

T. Gehrmann and E. Remiddi, Comp. Phys. Commun. 141, 296 (2001)

D. Mâıtre, Comp. Phys. Commun. 174, 222 (2006)
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So finally ~I = ~I(0) + ✏~I(1) + ✏2~I(2) + ✏3~I(3) + · · ·



Method of Differential Equations

The integration constants are found by computing the expansion of the integrals 
about the point x=0 using the method of regions.  The integrals are much simpler 
when x=0 that for non-zero values of x.
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There are also contribution from regions where q ⇠ x, s ⇠ 1 and q ⇠ x, s ⇠ x.
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In Region 3, q ⇠ x, s ⇠ x. After the change of variable q ! xq, s ! xs, one has

J23(x) = �
2

Z
d̄
d
qd̄

d
s

x
2d�5

(�(q � s)2)(�xs2 + 2sn)(�q2 � 2qn)

= �
2

Z
d̄
d
qd̄

d
s

x
3�4✏

(�(q � s)2)(2sn� i✏)

⇣
1 + x

�s2

2sn�i✏

⌘
(�q2 � 2qn)

= x
3�4✏

�
2

Z
d̄
d
qd̄

d
s

1 +O(x)

(�(q � s)2)(2sn� i✏)(�q2 � 2qn)

= J233 +O(x
4
). (.6)

An incorrect choice of region give a contribution of zero. For instance, a proposed region with q ⇠ 1, s ⇠ x leads to
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where Hn is the nth harmonic number
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Recoil Correction to 
Muonium Energies

There are a few practical consequences of our calculation for muonium.  For the
hyperfine spitting, we have found an additional 11 Hz beyond what was previously
known from the order x2 recoil correction.  This will be important when the improved
experimental results are available.  For the average shift, we have completed the
calculation of soft contributions to the higher order recoil correction, reducing the
theoretical uncertainty.
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The results for the R factors are
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We can now easily find the small-x expansions of our results. One has
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These results are in agreement with the small-x expansions of Czarnecki and Melnikov [23, 24].
We can use our results in the limit x ! 0 to get the positronium results. We double the electron line result to
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Electron-line radiative-recoil contribution for muonium:

Positronium limiting case:
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Electron-line radiative-recoil contribution for muonium:

Positronium limiting case:

Sapirstein, Terray, and Yennie, Phys. Rev. D 29, 2290 (1984) – numerical
Pachucki and Karshenboim Phys. Rev. Lett. 80, 2101 (1998) – analytical
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Electron-line radiative-recoil contribution for muonium:

Terray and Yennie, Phys. Rev. Lett. 48, 1803 (1982)

Positronium limiting case:
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Electron-line radiative-recoil contribution for muonium:

Sapirstein, Terray, and Yennie, Phys. Rev. Lett. 48, 1803 (1982) – numerical
Eides, Karshenboim, and Shelyuto, Phys. Lett. B 177, 425 (1986) – analytical

Positronium limiting case:
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Electron-line radiative-recoil contribution for muonium:

Eides, Grotch, and Shelyuto, Phys. Rev. D 58,013008 (1998)

Positronium limiting case:
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Electron-line radiative-recoil contribution for muonium:

Expansion out to O(x6): Blokland, Czarnecki, and Melnikov, Phys. Rev. D 65,073015 (2002)

Positronium limiting case:
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These results are in agreement with the small-x expansions of Czarnecki and Melnikov [23, 24].
We can use our results in the limit x ! 0 to get the positronium results. We double the electron line result to
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Agrees with the high order expansion of Blokland, Czarnecki, and Melnikov, 
Phys. Rev. D 65, 073015 (2002)
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The factor of 2 accounts for the two photons that the vacuum polarization could act on, and we define xi =
mi
mVP

.
Here the NL, NX , etc., are implicitly those of the VP diagrams.
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We can now get results for positronium and muonium. First, for positronium (with an electron in the VP loop) we
have x1 ! 1, x2 ! 1, mVP ! me,
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These agree with results quoted in Sapirstein, Terray, and Yennie [61, 62] for the hfs and in [63, 64] for the average
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shift. For muonium there are two contributions, one with mVP ! me, x1 ! 1, x2 ! 1/x and one with mVP ! mµ,

x1 ! x, x2 ! 1. We write both contributions with the common factor ↵(Z↵)
n3 EF where

EF =
8(Z↵)4m3

r

3memµ
. (Y.54)

For the electron VP contribution we find

�Eeµ(me)
hfs =

↵(Z↵)

n3
EF ⇥

3

8x
R
���
x1!x,x2!1

=
↵(Z↵)

n3
EF ⇥

1

12⇡2(1� x2)

n
6(3� 4x+ x4)HPL[{1, 0}, x] + 6(3 + 4x+ x4)HPL[{�1, 0}, x]

