Higher Order Corrections to
Positronium Energy Levels

Greg Adkins
franklin & Marshall College
16 May 2018



Higher Order Corrections to
Positronium Energy Levels

Motivation
Experimental Situation
Theoretical Status
Method of Calculation
NRQED
Method of Regions
Hydrogen Atom in D=3-2¢ Dimensions

Summary
Collaborators Acknowledgments
Lam Tran Ben Akers NSf PHY-1707489

Xuan Zhang faisal Alam franklin & Marshall College



e ' .
~ i
—e— -4 e
- -—
—e— .
o P
. =
- + s sas 2018
oo
e | € Lo

‘ L International Conference on
’ Precision Physics ystems
\ o

Why Study Positronium?

Positronium is intrinsically interesting. It is the simplest bound system.
It’s constituents are structureless pointlike particles. Many fundamental
aspects of quantum field theory enter into its description. It differs
from other exotic atoms in having large recoil effects, little sensitivity
to hadronic physics, and is subject to real and virtual annihilation.

Positronium is accessible both to high precision experiments and to
detailed calculations, so its study allows for a stringent test of the
theory of bound states in QED (quantum electrodynamics) and quantum
field theory generally.

Positronium is ideal for tests of fundamental symmetries and is useful
in searches for “new physics”.
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® Positronium Spectrum

The n=1 and n=2 levels of positronium
are shown. Transitions of experimental
interest are the

(1) n=1 hyperfine splitting (1°S; — 1'S)
(2) n=2 fine structure (2S5, — 2P)

(3) 1S-2S ftransition (135, —235)
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® Positronium Spectrum

The n=1 and n=2 levels of positronium
are shown. Transitions of experimental
interest are the

(1) n=1 hyperfine splitting (1°S; — 1'5))
(2) n=2 fine structure (2S5, — 2P)

(3) 1S-2S transition (135, —225;)

(also: n=2 hyperfine splitting: (2351 — 2%50)
see the talk by Michael Heiss)

n=1

11185

8626

18500

25424

243.

Onm

I
203390 MHz

Tl vk

2°S;

23pP,
2'p,
2°P,

2°p,

2'S,



® Positronium Spectrum

The n=1 and n=2 levels of positronium
are shown. Transitions of experimental
interest are the

(1) n=1 hyperfine splitting (1°S; — 1'5))
(2) n=2 fine structure (2S5, — 2P)

(3) 1S-2S transition (135, —225;)

All of the measurements have
uncertainties on the order of 1MHz
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* ® Hyperfine Structure S |“S“‘Q2018
\ Experiment vs. Theory ;

The situation for the hyperfine splitting has recently been clarified.
Earlier suggestions of a problem between theory and experiment
have probably disappeared with a new measurement from the Tokyo

group. Additional experimental work with the promise of new ppm
measurements iS ongoing.

Mills elt al., 1983 |
| e | Theory, 2000
Ritter et al., 1984

Experimental Average
(1983-84)

Ishida et al., 2014 | ° |
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Transition = Common Name  Natural Linewidth Expt. Uncert.
135, — 115, n=1 hyperfine ~1300MHz ~1MHz
23S, — 2P  n=2 fine structure ~50MHZ ~2MHz
138, — 239, 1s-28 =1.3MHz ~3MHz



Measured Transitions = s 20 §

Transition = Common Name  Natural Linewidth Expt. Uncert.

135, — 115, n=1 hyperfine ~1300MHz ~1MHz
23S, — 2P  n=2 fine structure ~50MHZ ~2MHz
[ 138, — 238, 1S-28 ~1.3MHz ~3MHz }

1S-2S  AE=1233607216.4(3.2) MHz (2.6ppb)
seems to have the greatest potential for improvement.
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The theoretical formula for the energy levels of positronium states
can be written as

Y i — m{020a2 - C40044 “F C51a5L - C'50a5

+C61a°L + Cgpa® 4+ Crp0'L? + Cr10"L + Crgo” + - - - }

where L=In(1/0a). All terms through order &7 In?(1/a) are known, as
are the order &7 In(1/a) terms for the hyperfine interval. Estimates
of the theoretical uncertainties are

0.6 MHz 1S-2S

0.5 MHz hfs

0.1 MHz n=2 fine structure
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Contributions to positronium energy levels for n=1 (in MHz)

Order Value E, (15) e I S X
ma’* 350377 38 322.493 204 386.630
mad®In(l/a) 12580 3003302 0

mao’ ASSVT —1018.784 —1005.497
ma® In(1/a) 91.8 2.869 19.125

ma® 18.7 3.000 —7.330

ma’ n2(1/a)  3.30 ~1.091 0,918

ma’ In(1/a) 0.67 —0.323

ma’ 0.14




- \ ot Lagrangian of the Effective Quantum field
‘ ‘ Theory NRQED (Non-Relativistic QED)

