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Q. What is sphaleron/instanton induced processes?

A. It is a transition from one vacuum to the other in non-Abelian gauge theories, 
where two vacua are distinguished by topological winding numbers and 
separated by a finite energy barrier.  
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Q. What is the lowest energy (vacuum) field configuration? 

A. Obviously  gives  (vacuum).Aμ(x) = 0 ℰ = 0
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• Consider a transition between two vacua, which costs only a finite energy.   
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We already know that the gauge transformations that involves a gauge
function that becomes zero at in�nity are special, because these are
generated by Gauss’ law and hence are true symmetries of the physical
states.

With this in mind, probably the best argument is that tunneling does only
happens from a vacuum with winding number zero (i.e. one that is
“Gauss’ law gauge equivalent” to ), to a vacuum state with integer
winding number (i.e. one that we get from  with a gauge transfor-
mation that satis�es  for ). If we can show this, it
seems reasonable that we neglect other ground states are not reachable
by tunneling processes.

To show this, imagine spacetime as a cylinder. Each slice of the cylinder
is the complete space  at a given time . The lower cap of the cylinder
is space at  and the upper cap space at . Now, we start at 

 with our quantum �eld in a vacuum con�guration with winding
number zero. We have the gauge freedom to choose .
(However, take note that all other pure gauge con�gurations, that are
generated by a Gauss’ law gauge transformation are equally valid. The
gauge transformations generated by Gauss’ law are those that have a
gauge function in the exponent that satis�es  for . All
con�gurations that we get from  with such a gauge trans-
formations are also winding number zero con�gurations, because they
are gauge equivalent to .) Each pure gauge con�guration
of , which means , is a vacuum con�guration. 

 means 

t = + ∞

Avac
μ (−∞, x) = 𝒰†

−∞∂μ𝒰−∞

Avac
μ (+∞, x) = 𝒰†

+∞∂μ𝒰+∞

Aμ(t, x∞) = 𝒰̃†(t, x∞)∂μ𝒰̃(t, x∞)

E > 0

Aμ(t, x) = any

• During the transition, the energy density must vanish at x → x∞

t = − ∞
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• To discuss the transition physically, one must fix the gauge:

Aμ(x) → U†(x)Aμ(x)U(x) −
i
g

U†(x)[∂μU(x)]1)   (temporal gauge) A0(t, x) = 0

Apure
0 (x) = 𝒰†(x)[∂0𝒰(x)] = 0
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•  is a rule to assign a matrix  at every space point 𝒰+∞(x) 𝒰 ∈ SU(2) x ∈ ℝ3

𝒰+∞(+∞, x∞) = 1
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 all points at spacial infinity can be identified to be the same point. 
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sphaleron
unstable solution sitting at the 
top of barrier (saddle point)
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- a “current”  carrying the winding number must satisfy:Kμ

Kμ(Aμ(x)) ∫ d3x K0(Avac,n
μ (x)) = n

𝒰†
n[∂μ𝒰n]

Q = ∫ d3x K0(Aμ(x))
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- consider the following integral:
t = + ∞

𝒰−∞(x) = 1

Avac,n
μ (+∞, x) = 𝒰†

n∂μ𝒰n

E > 0

𝒰+∞(x∞) = 1

t = − ∞

Aμ(t, x) = any
𝒰̃(t, x∞) = 1
Aμ(t, x∞) = 0

Aμ(−∞, x) = 0

= ∫ d3x K0
t=−∞

+ ∫ dt d ⃗x ∞ ⋅ ⃗K
x∞

+ ∫ d3x K0(Avac,n
μ )

t=+∞
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Tr[Fμν F̃ μν]n =

In the sphaleron/instanton-induced process: |Ω0⟩ → |Ωn⟩
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change of fermion number

that coupled to SU(2) gauge field

In the sphaleron/instanton-induced process: |Ω0⟩ → |Ωn⟩

∫ d4x
1

16π2
Tr[Fμν F̃ μν]n =



In the sphaleron/instanton-induced process: |Ω0⟩ → |Ωn⟩

anomaly
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<latexit sha1_base64="Y1Fv16f4Q+JTPgU2f6Ugc8K2rgE=">AAAB+nicdVBNSwMxEJ31s9avVY9egqXgaUmKqz0W9eBJFKwKdl2yaVqD2Q+TbKGs/SeeBAURPPlPPPlvTFsVFXww8Hhvhpl5USaFNhi/OxOTU9Mzs6W58vzC4tKyu7J6qtNcMd5kqUzVeUQ1lyLhTSOM5OeZ4jSOJD+LrveG/lmPKy3S5MT0Mx7EtJuIjmDUWCl03dY+l4aiw7C4CclldxC6FezhbX+L1BH2fEzqxLek5hOMa4h4eIRKA/svDQA4Ct23VjtlecwTwyTV+oLgzAQFVUYwyQflVq55Rtk17fILSxMacx0Uo8sHqGqVNuqkylZi0Ej9OVHQWOt+HNnOmJor/dcbit9e9dcq06kHhUiy3PCEjTd1colMioY5oLZQnBnZt4QyJeyxiF1RRZmxaZVtCl+vov/Jac0j2CPHNo5dGKME67ABm0BgBxpwAEfQBAY9uIMHeHRunXvnyXket044nzNr8AvO6wfB5ZUM</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="cgY//rScT8vilBvlFX5xyJFbzuY=">AAAB+nicZVDLSgMxFM34rPU16tJNUAquhqQ4tSsp6sKFSAXbKm0dMmlag5mHSaZQxv6JK0FBBFf+iSv/xnSqYvXAhcM593LvPX4suNIIfVhT0zOzc/O5hfzi0vLKqr22XldRIimr0UhE8sInigkesprmWrCLWDIS+II1/JvDkd/oM6l4FJ7rQczaAemFvMsp0UbybLt1xIQm8NRLbz181Rt69jZyUMndxWWIHBfhMnYNKboYoSLEDsqwXUHu6744uax69nurE9EkYKGmgijVxCjW7ZRIzalgw3wrUSwm9Ib0WNPQkARMtdPs8iEsGKUDu5E0FWqYqb8nUhIoNQh80xkQfa3+eiPxxytMrNLdcjvlYZxoFtLxpm4ioI7gKAfY4ZJRLQaGECq5ORbSayIJ1SatfJZCKXsV/iffKdSLDkYOPjNxHIAxcmATbIEdgMEeqIBjUAU1QEEf3INH8GTdWQ/Ws/Uybp2yvmY2wASst08ztZYq</latexit><latexit sha1_base64="mngcSICyculzKXJTBEY1UlAFRBw=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgakiKrV0WdeFKKtgHtHXIpGkbmnmYZApl7J+4EhTErX/iyr8xnVaxeuDC4Zx7ufceLxJcaYQ+rczK6tr6RnYzt7W9s7tn7x80VBhLyuo0FKFseUQxwQNW11wL1ookI74nWNMbXcz85phJxcPgVk8i1vXJIOB9Tok2kmvbnUsmNIHXbnLv4rvB1LXzyEHl0imuQOSUEK7gkiHFEkaoCLGDUuTBAjXX/uj0Qhr7LNBUEKXaGEW6mxCpORVsmuvEikWEjsiAtQ0NiM9UN0kvn8KCUXqwH0pTgYap+nsiIb5SE98znT7RQ/XXm4k/XmFple5XugkPolizgM439WMBdQhnOcAel4xqMTGEUMnNsZAOiSRUm7RyaQrl9FX4n3yn0Cg6GDn4BuWr54s8suAIHIMTgMEZqIIrUAN1QMEYPIJn8GI9WE/Wq/U2b81Yi5lDsATr/QumjpOI</latexit>