�4x(1 + 3x2) lnx� 24x ln2 x+ 12x(1� x2) + ⇡2(9� 8x+ 3x4)
o

=
↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx�

2⇡2

3
� 2

◆
+

3x2

4
+

x3

⇡2

✓
�2 ln2 x+

2

3
lnx�

2⇡2

3
�

7

3

◆
+ · · ·

o
,

(Y.55)



Radiative-Recoil Correction 
to Muonium Energy Levels 
from Vacuum Polarization

<latexit sha1_base64="m3TrHNVGKiSfDVu8QtwHSU85xt4="></latexit>

�E
M;VP
hfs =

↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx� ⇡

2

3
� 28

9

◆
+
3x2

4
+O(x3)

o

Muonium hyperfine splitting due to vacuum polarization:



Radiative-Recoil Correction 
to Muonium Energy Levels 
from Vacuum Polarization

<latexit sha1_base64="m3TrHNVGKiSfDVu8QtwHSU85xt4="></latexit>

�E
M;VP
hfs =

↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx� ⇡

2

3
� 28

9

◆
+
3x2

4
+O(x3)

o

Terray and Yennie: Phys. Rev. Lett. 48, 1803 (1982).   (-9004 Hz)

Muonium hyperfine splitting due to vacuum polarization:



Radiative-Recoil Correction 
to Muonium Energy Levels 
from Vacuum Polarization

<latexit sha1_base64="m3TrHNVGKiSfDVu8QtwHSU85xt4="></latexit>

�E
M;VP
hfs =

↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx� ⇡

2

3
� 28

9

◆
+
3x2

4
+O(x3)

o

Eides, Grotch, and Shelyuto, Phys. Rev. D 58, 
013008 (1998).  (4.16 Hz)

Muonium hyperfine splitting due to vacuum polarization:



Radiative-Recoil Correction 
to Muonium Energy Levels 
from Vacuum Polarization

<latexit sha1_base64="m3TrHNVGKiSfDVu8QtwHSU85xt4="></latexit>

�E
M;VP
hfs =

↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx� ⇡

2

3
� 28

9

◆
+
3x2

4
+O(x3)

o

Average energy level shift due to vacuum polarization:

<latexit sha1_base64="NKGW/OBOxSU2BGx/bx+vWYvTfpo=">AAAB+XicbVDLTsJAFJ3iC/FVxZ2bicSIG9ISX0uiG3diIo+EVjIdBpgwnTYzU2LT8BPGpRsXGuPWP3HnH/gZToGFgie5yck59+bee7yQUaks68vILCwuLa9kV3Nr6xubW+b2Tl0GkcCkhgMWiKaHJGGUk5qiipFmKAjyPUYa3uAy9RtDIiQN+K2KQ+L6qMdpl2KktNQ2zevi/d3xEXQuaA86I5hrmwWrZI0B54k9JYXK4eNDnP/erbbNT6cT4MgnXGGGpGzZVqjcBAlFMSOjnBNJEiI8QD3S0pQjn0g3GV8+ggda6cBuIHRxBcfq74kE+VLGvqc7faT6ctZLxf+8VqS6525CeRgpwvFkUTdiUAUwjQF2qCBYsVgThAXVt0LcRwJhpcNKQ7BnX54n9XLJPi2d3Og0ymCCLNgD+6AIbHAGKuAKVEENYDAET+AFvBqJ8Wy8Ge+T1owxncmDPzA+fgCxnpSx</latexit>

O(x4)
o<latexit sha1_base64="fzF2lSoXN6jXOmnFLJxqzinwmFQ="></latexit>

�EM;VP
avg =

↵(Z↵)5m3
r

m2
en

3

n 5

48
+

x

⇡2

✓
2⇡2

9
� 70

27

◆
�x2

12
+
x3

⇡2

✓
4

3
ln2 x+

8

3
lnx+

4⇡2

9
+

46

27

◆
+



Radiative-Recoil Correction 
to Muonium Energy Levels 
from Vacuum Polarization

<latexit sha1_base64="m3TrHNVGKiSfDVu8QtwHSU85xt4="></latexit>

�E
M;VP
hfs =

↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx� ⇡

2

3
� 28

9

◆
+
3x2

4
+O(x3)

o

Eides and Grotch: Phys. Rev. A 52, 1757 (1995).   (-7043 Hz)