We will replace the usual QED Lagrangian

L = (iy*D,, — m) 1 + photon terms



- \ ot Lagrangian of the Effective Quantum field

* ¢ Theory NRQED (Non-Relativistic QED)
L
l_j 2 54 q — q — —
£=yt{iD —G-B B
R t+2m+8m3+cF2mO +CDZmQ[v |
£ Pl (ﬁxﬁ—ﬁxﬁ) +--°}¢
8m?
+ positron terms
+ four—fermion contact terms
+ photon terms
with
%, ¥ 2 e N G Y
DtZE—F’iQAO, DZV—ZQA, E:—VAO—E, BZVXA

The electron charge and mass are ¢ and m
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Propagation factors:

Fermion Relativistic Kinetic Energy
I I
< <o = A
P 8 m°
Po — e + 1€
Coulomb Photon Coulomb Vacuum Polarization — _ 5
j Ik Kk
““““““ S e o Ay e oY= >
B’ e
Transverse Photon Transverse Vacuum Polarization » 4
I
RVAVAVAVAVAVAVAVaVaVA VS I6T (k) MNANANAINNNN . Cyp 6|J
| J | J m>
k2 + 1€
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® NRQED feynman Rules - = icotamn
\ Interaction Vertices:
Coulomb Spin—Orbit
S O N R
e —iq e ey 2(P2"P1)'U
I ! m
Convection ) Darwin D iq
Iq e =0 )
o - - -
T 2m(p2+p1)j i CD8m2(p2 p1)
j I
Fermi Seagull
Qe o S —ig?
a—§—<—cF—[(pz—p1)><U]j TA}'—LT; : 5;
2m m
j i j
Contact
S > d d
Széabécd i _;6ab O od +
m m
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i NRQED feynman Rules = * I .. .
\ Interaction Vertices:
Coulomb Spin—Orbit S q
RS S =19 <«—><—=—|Cs _Z(ﬁzxﬁﬂ o
| ! m
Convection ) Darwin D iq
Iq — el D
—— (p2+p1); <—>&—=— Cpj—(P2—P1)
2m ! 8m
j I
Fermi Seagull
g q i .

L C —Pp4)x0T]; :
F2m[(p2 pP41)*0T]; % 6”
§ i; ;j

Contact

a
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+ four—fermion contact terms

+ photon terms
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(T

NRQED QED
< — <
he matching coefficients have the values Cr e % . \
Sa (—1 m
(using dimensional regularization 0 1+ 3T { o +In ;} iyl S
in d = 4 — 2e dimensions) ) e

S
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L= Lﬂ{iD,#-czDz spch Dy e gLBJrc gL.E]nLic gan(DXE_EXD)+c g—{Dz’a.B}
oM tsME o e oM TP gm? 3 8M? LY VE

Dio - BD' o-DB-D+D-Bo-D . {D!,[0 X B]} 2Bz—E2 5 E?
T w8 + cpp8 PYYE +icyg S + ca18 ST 25 TeAL
i chg[Dz’D -E+ E - D] . g{Dz, [0- E]} 1y g[626 - E] g gz{D", [E X B]'}

M4 X2 M4 X3 M4 X4 M4
+iCX5gDi0'-(DXE—E><D)Di+iC eifkain[a-E]Dk+c 20'-B[6-E]+C ,[E-d0 - B]
M X68 M x78 e x88 S Ve

" CX982[B?4—(:.E] i CXlogZ%—fm & chngW Cx12g2 T [ali/lli el ol (9(1/M5)}¢-

From R. J. Hill, G. Lee, G. Paz, and M. P. Solon
NRQED Lagrangian at order 1/M?
Phys. Rev. D 87, 053017 (2013)
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feynman Rules

for NRQED

Class Type Label Rule
Relativistic Kinetic Energy ARY, K4 ;f:g
_ip6
K6 16?:15
Coulomb szAozp —iq
D (Darwin) ¢D %EQ
T L2\ 2
CX1 crgl==1 (pIQ—pQ)
CEa2 cx2 =4 (572 + 52) k2
CX3 cxs ik
Shootn Pt A% S (Spin-orbit) cs 153 0abp’ P’
SX5 cxs 4 B’ Poasp’p’
SX6 cx6-2r k 2oaspp®
Convection YT A% . S ‘
conK4 =% (p"* +p5°%) P
conM CM 8;2% k2pi
conX1 cx1% (ﬁ’z —ﬁQ) K p?
Fermi Pl At F (Fermi) crsLoik’
FWi Cw18;7r3; (ﬁ/2+ﬁ2) O'ijk?j
FW2 ngzlm%ﬁl'ﬁa'ijk‘j
Fp'p Cp' p Tores Bé O4j K
P-Fermi YT A% PP Css_qukO 05 P
PFp'p crp g (P77 —97) o3P
PFX5 Cx5ﬁﬁ/'ﬁk00ijpj
Spin-convection T,ZJT At scp'p Cp'p ﬁ oapp p’ P
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feynman Rules