∆Nqr1
<latexit sha1_base64="JM+W8S+LjWcmbPNrPa/REp4WR8k=">AAAB+nicdVDLSgNBEOz1GeNr1aOXwSDkIGE3hiTegnrwJBHMA8y6zE4mOmT24cxsIKz5E0+Cgnj1H/wAT978FGcTFSNY0FBUddPd5UWcSWVZ78bM7Nz8wmJmKbu8srq2bm5sNmUYC0IbJOShaHtYUs4C2lBMcdqOBMW+x2nL6x+lfmtAhWRhcK6GEXV8fBWwHiNYack1zc4x5QqjUze5ce1LMXLNnFU4qJaLpTKyCpZVsYt2SoqV0n4J2VpJkavt5V8/AKDumm+dbkhinwaKcCzlhW1FykmwUIxwOsp2YkkjTPr4il5oGmCfSicZXz5Cu1rpol4odAUKjdXfEwn2pRz6nu70sbqWf71U/PF2p1apXtVJWBDFigZksqkXc6RClOaAukxQovhQE0wE08cico0FJkqnldUpfL+K/ifNYsG2CvaZjuMQJsjANuxAHmyoQA1OoA4NIDCAO3iAR+PWuDeejOdJ64zxNbMFUzBePgHGkJXL</latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="2PyQFnN5iWTwsQNe/LGyKZaWwX4="></latexit><latexit sha1_base64="OQcoPpxlQjnT31YX7L+ovc7kN7U=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgqmRqaeuuqAtXUsE+oB2HTJq2oZmHSaZQxv6JK0FB3PonrvwbM9MqVg9cOJxzL/fe44acSYXQp5FZWV1b38hu5ra2d3b3zP2DlgwiQWiTBDwQHRdLyplPm4opTjuhoNhzOW2744vEb0+okCzwb9U0pLaHhz4bMIKVlhzT7F1SrjC8duJ7x7oTM8fMo+JZrVIqVyAqIlS1SlZCStXyaRlaWkmQBws0HPOj1w9I5FFfEY6l7FooVHaMhWKE01muF0kaYjLGQ9rV1McelXacXj6DBa304SAQunwFU/X3RIw9Kaeeqzs9rEbyr5eIP15haZUa1OyY+WGkqE/mmwYRhyqASQ6wzwQlik81wUQwfSwkIywwUTqtXJpCJX0V/iffKbRKRQsVrRuUr58v8siCI3AMToAFqqAOrkADNAEBE/AInsGL8WA8Ga/G27w1YyxmDsESjPcvyM+Tnw==</latexit>

∆N!1<latexit sha1_base64="A0ocvvDjb3HdTK4ozX8pKpYcz8c=">AAAB+3icZVDJSgNBEK2JW4zbRI9eWkPAU5jxosegHjxJBLNAEoaeTiVp0rPQ3aOEIeCPeBIUxKtf4slP8aSdBTHJg4LHe1VU1fNjwZV2nC8rs7K6tr6R3cxtbe/s7tn5/ZqKEsmwyiIRyYZPFQoeYlVzLbARS6SBL7DuDy7Hfv0epeJReKeHMbYD2gt5lzOqjeTZ+dYVCk3JjZe2UAjPHXl2wSk5E5Bl4s5IoXz08/0IABXP/mx1IpYEGGomqFJN14l1O6VScyZwlGslCmPKBrSHTUNDGqBqp5PTR6RolA7pRtJUqMlE/T+R0kCpYeCbzoDqvlr0xuKfV5xbpbvn7ZSHcaIxZNNN3UQQHZFxEKTDJTIthoZQJrk5lrA+lZRpE1fOpOAu/rxMaqcl1ym5tyaOC5giC4dwDCfgwhmU4RoqUAUGD/AEL/Bqjaxn6816n7ZmrNnMAczB+vgF7fWWiQ==</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="fPTtwzdiaWOko7xwjri6hrhycO4=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jx4HILLuhJIpgFMsPQ06kkTXoWunuUMORTPAkK4tUv8eSneNLOJiY+KHi8V0VVPT/mTCrL+jQyC4tLyyvZ1dza+sbmlpnfrskoERSqNOKRaPhEAmchVBVTHBqxABL4HOp+73zo1+9BSBaFd6ofgxuQTsjajBKlJc/MOxfAFcE3XuoA55498MyCVbJGwP+JPSGF8t73l7i6PK145ofTimgSQKgoJ1I2bStWbkqEYpTDIOckEmJCe6QDTU1DEoB009HpA1zUSgu3I6ErVHik/p1ISSBlP/B1Z0BUV857Q/HXK86sUu0TN2VhnCgI6XhTO+FYRXgYBG4xAVTxviaECqaPxbRLBKFKx5UbpXA0fX6eTFOoHZZsq2Tf6jjO0BhZtIv20QGy0TEqo2tUQVVE0QN6RM/oxRgYT8ar8TZuzRiTmR00A+P9B+mxl08=</latexit><latexit sha1_base64="exXUMb/aF8wzK0wsKgo9KFKe1so=">AAAB+3icZVBNS8NAEN3Ur1q/Uj16WSwFTyXxoB6LevAkFewHNCFstpN26WYTdjdKCf0pngQF8eov8eS/MU1TsfXBwOO9GWbm+TFnSlvWt1FaW9/Y3CpvV3Z29/YPzOphR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6Prj65nffQSpWCQe9CQGNyRDwQJGic4kz6w6N8A1wXde6gDnnj31zJrVsHLg/8QuSA0VaHnmlzOIaBKC0JQTpfq2FWs3JVIzymFacRIFMaFjMoR+RgUJQblpfvoU1zNlgINIZiU0ztW/EykJlZqEftYZEj1Sq95M/PXqS6t0cOmmTMSJBkHnm4KEYx3hWRB4wCRQzScZIVSy7FhMR0QSqrO4KnkK54vnV8kihc5Zw7Ya9r1Va14VeZTRMTpBp8hGF6iJblELtRFFT+gZvaI3Y2q8GO/Gx7y1ZBQzR2gJxucPGYeTvw==</latexit>