<latexit sha1_base64="NKGW/OBOxSU2BGx/bx+vWYvTfpo=">AAAB+XicbVDLTsJAFJ3iC/FVxZ2bicSIG9ISX0uiG3diIo+EVjIdBpgwnTYzU2LT8BPGpRsXGuPWP3HnH/gZToGFgie5yck59+bee7yQUaks68vILCwuLa9kV3Nr6xubW+b2Tl0GkcCkhgMWiKaHJGGUk5qiipFmKAjyPUYa3uAy9RtDIiQN+K2KQ+L6qMdpl2KktNQ2zevi/d3xEXQuaA86I5hrmwWrZI0B54k9JYXK4eNDnP/erbbNT6cT4MgnXGGGpGzZVqjcBAlFMSOjnBNJEiI8QD3S0pQjn0g3GV8+ggda6cBuIHRxBcfq74kE+VLGvqc7faT6ctZLxf+8VqS6525CeRgpwvFkUTdiUAUwjQF2qCBYsVgThAXVt0LcRwJhpcNKQ7BnX54n9XLJPi2d3Og0ymCCLNgD+6AIbHAGKuAKVEENYDAET+AFvBqJ8Wy8Ge+T1owxncmDPzA+fgCxnpSx</latexit>

O(x4)
o<latexit sha1_base64="fzF2lSoXN6jXOmnFLJxqzinwmFQ="></latexit>

�EM;VP
avg =

↵(Z↵)5m3
r

m2
en

3

n 5

48
+

x

⇡2

✓
2⇡2

9
� 70

27

◆
�x2

12
+
x3

⇡2

✓
4

3
ln2 x+

8

3
lnx+

4⇡2

9
+

46

27

◆
+



Radiative-Recoil Correction 
to Muonium Energy Levels 
from Vacuum Polarization

<latexit sha1_base64="m3TrHNVGKiSfDVu8QtwHSU85xt4="></latexit>

�E
M;VP
hfs =

↵(Z↵)

n3
EF

n3

4
+

x

⇡2

✓
�2 ln2 x+

8

3
lnx� ⇡

2

3
� 28

9

◆
+
3x2

4
+O(x3)

o

The order x2 term gives a contribution -70.15 Hz

<latexit sha1_base64="NKGW/OBOxSU2BGx/bx+vWYvTfpo=">AAAB+XicbVDLTsJAFJ3iC/FVxZ2bicSIG9ISX0uiG3diIo+EVjIdBpgwnTYzU2LT8BPGpRsXGuPWP3HnH/gZToGFgie5yck59+bee7yQUaks68vILCwuLa9kV3Nr6xubW+b2Tl0GkcCkhgMWiKaHJGGUk5qiipFmKAjyPUYa3uAy9RtDIiQN+K2KQ+L6qMdpl2KktNQ2zevi/d3xEXQuaA86I5hrmwWrZI0B54k9JYXK4eNDnP/erbbNT6cT4MgnXGGGpGzZVqjcBAlFMSOjnBNJEiI8QD3S0pQjn0g3GV8+ggda6cBuIHRxBcfq74kE+VLGvqc7faT6ctZLxf+8VqS6525CeRgpwvFkUTdiUAUwjQF2qCBYsVgThAXVt0LcRwJhpcNKQ7BnX54n9XLJPi2d3Og0ymCCLNgD+6AIbHAGKuAKVEENYDAET+AFvBqJ8Wy8Ge+T1owxncmDPzA+fgCxnpSx</latexit>

O(x4)
o<latexit sha1_base64="fzF2lSoXN6jXOmnFLJxqzinwmFQ="></latexit>

�EM;VP
avg =

↵(Z↵)5m3
r

m2
en

3

n 5

48
+

x

⇡2

✓
2⇡2

9
� 70

27

◆
�x2

12
+
x3

⇡2

✓
4

3
ln2 x+

8

3
lnx+

4⇡2

9
+

46

27

◆
+



Summary

We have calculated all recoil and radiative-recoil corrections to muonium 
energy levels at order α6 without approximation in the particle masses.  
Our results are expressed in terms of the harmonic polylogarithm 
functions HPL[a1,a2,…;x], which are iterated integrals that generalize the 
standard dilogarithm and polylogarithm functions.  The corresponding 
results for positronium are obtained as a limiting case.

We used the methods of dimensionally regularized NRQED to separate 
contributions involving relativistic momenta from those involving purely 
non-relativistic momenta, NRQED bound state theory to calculate soft 
contributions, integration by parts identities to express hard contributions 
in terms of a few master integrals, and the method of differential 
equations to evaluate those master integrals.  These methods are robust 
and will hopefully allow for the evaluation of higher order corrections.
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