for NRQED

Class Type Label Rule
Relativistic Kinetic Energy ARY, K4 5512
_ip®
K6 16?;5
Coulomb w*AOw —iq
D (Darwin) ¢D %EQ
—4 = -2\ 2
CX1 Grgi="1 (pIQ—pQ)
CEa2 cx2 -4 (572 + 52) k2
CX3 cxs ik
Shootn i A% S (Spin-orbit) CS 3153 0abp’ P’
SX5 cxs—2 B Poasp’*p°
SX6 cx6-2r k 2oasp®p®
Convection Pt A%y i
conK4 =% (0" +p°) P*
conM c 8:2% k2pt
conX1 cx1% (p”? —p?) K°P
Fermi T At F (Fermi) crsLoik’
FW1 cwiek (B2 +p?) ouk’
FW2 cwa iz ok’
Fp/p Cp/pﬁ_{—:—;2 O'ijkj
P-Fermi T A" PFS cs 5oz k® 01 P
PFp'p cyp o (P77 — D7) o3 P’
PFX5 Cx5ﬁﬁ/-ﬁk00'ijpj
Spin-convection Q,ZJT At scp'p Clm % oapp'p’ P




® * Matching Coefficient Expansions

\ Cr = Fl —|—F2,
cp = F1+2F; + 8Fl17
NRQED QED cs = F1+2F,,

L. gy o L E [y
= cwr = F1+ 5Fa+ AT, + 4T,

=" =Y e
cw2 = 5Fa+ AF, + 4F,

cpp = Fa,
= 10, k" |l £
DQED (py, p1) = @(ps) {7 Fy (k) + 42 Fy(k?) bu(p) ¢y = 5 Fe +4F;,
5y oL I =L
k* = py —pf B e TR T
P2 — P Cx1 123 1+32 2+4 15
D e ottt
— — SN c = —_F1+—F,,
Fi= R0, Fi= gosmsleo TR oA I T Red
1—/ 1—/ 1—//
T s §F1+ZF2+§F17
L@ mr = =F+:F
CX5 39 1+8 2,
3l do st 1=
Ex o= + melmie— o =" — el
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Matching Coefficient Expansions

Coefficient  O(a?) O(at) O(a?) O(a?)
CF 1 % 4 3_3(211,12_'_ <-2_|_ }ZZ 215C + C - 239C 4 254-211,1 2_|_ 100
25 139 596 17101 28259
+1s ln 2+ FTERbae oGzl 2 2 135<+5184
cD 1 _%E C3+18<21n2__ % _C _IQICC +1591C _956C 1 2 _%GML
142 4 23791 249767 88409
] = C+ Cl2 810C+11664
cs 1 1 2(3—6(21n2+(:2—}— 197 215C + 83<3<- - 239C 2. CQIH 2+ 200
25 139 1192 34202 28259
—|—3ln 2+ “oGEk— G2 ln2—|— 135 62 + 2592
CWw1 1 —%E—f— %
CWw?2 0 —%E—i— %
Cp'p 0 %
e 0 —4=-1
5 = 1 p—
cx1 oE o ey ==1 _1In (m)
3 Al 2e U
X2 64 32
11 — 13
CxX3 0 ~120= " 390
c 3 L
X5 32 16
c ey R
X6 32 12—~ 96




e \‘y Method of Calculation S pees_2018
® , Precison Physicsof Smple Atomic Svstems

\

Energy levels are found as the positions of poles in the electron-positron
2-t0-2 NRQED Green function G:

\ i Zk qlnak(pZ)\i,nak (pl)

G(E;p2,p1) — e
N\ s, X o, Y
G = ( ): + i i + + + + | +
N Ly % — %
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G satisfies the NRQED Bethe-Salpeter equation

G=5+5KG

Where S is the product of a free electron and a free positron propagator
and K is the two-particle irreducible electron-positron to electron-
positron kernel

o, == )

()RR 08 BN BN N B0 &8
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We want to base a perturbation scheme on an exactly-soluble lowest
order problem:

Go =S+ SKyGy

— _2¢

Where K (E;p2,p1) = —iV (D2 — p1), V(k)= —47?5

represents the exchange of a Coulomb photon. The solution for G, is
based on the usual Schrodinger-Coulomb (SC) equation (but in D=3-2¢
dimensions). An exact solution of the SC equation is known—but only in
D=3 dimensions.