× 3 flavour
<latexit sha1_base64="73vafpkBaaMcdgnpqSwr8pu1nqc=">AAACA3icZVDLSgMxFL3jq7W+Rl2Jm2ApuChlRhe6LLpxWcE+oFNKJs20oZnMkGQKZSi68VNcCQri1q9w5Ye41vSB2PZC4HDOvffkHj/mTGnH+bJWVtfWNzLZzdzW9s7unr1/UFNRIgmtkohHsuFjRTkTtKqZ5rQRS4pDn9O6378e6/UBlYpF4k4PY9oKcVewgBGsDdW2jzzNQqqQVzz3iqknQxRwPDDbR20775ScSaFl4M5Avpz5+X4AgErb/vQ6EUlCKjThWKmm68S6lWKpGeF0lPMSRWNM+rhLmwYKbHxb6eSEESoYpoOCSJonNJqw/ydSHCo1DH3TGWLdU4vamPzTCnNWOrhspUzEiaaCTJ2ChCMdoXEgqMMkJZoPDcBEMvNZRHpYYqJNbDmTgrt48zKonZVcp+TemjiuYFpZOIYTOAUXLqAMN1CBKhC4hyd4gVfr0Xq23qz3aeuKNZs5hLmyPn4BtTiZug==</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="12b1VIrr2SxiDuuc8kxCX3d3W6Q=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjIIKbopuXFawD+iUkkkzbWgyMySZQhmKC3HrX3QlKIhbv8KVH+Ja02krtl4IHM65957c44aMSmVZn0ZqaXllNZ1Zy65vbG5tmzu7VRlEApMKDlgg6i6ShFGfVBRVjNRDQRB3Gam5vauxXusTIWng36pBSJocdXzqUYyUplrmvqMoJxI6hROnEDuCQ4+hvt4+bJk5q2glBf8DewpypfT31/3o4rHcMj+cdoAjTnyFGZKyYVuhasZIKIoZGWadSJIQ4R7qkIaGPtK+zTg5YQjzmmlDLxD6+Qom7N+JGHEpB9zVnRyprlzUxuSvlp+zUt55M6Z+GCni44mTFzGoAjgOBLapIFixgQYIC6o/C3EXCYSVji2bpHA6O34RzFKoHhdtq2jf6DguwaQy4AAcgiNggzNQAtegDCoAgzswAs/gxXgwnoxX423SmjKmM3tgroz3H6pkmzo=</latexit><latexit sha1_base64="sm6pS37f/wSVeCVNll9KMr77e7E=">AAACA3icZVDLSgMxFM3UV62vUVfiJlgKLkqZUVCXRTcuK9gHOEPJpJk2NMkMSaZQhuLKT3ElKIhbv8KVf2M6nYqtFwKHc+69J/cEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YOWihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHwZqq3R0QqGol7PY6Jz1Ff0JBipA3VtY88TTlR0Kuee9XUkxyGDI3M9knXLjs1Jyv4H7g5KIO8Gl37y+tFOOFEaMyQUg+uE2s/RVJTzMik5CWKxAgPUZ88GCiQ8fXT7IQJrBimB8NImic0zNi/EyniSo15YDo50gO1rE3JX62yYKXDKz+lIk40EXjmFCYM6ghOA4E9KgnWbGwAwpKaz0I8QBJhbWIrZSlczI9fBvMUWmc116m5d065fp3nUQTH4AScAhdcgjq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK585BAtlff4ACYqXDg==</latexit>∫ d4x

1
16π2

Tr[Fμν F̃ μν]n =



In the sphaleron/instanton-induced process: |Ω0⟩ → |Ωn⟩

anomaly
<latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="cKOnnc9uhs+J13Uf50OHZcnTBbQ=">AAAB9XicZZDLSgMxFIbPeK31VnWpi2ApuCozLtRl0Y3LCvYC7VAyaaYNTTJjklGGoc/hSlAQtz6MK9/GdNqKrT8Efv5zDufkC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeTeuuRKs0ieW/SmPoCDyQLGcHGRn7WVQJhGQnM03GvVHarbi7033gzU66dQK56r/TV7UckEVQawrHWHc+NjZ9hZRjhdFzsJprGmIzwgHaslVhQ7Wf50WNUsUkfhZGyTxqUp38nMiy0TkVgOwU2Q71cm4S/tcrCKhNe+RmTcWKoJNNNYcKRidAEAeozRYnhqTWYKGaPRWSIFSbGgirmFC7mn182cwrN86rnVr07i+N6igMKcAyncAYeXEINbqEODSDwAM/wCm/Ok/PivDsf09YVZzZzBAtyPn8AC9aS0g==</latexit><latexit sha1_base64="w0fw65p6hitbuDWJvYFLEVTAZjk=">AAAB9XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjxGMA9IljA7mSRD5rHOzCrLku/wJCiIVz/Gk3/jZrMREwsaiqpuuruCkDNjXffbKaytb2xuFbdLO7t7+wflw6OWUZEmtEkUV7oTYEM5k7RpmeW0E2qKRcBpO5jczPz2I9WGKXlv45D6Ao8kGzKCbSr5SU8LhKUSmMfTfrni1twM6D/xclKBHI1++as3UCQSVFrCsTFdzw2tn2BtGeF0WupFhoaYTPCIdlMqsaDGT7Kjp6iaKgM0VDotaVGm/p1IsDAmFkHaKbAdm1VvJv561aVVdnjlJ0yGkaWSzDcNI46sQrMI0IBpSiyPU4KJZumxiIyxxsSmQZWyFC4Wz6+SRQqt85rn1rw7t1K/zvMowgmcwhl4cAl1uIUGNIHAAzzDK7w5T86L8+58zFsLTj5zDEtwPn8AjneSdg==</latexit>

=<latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit> {
<latexit sha1_base64="6e2obH3e6t4WYAFI0fs2MSj6YB8=">AAAB6nicZVDLSgNBEOyNrxhfUY9ehoSAp7DrxRyDXjxGMQ9IljA7mU2GzM4uM71CWPIHngQF8eLBP/Lk3zh5ICYpaCiquunuChIpDLruj5Pb2t7Z3cvvFw4Oj45PiqdnLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9NDL+sWyW3XnIJvEW5JyvQS5TwBo9IvfvUHM0ogrZJIa0/XcBP2MahRM8mmhlxqeUDamQ961VNGIGz+bXzolFasMSBhrWwrJXP0/kdHImEkU2M6I4sisezPxz6usrMKw5mdCJSlyxRabwlQSjMnsbzIQmjOUE0so08IeS9iIasrQplOwKXjrP2+S1lXVc6vevY3jBhbIwwWU4BI8uIY63EEDmsAghGd4hTdHOi/Ou/OxaM05y5lzWIHz9Qt5IY6Q</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="boikjOBqQGR40ZxvJfoFmFuQ77A=">AAAB6nicZVDLSsNAFL2pr1pfVcGNLoaWgquSuFCXRTcuq9gHtKFMppN26GQSZiZCCf0DV4KCuHDjD/gtrvwbp0krth64cDjnXu69x4s4U9q2v63cyura+kZ+s7C1vbO7V9w/aKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG11P/dYDlYqF4l6PI+oGeCCYzwjWRrrrJr1i2a7aKdB/4sxIuVaC3PvR50m9V/zq9kMSB1RowrFSHceOtJtgqRnhdFLoxopGmIzwgHYMFTigyk3SSyeoYpQ+8kNpSmiUqn8nEhwoNQ480xlgPVTL3lT89SoLq7R/6SZMRLGmgmSb/JgjHaLp36jPJCWajw3BRDJzLCJDLDHRJp1CmsL5/PllMk+heVZ17Kpza+K4ggx5OIYSnIIDF1CDG6hDAwj48AjP8GJx68l6td6y1pw1mzmEBVgfP66Aj4E=</latexit><latexit sha1_base64="vuUsa68+mVVlLIgSUfrRUxea/k0=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVLwVBIP6rHoxWMV+wFtKJvtpl262YTdiVBC/4EnQUG8+o88+W/ctqnY+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0O/VbT1wbEatHHCfcj+hAiVAwilZ66Ga9UtmtujOQ/8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fzS6dkIpV+iSMtS2FZKb+nchoZMw4CmxnRHFoVr2p+OtVllZheO1nQiUpcsXmm8JUEozJ9G/SF5ozlGNLKNPCHkvYkGrK0KZTnKVwuXh+lSxSaF5UPbfq3bvl2k2eRwFO4QzOwYMrqMEd1KEBDEJ4hld4c6Tz4rw7H/PWNSefOYElOJ8/H9CNmw==</latexit>

∆Nqb1
<latexit sha1_base64="bwbrxMbM6qAehvy/KbDzAQC1Qbg="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="R4EFP95Z3sSRb/yz+yJNdT4v/Yo="></latexit><latexit sha1_base64="9zUrjkCIs8HNjozd8yxIJaY1zgM="></latexit>

∆Nqg1
<latexit sha1_base64="Y1Fv16f4Q+JTPgU2f6Ugc8K2rgE=">AAAB+nicdVBNSwMxEJ31s9avVY9egqXgaUmKqz0W9eBJFKwKdl2yaVqD2Q+TbKGs/SeeBAURPPlPPPlvTFsVFXww8Hhvhpl5USaFNhi/OxOTU9Mzs6W58vzC4tKyu7J6qtNcMd5kqUzVeUQ1lyLhTSOM5OeZ4jSOJD+LrveG/lmPKy3S5MT0Mx7EtJuIjmDUWCl03dY+l4aiw7C4CclldxC6FezhbX+L1BH2fEzqxLek5hOMa4h4eIRKA/svDQA4Ct23VjtlecwTwyTV+oLgzAQFVUYwyQflVq55Rtk17fILSxMacx0Uo8sHqGqVNuqkylZi0Ej9OVHQWOt+HNnOmJor/dcbit9e9dcq06kHhUiy3PCEjTd1colMioY5oLZQnBnZt4QyJeyxiF1RRZmxaZVtCl+vov/Jac0j2CPHNo5dGKME67ABm0BgBxpwAEfQBAY9uIMHeHRunXvnyXket044nzNr8AvO6wfB5ZUM</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="cgY//rScT8vilBvlFX5xyJFbzuY=">AAAB+nicZVDLSgMxFM34rPU16tJNUAquhqQ4tSsp6sKFSAXbKm0dMmlag5mHSaZQxv6JK0FBBFf+iSv/xnSqYvXAhcM593LvPX4suNIIfVhT0zOzc/O5hfzi0vLKqr22XldRIimr0UhE8sInigkesprmWrCLWDIS+II1/JvDkd/oM6l4FJ7rQczaAemFvMsp0UbybLt1xIQm8NRLbz181Rt69jZyUMndxWWIHBfhMnYNKboYoSLEDsqwXUHu6744uax69nurE9EkYKGmgijVxCjW7ZRIzalgw3wrUSwm9Ib0WNPQkARMtdPs8iEsGKUDu5E0FWqYqb8nUhIoNQh80xkQfa3+eiPxxytMrNLdcjvlYZxoFtLxpm4ioI7gKAfY4ZJRLQaGECq5ORbSayIJ1SatfJZCKXsV/iffKdSLDkYOPjNxHIAxcmATbIEdgMEeqIBjUAU1QEEf3INH8GTdWQ/Ws/Uybp2yvmY2wASst08ztZYq</latexit><latexit sha1_base64="mngcSICyculzKXJTBEY1UlAFRBw=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgakiKrV0WdeFKKtgHtHXIpGkbmnmYZApl7J+4EhTErX/iyr8xnVaxeuDC4Zx7ufceLxJcaYQ+rczK6tr6RnYzt7W9s7tn7x80VBhLyuo0FKFseUQxwQNW11wL1ookI74nWNMbXcz85phJxcPgVk8i1vXJIOB9Tok2kmvbnUsmNIHXbnLv4rvB1LXzyEHl0imuQOSUEK7gkiHFEkaoCLGDUuTBAjXX/uj0Qhr7LNBUEKXaGEW6mxCpORVsmuvEikWEjsiAtQ0NiM9UN0kvn8KCUXqwH0pTgYap+nsiIb5SE98znT7RQ/XXm4k/XmFple5XugkPolizgM439WMBdQhnOcAel4xqMTGEUMnNsZAOiSRUm7RyaQrl9FX4n3yn0Cg6GDn4BuWr54s8suAIHIMTgMEZqIIrUAN1QMEYPIJn8GI9WE/Wq/U2b81Yi5lDsATr/QumjpOI</latexit>