The perturbative scheme uses the perturbing kernel 6K = K- K,

AE = (6K) + (6KGo0K) + (6K |g,) +

d d =
with (0K) = [ 5% 557V (E; p2) 0K (E; p2, p1) ¥ (E; p1)
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\\ Method of Regions

There are four regions of energy-momentum space that are important for
Coulombic bound states calculations:

hard E ~mc?, |p| ~ me
soft E ~ amc?, |p| ~ amc
potential E ~ o*mc?, |p| ~ ame
ultrasoft 2

E ~ o*mc?, |p| ~ o?me

The procedure is to expand the integrand of an energy level contribution
in powers of whatever variable is small in a given region, then integrate
the simpler integrand over the full momentum space. Contributions from
all regions are then summed.



®

e' \ e+

® Latest Contribution

N

The most recently obtained contribution to the positronium energy levels is
due to Eides and Shelyuto (2017). This is a "hard” contribution involving
vacuum polarization corrections to two-photon virtual annihilation.

— VWV —<— —<—\/\/\vi§ —E WV —€— —<—{VWAVWW\,
+2

2 A VZ) +2 A Y

—>—"\\VVVWWN—>— —>—"VVVVWN—>— —>—"\VVVW —>—"\VVVVW

A Y 2 Y

The contribution to the parapositronium n=1 energy is

AE = 0.03297(2) ™% = 0.145kH 2

w3

(plus an imaginary part representing annihilation to two real photons).
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Hydrogen Atom in £ g
D=3-2¢ Dimensions

The lowest order wave functions and energies satisfy the Schrodinger-Coulomb equation
in D=3-2¢ dimensions:

90 V2U(Z) + V(r)p(Z) = EY(&)
where V(r) is the D-dimensional Fourier transform of the Coulomb exchange interaction

V(r) = f k —4map’c _  T(D/2-1)p*«
(27r)D 2 3R nD/2—1,.D—2
and

=2 _ (8\2 |, D-18 _ £(+D-2)
Y o 5w Sl 7 o S

7.2
when acting on spherical harmonics in D dimensions
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{ D=3-2¢ Dimensions
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The radial function satisfies

1 8\2 D-108 | L(¢+D-2)
%{_(87‘) T 8r+

r2

} R(r) + V(r)R(r) = ER(r)
The short and long distance behavior can be factored out as in three dimensions:

1/2 n+4£)! e Qee_p/2
R(gh— o013 (n(gz—_;—)l)!) e L(p)

Where ¢ is the “wave function at the origin”, Q is a solid angle factor in D dimensions,
p=2yr where E=-y?/(2m) and L(0)=1. L(p) generalizes the usual associated Laguerre
polynomial.
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D=3-2¢ Dimensions % B

The equation for L(p) is

2
2] 2(4+1—¢) gib’ L1y | Tp2e i~
{(£)"+ (=2 1) g - oy L) =0

with the series solution

L(p)

where

O™l
YD ap’ (ap™)F

j=0 k=0
1+P(010+a11ﬁp2€)+p (a20+a21np + a9 np )—0—- .

aj—1,k(F+2+€2k—1])—aj—1,6—1

Ak =

GiraeGizeriagioty — Wt @00 =1, ajr =0unless0 <k <]
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Perturbation Theory

Hydrogen with the potential Vj(r)

—a (0]

can be solved exactly, even in D=3-2¢
dimensions. Using V() as the starting point of perturbation theory with
oV=V-V,=-—

I'(D/2—1)aj?¢

&
aD/2—1,.D—1 =5 o

— 22 (In(pr) +7E) + - -
one can find expansions for the energy levels and wave functions. These can be
used to find expansions for the corrected principal guantum number 7 and the
wave function at the origin ¢. One finds

n=n+ (2vg — 2Hp ¢ — 1/n) ne + O(€?) (Hn = DA, %)
for the state with quantum numbers n, £; and (for the ground state)
¢ il ((ma)D

i

)1/2 {1 TE€ [31n (%) —2¢(2)+4+ % (In7 —ny)] +O(e2)}
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Hydrogen Atom in £ g
\ D=3-2¢ Dimensions

What is it good for? The analysis shown here allows for simple evaluation of

(possibly divergent) expectation values. As an example, consider the following
expectation value that contributes at O(ma®)

)2>ne_fo dgie = e ] R2y(r) o Jy~ drr=2+2R2,(r)

This expectation value is divergent for S states when D=3, but with D=3-2¢ we can
use the knowledge of the small r behavior of the wave function to find

2 L,

<(%) >n0 = Wm&3¢2y'26 {_ —8In (2ma) + 8H, + 3n2 3 % B 16 iy O( )}
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Methods are in place that are adequate for the calculation of order
ma’ corrections to the energy levels of positronium. While many
contributions at this order have already been obtained, much work
remains to be done. In particular, a number of contributions to the
four-fermion contact matching coefficients are still outstanding. This
work is in progress.
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