∆Nqr1
<latexit sha1_base64="JM+W8S+LjWcmbPNrPa/REp4WR8k=">AAAB+nicdVDLSgNBEOz1GeNr1aOXwSDkIGE3hiTegnrwJBHMA8y6zE4mOmT24cxsIKz5E0+Cgnj1H/wAT978FGcTFSNY0FBUddPd5UWcSWVZ78bM7Nz8wmJmKbu8srq2bm5sNmUYC0IbJOShaHtYUs4C2lBMcdqOBMW+x2nL6x+lfmtAhWRhcK6GEXV8fBWwHiNYack1zc4x5QqjUze5ce1LMXLNnFU4qJaLpTKyCpZVsYt2SoqV0n4J2VpJkavt5V8/AKDumm+dbkhinwaKcCzlhW1FykmwUIxwOsp2YkkjTPr4il5oGmCfSicZXz5Cu1rpol4odAUKjdXfEwn2pRz6nu70sbqWf71U/PF2p1apXtVJWBDFigZksqkXc6RClOaAukxQovhQE0wE08cico0FJkqnldUpfL+K/ifNYsG2CvaZjuMQJsjANuxAHmyoQA1OoA4NIDCAO3iAR+PWuDeejOdJ64zxNbMFUzBePgHGkJXL</latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="8cXhCFRkg6n5ozWAbZf6JSTGB9c="></latexit><latexit sha1_base64="2PyQFnN5iWTwsQNe/LGyKZaWwX4="></latexit><latexit sha1_base64="OQcoPpxlQjnT31YX7L+ovc7kN7U=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgqmRqaeuuqAtXUsE+oB2HTJq2oZmHSaZQxv6JK0FB3PonrvwbM9MqVg9cOJxzL/fe44acSYXQp5FZWV1b38hu5ra2d3b3zP2DlgwiQWiTBDwQHRdLyplPm4opTjuhoNhzOW2744vEb0+okCzwb9U0pLaHhz4bMIKVlhzT7F1SrjC8duJ7x7oTM8fMo+JZrVIqVyAqIlS1SlZCStXyaRlaWkmQBws0HPOj1w9I5FFfEY6l7FooVHaMhWKE01muF0kaYjLGQ9rV1McelXacXj6DBa304SAQunwFU/X3RIw9Kaeeqzs9rEbyr5eIP15haZUa1OyY+WGkqE/mmwYRhyqASQ6wzwQlik81wUQwfSwkIywwUTqtXJpCJX0V/iffKbRKRQsVrRuUr58v8siCI3AMToAFqqAOrkADNAEBE/AInsGL8WA8Ga/G27w1YyxmDsESjPcvyM+Tnw==</latexit>

∆N!1<latexit sha1_base64="A0ocvvDjb3HdTK4ozX8pKpYcz8c=">AAAB+3icZVDJSgNBEK2JW4zbRI9eWkPAU5jxosegHjxJBLNAEoaeTiVp0rPQ3aOEIeCPeBIUxKtf4slP8aSdBTHJg4LHe1VU1fNjwZV2nC8rs7K6tr6R3cxtbe/s7tn5/ZqKEsmwyiIRyYZPFQoeYlVzLbARS6SBL7DuDy7Hfv0epeJReKeHMbYD2gt5lzOqjeTZ+dYVCk3JjZe2UAjPHXl2wSk5E5Bl4s5IoXz08/0IABXP/mx1IpYEGGomqFJN14l1O6VScyZwlGslCmPKBrSHTUNDGqBqp5PTR6RolA7pRtJUqMlE/T+R0kCpYeCbzoDqvlr0xuKfV5xbpbvn7ZSHcaIxZNNN3UQQHZFxEKTDJTIthoZQJrk5lrA+lZRpE1fOpOAu/rxMaqcl1ym5tyaOC5giC4dwDCfgwhmU4RoqUAUGD/AEL/Bqjaxn6816n7ZmrNnMAczB+vgF7fWWiQ==</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="7D7+jAaeizY8LZkNUdgbGPtFw0E=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jxot6CC3qSCGaBzDD0dCpJk56F7h4lDPMpngQF8eqXePJTPGlnQUzyoODxXhVV9fyYM6ks68vILS2vrK7l1wsbm1vbO2ZxtyGjRFCo04hHouUTCZyFUFdMcWjFAkjgc2j6g4uR33wAIVkU3qthDG5AeiHrMkqUljyz6FwCVwTfeqkDnHt25pklq2KNgReJPSWl6sHPt7i+Oqt55qfTiWgSQKgoJ1K2bStWbkqEYpRDVnASCTGhA9KDtqYhCUC66fj0DJe10sHdSOgKFR6r/ydSEkg5DHzdGRDVl/PeSPzzyjOrVPfUTVkYJwpCOtnUTThWER4FgTtMAFV8qAmhguljMe0TQajScRV0Cvb8z4ukcVyxrYp9p+M4RxPk0T46REfIRieoim5QDdURRY/oCb2gVyMzno03433SmjOmM3toBsbHL+Mnl0A=</latexit><latexit sha1_base64="fPTtwzdiaWOko7xwjri6hrhycO4=">AAAB+3icZVDJSgNBEO2JW4zbRI9eWkPAU5jx4HILLuhJIpgFMsPQ06kkTXoWunuUMORTPAkK4tUv8eSneNLOJiY+KHi8V0VVPT/mTCrL+jQyC4tLyyvZ1dza+sbmlpnfrskoERSqNOKRaPhEAmchVBVTHBqxABL4HOp+73zo1+9BSBaFd6ofgxuQTsjajBKlJc/MOxfAFcE3XuoA55498MyCVbJGwP+JPSGF8t73l7i6PK145ofTimgSQKgoJ1I2bStWbkqEYpTDIOckEmJCe6QDTU1DEoB009HpA1zUSgu3I6ErVHik/p1ISSBlP/B1Z0BUV857Q/HXK86sUu0TN2VhnCgI6XhTO+FYRXgYBG4xAVTxviaECqaPxbRLBKFKx5UbpXA0fX6eTFOoHZZsq2Tf6jjO0BhZtIv20QGy0TEqo2tUQVVE0QN6RM/oxRgYT8ar8TZuzRiTmR00A+P9B+mxl08=</latexit><latexit sha1_base64="exXUMb/aF8wzK0wsKgo9KFKe1so=">AAAB+3icZVBNS8NAEN3Ur1q/Uj16WSwFTyXxoB6LevAkFewHNCFstpN26WYTdjdKCf0pngQF8eov8eS/MU1TsfXBwOO9GWbm+TFnSlvWt1FaW9/Y3CpvV3Z29/YPzOphR0WJpNCmEY9kzycKOBPQ1kxz6MUSSOhz6Prj65nffQSpWCQe9CQGNyRDwQJGic4kz6w6N8A1wXde6gDnnj31zJrVsHLg/8QuSA0VaHnmlzOIaBKC0JQTpfq2FWs3JVIzymFacRIFMaFjMoR+RgUJQblpfvoU1zNlgINIZiU0ztW/EykJlZqEftYZEj1Sq95M/PXqS6t0cOmmTMSJBkHnm4KEYx3hWRB4wCRQzScZIVSy7FhMR0QSqrO4KnkK54vnV8kihc5Zw7Ya9r1Va14VeZTRMTpBp8hGF6iJblELtRFFT+gZvaI3Y2q8GO/Gx7y1ZBQzR2gJxucPGYeTvw==</latexit>

× 3 flavour
<latexit sha1_base64="73vafpkBaaMcdgnpqSwr8pu1nqc=">AAACA3icZVDLSgMxFL3jq7W+Rl2Jm2ApuChlRhe6LLpxWcE+oFNKJs20oZnMkGQKZSi68VNcCQri1q9w5Ye41vSB2PZC4HDOvffkHj/mTGnH+bJWVtfWNzLZzdzW9s7unr1/UFNRIgmtkohHsuFjRTkTtKqZ5rQRS4pDn9O6378e6/UBlYpF4k4PY9oKcVewgBGsDdW2jzzNQqqQVzz3iqknQxRwPDDbR20775ScSaFl4M5Avpz5+X4AgErb/vQ6EUlCKjThWKmm68S6lWKpGeF0lPMSRWNM+rhLmwYKbHxb6eSEESoYpoOCSJonNJqw/ydSHCo1DH3TGWLdU4vamPzTCnNWOrhspUzEiaaCTJ2ChCMdoXEgqMMkJZoPDcBEMvNZRHpYYqJNbDmTgrt48zKonZVcp+TemjiuYFpZOIYTOAUXLqAMN1CBKhC4hyd4gVfr0Xq23qz3aeuKNZs5hLmyPn4BtTiZug==</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="+UHlZTMXqpL+CQWPx10Bc8Kew7w=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjC4U3BTduKxgH9ApJZNm2tAkMySZQhmKC3HrX3QlKIhbv8KVH+Ja0wdi2wuBwzn33pN7/IhRpR3ny0qtrK6tpzMb2c2t7Z1de2+/qsJYYlLBIQtl3UeKMCpIRVPNSD2SBHGfkZrfux7rtT6RiobiTg8i0uSoI2hAMdKGatmHnqacKOgVzrxC4kkOA4b6ZvuwZeecojMpuAzcGciV0j/fD6PLp3LL/vTaIY45ERozpFTDdSLdTJDUFDMyzHqxIhHCPdQhDQMFMr7NZHLCEOYN04ZBKM0TGk7Y/xMJ4koNuG86OdJdtaiNyT8tP2elg4tmQkUUayLw1CmIGdQhHAcC21QSrNnAAIQlNZ+FuIskwtrEljUpuIs3L4PqadF1iu6tieMKTCsDjsAxOAEuOAclcAPKoAIwuAcj8AJerUfr2Xqz3qetKWs2cwDmyvr4BaPamys=</latexit><latexit sha1_base64="12b1VIrr2SxiDuuc8kxCX3d3W6Q=">AAACA3icZVDLSgMxFM3UR2t9jboSN8FScFHKjIIKbopuXFawD+iUkkkzbWgyMySZQhmKC3HrX3QlKIhbv8KVH+Ja02krtl4IHM65957c44aMSmVZn0ZqaXllNZ1Zy65vbG5tmzu7VRlEApMKDlgg6i6ShFGfVBRVjNRDQRB3Gam5vauxXusTIWng36pBSJocdXzqUYyUplrmvqMoJxI6hROnEDuCQ4+hvt4+bJk5q2glBf8DewpypfT31/3o4rHcMj+cdoAjTnyFGZKyYVuhasZIKIoZGWadSJIQ4R7qkIaGPtK+zTg5YQjzmmlDLxD6+Qom7N+JGHEpB9zVnRyprlzUxuSvlp+zUt55M6Z+GCni44mTFzGoAjgOBLapIFixgQYIC6o/C3EXCYSVji2bpHA6O34RzFKoHhdtq2jf6DguwaQy4AAcgiNggzNQAtegDCoAgzswAs/gxXgwnoxX423SmjKmM3tgroz3H6pkmzo=</latexit><latexit sha1_base64="sm6pS37f/wSVeCVNll9KMr77e7E=">AAACA3icZVDLSgMxFM3UV62vUVfiJlgKLkqZUVCXRTcuK9gHOEPJpJk2NMkMSaZQhuLKT3ElKIhbv8KVf2M6nYqtFwKHc+69J/cEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YOWihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHwZqq3R0QqGol7PY6Jz1Ff0JBipA3VtY88TTlR0Kuee9XUkxyGDI3M9knXLjs1Jyv4H7g5KIO8Gl37y+tFOOFEaMyQUg+uE2s/RVJTzMik5CWKxAgPUZ88GCiQ8fXT7IQJrBimB8NImic0zNi/EyniSo15YDo50gO1rE3JX62yYKXDKz+lIk40EXjmFCYM6ghOA4E9KgnWbGwAwpKaz0I8QBJhbWIrZSlczI9fBvMUWmc116m5d065fp3nUQTH4AScAhdcgjq4BQ3QBBg8gmfwCt6sJ+vFerc+Zq0FK585BAtlff4ACYqXDg==</latexit>
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For , all 12 left-handed fermions are produced from the vacuum:n = 1

Δ(B + L) = 6n
ΔB = ΔL = 3n

Δ(B − L) = 0
n = 1

∫ d4x
1

16π2
Tr[Fμν F̃ μν]n =
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n = − 1

In the sphaleron/instanton-induced process: |Ω0⟩ → |Ωn⟩

anomaly
<latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="ZD4pztw8WQEZrRdyQ3Fg88Y42RY=">AAAB9XicZVDLSgNBEOz1GeMr6lEPgyHgKex60WPQi8cI5gHJEmYnk2TIPNaZWWVZ8h2eBAXx6sd48m+cbIKYpKChqOqmuyuKOTPW93+8tfWNza3twk5xd2//4LB0dNw0KtGENojiSrcjbChnkjYss5y2Y02xiDhtRePbqd96otowJR9sGtNQ4KFkA0awdVKYdbVAWCqBeTrplcp+1c+BVkkwJ+XaGeSo90rf3b4iiaDSEo6N6QR+bMMMa8sIp5NiNzE0xmSMh7TjqMSCmjDLj56gilP6aKC0K2lRrv6fyLAwJhWR6xTYjsyyNxX/vMrCKju4DjMm48RSSWabBglHVqFpBKjPNCWWp45gopk7FpER1phYF1TRpRAs/7xKmpfVwK8G9y6Om1kcUIBTOIcLCOAKanAHdWgAgUd4gTd49569V+/D+5y1rnnzmRNYgPf1CwVMksM=</latexit><latexit sha1_base64="cKOnnc9uhs+J13Uf50OHZcnTBbQ=">AAAB9XicZZDLSgMxFIbPeK31VnWpi2ApuCozLtRl0Y3LCvYC7VAyaaYNTTJjklGGoc/hSlAQtz6MK9/GdNqKrT8Efv5zDufkC2LOtHHdb2dldW19Y7OwVdze2d3bLx0cNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRjeTeuuRKs0ieW/SmPoCDyQLGcHGRn7WVQJhGQnM03GvVHarbi7033gzU66dQK56r/TV7UckEVQawrHWHc+NjZ9hZRjhdFzsJprGmIzwgHaslVhQ7Wf50WNUsUkfhZGyTxqUp38nMiy0TkVgOwU2Q71cm4S/tcrCKhNe+RmTcWKoJNNNYcKRidAEAeozRYnhqTWYKGaPRWSIFSbGgirmFC7mn182cwrN86rnVr07i+N6igMKcAyncAYeXEINbqEODSDwAM/wCm/Ok/PivDsf09YVZzZzBAtyPn8AC9aS0g==</latexit><latexit sha1_base64="w0fw65p6hitbuDWJvYFLEVTAZjk=">AAAB9XicZVDLSgNBEOyNrxhfUY9eBkPAU9j1oB6DXjxGMA9IljA7mSRD5rHOzCrLku/wJCiIVz/Gk3/jZrMREwsaiqpuuruCkDNjXffbKaytb2xuFbdLO7t7+wflw6OWUZEmtEkUV7oTYEM5k7RpmeW0E2qKRcBpO5jczPz2I9WGKXlv45D6Ao8kGzKCbSr5SU8LhKUSmMfTfrni1twM6D/xclKBHI1++as3UCQSVFrCsTFdzw2tn2BtGeF0WupFhoaYTPCIdlMqsaDGT7Kjp6iaKgM0VDotaVGm/p1IsDAmFkHaKbAdm1VvJv561aVVdnjlJ0yGkaWSzDcNI46sQrMI0IBpSiyPU4KJZumxiIyxxsSmQZWyFC4Wz6+SRQqt85rn1rw7t1K/zvMowgmcwhl4cAl1uIUGNIHAAzzDK7w5T86L8+58zFsLTj5zDEtwPn8AjneSdg==</latexit>

=<latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="oOkSrOTONDP88C/Ly4kWWJmUctQ=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69LJaCp5J40YtQ9OKxBfsBbSib7aRdutmE3Y1QQn+BJ0FBvPqTPPlv3LZBbPtg4PHeDDPzgkRwbVz3xylsbe/s7hX3SweHR8cn5dOzto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2AkmD3O/84xK81g+mWmCfkRHkoecUWOl5t2gXHFr7gJkk3g5qUCOxqD83R/GLI1QGiao1j3PTYyfUWU4Ezgr9VONCWUTOsKepZJGqP1sceiMVK0yJGGsbElDFur/iYxGWk+jwHZG1Iz1ujcX/7zqyioT3voZl0lqULLlpjAVxMRk/jYZcoXMiKkllClujyVsTBVlxoZTsil46z9vkvZ1zXNrXtOt1O/zPIpwAZdwBR7cQB0eoQEtYIDwAm/w7kycV+fD+Vy2Fpx85hxW4Hz9Agn0jOg=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit><latexit sha1_base64="fIc9EIilQJw+V3DUx27rYWku9SU=">AAAB6XicZVBNS8NAEJ3Ur1q/qh69BEvBU0k8qBeh6MVjC/YD2lA220m7dLMJuxuhhP4CT4KCePUnefLfuE1TsfXBwOO9GWbm+TFnSjvOt1XY2Nza3inulvb2Dw6PyscnbRUlkmKLRjySXZ8o5ExgSzPNsRtLJKHPseNP7ud+5wmlYpF41NMYvZCMBAsYJdpIzdtBueLUnAz2f+LmpAI5GoPyV38Y0SREoSknSvVcJ9ZeSqRmlOOs1E8UxoROyAh7hgoSovLS7NCZXTXK0A4iaUpoO1P/TqQkVGoa+qYzJHqs1r25+OtVV1bp4MZLmYgTjYIuNgUJt3Vkz9+2h0wi1XxqCKGSmWNtOiaSUG3CKWUpXC2fXyfLFNqXNdepuU2nUr/L8yjCGZzDBbhwDXV4gAa0gALCM7zCmzWxXqx362PRWrDymVNYgfX5AxB+jPc=</latexit> {
<latexit sha1_base64="6e2obH3e6t4WYAFI0fs2MSj6YB8=">AAAB6nicZVDLSgNBEOyNrxhfUY9ehoSAp7DrxRyDXjxGMQ9IljA7mU2GzM4uM71CWPIHngQF8eLBP/Lk3zh5ICYpaCiquunuChIpDLruj5Pb2t7Z3cvvFw4Oj45PiqdnLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWjzhJuB/RoRKhYBSt9NDL+sWyW3XnIJvEW5JyvQS5TwBo9IvfvUHM0ogrZJIa0/XcBP2MahRM8mmhlxqeUDamQ961VNGIGz+bXzolFasMSBhrWwrJXP0/kdHImEkU2M6I4sisezPxz6usrMKw5mdCJSlyxRabwlQSjMnsbzIQmjOUE0so08IeS9iIasrQplOwKXjrP2+S1lXVc6vevY3jBhbIwwWU4BI8uIY63EEDmsAghGd4hTdHOi/Ou/OxaM05y5lzWIHz9Qt5IY6Q</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="i0I5vH+xOCpnkn63EZNsV8argyg=">AAAB6nicZVDLSgNBEOyNrxhfUcGLHoaEgKew60WPQS8eo5gHJCHMTmaTIbOzy0yvEJb8gSdBQTx48Qf8Fk/+jZMHYpKChqKqm+4uP5bCoOv+OJm19Y3Nrex2bmd3b/8gf3hUN1GiGa+xSEa66VPDpVC8hgIlb8aa09CXvOEPbyZ+45FrIyL1gKOYd0LaVyIQjKKV7ttpN190y+4UZJV4c1KsFCDzcfJ1Vu3mv9u9iCUhV8gkNabluTF2UqpRMMnHuXZieEzZkPZ5y1JFQ2466fTSMSlZpUeCSNtSSKbq/4mUhsaMQt92hhQHZtmbiH9eaWEVBledVKg4Qa7YbFOQSIIRmfxNekJzhnJkCWVa2GMJG1BNGdp0cjYFb/nnVVK/KHtu2buzcVzDDFk4hQKcgweXUIFbqEINGATwBC/w6kjn2Xlz3metGWc+cwwLcD5/Aaf2j3I=</latexit><latexit sha1_base64="boikjOBqQGR40ZxvJfoFmFuQ77A=">AAAB6nicZVDLSsNAFL2pr1pfVcGNLoaWgquSuFCXRTcuq9gHtKFMppN26GQSZiZCCf0DV4KCuHDjD/gtrvwbp0krth64cDjnXu69x4s4U9q2v63cyura+kZ+s7C1vbO7V9w/aKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG11P/dYDlYqF4l6PI+oGeCCYzwjWRrrrJr1i2a7aKdB/4sxIuVaC3PvR50m9V/zq9kMSB1RowrFSHceOtJtgqRnhdFLoxopGmIzwgHYMFTigyk3SSyeoYpQ+8kNpSmiUqn8nEhwoNQ480xlgPVTL3lT89SoLq7R/6SZMRLGmgmSb/JgjHaLp36jPJCWajw3BRDJzLCJDLDHRJp1CmsL5/PllMk+heVZ17Kpza+K4ggx5OIYSnIIDF1CDG6hDAwj48AjP8GJx68l6td6y1pw1mzmEBVgfP66Aj4E=</latexit><latexit sha1_base64="vuUsa68+mVVlLIgSUfrRUxea/k0=">AAAB6nicZVBNS8NAEJ34WetX1aOXxVLwVBIP6rHoxWMV+wFtKJvtpl262YTdiVBC/4EnQUG8+o88+W/ctqnY+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OmiVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0O/VbT1wbEatHHCfcj+hAiVAwilZ66Ga9UtmtujOQ/8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fzS6dkIpV+iSMtS2FZKb+nchoZMw4CmxnRHFoVr2p+OtVllZheO1nQiUpcsXmm8JUEozJ9G/SF5ozlGNLKNPCHkvYkGrK0KZTnKVwuXh+lSxSaF5UPbfq3bvl2k2eRwFO4QzOwYMrqMEd1KEBDEJ4hld4c6Tz4rw7H/PWNSefOYElOJ8/H9CNmw==</latexit>

∆Nqb1
<latexit sha1_base64="bwbrxMbM6qAehvy/KbDzAQC1Qbg="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="eu/WTw1bUjUqetMfYPjJwXjRBAw="></latexit><latexit sha1_base64="R4EFP95Z3sSRb/yz+yJNdT4v/Yo="></latexit><latexit sha1_base64="9zUrjkCIs8HNjozd8yxIJaY1zgM="></latexit>

∆Nqg1
<latexit sha1_base64="Y1Fv16f4Q+JTPgU2f6Ugc8K2rgE=">AAAB+nicdVBNSwMxEJ31s9avVY9egqXgaUmKqz0W9eBJFKwKdl2yaVqD2Q+TbKGs/SeeBAURPPlPPPlvTFsVFXww8Hhvhpl5USaFNhi/OxOTU9Mzs6W58vzC4tKyu7J6qtNcMd5kqUzVeUQ1lyLhTSOM5OeZ4jSOJD+LrveG/lmPKy3S5MT0Mx7EtJuIjmDUWCl03dY+l4aiw7C4CclldxC6FezhbX+L1BH2fEzqxLek5hOMa4h4eIRKA/svDQA4Ct23VjtlecwTwyTV+oLgzAQFVUYwyQflVq55Rtk17fILSxMacx0Uo8sHqGqVNuqkylZi0Ej9OVHQWOt+HNnOmJor/dcbit9e9dcq06kHhUiy3PCEjTd1colMioY5oLZQnBnZt4QyJeyxiF1RRZmxaZVtCl+vov/Jac0j2CPHNo5dGKME67ABm0BgBxpwAEfQBAY9uIMHeHRunXvnyXket044nzNr8AvO6wfB5ZUM</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="egg/yLL4tzrDNw8SQ4npC/QIQGo=">AAAB+nicdVDLSgMxFM34rPU16tJNsAiuhqQ42pUUdeFCpIKtSjsOmTRtQzMPk0yhjP0TV4KCCK78E1f+jWmrYgUPXDiccy/33hMkgiuN0Ic1NT0zOzefW8gvLi2vrNpr6zUVp5KyKo1FLK8CopjgEatqrgW7SiQjYSDYZdA9GvqXPSYVj6ML3U+YF5J2xFucEm0k37Ybx0xoAs/87NbHN+2BbxeQg/bcXVyCyHERLmHXkKKLESpC7KARCmXkvh6I0+uKb783mjFNQxZpKohSdYwS7WVEak4FG+QbqWIJoV3SZnVDIxIy5WWjywdw2yhN2IqlqUjDkfp7IiOhUv0wMJ0h0R311xuKP972xCrdKnkZj5JUs4iON7VSAXUMhznAJpeMatE3hFDJzbGQdogkVJu08iaF71fh/6RWdDBy8LmJ4xCMkQObYAvsAAz2QRmcgAqoAgp64B48gifrznqwnq2XceuU9TWzASZgvX0CLSuWGw==</latexit><latexit sha1_base64="cgY//rScT8vilBvlFX5xyJFbzuY=">AAAB+nicZVDLSgMxFM34rPU16tJNUAquhqQ4tSsp6sKFSAXbKm0dMmlag5mHSaZQxv6JK0FBBFf+iSv/xnSqYvXAhcM593LvPX4suNIIfVhT0zOzc/O5hfzi0vLKqr22XldRIimr0UhE8sInigkesprmWrCLWDIS+II1/JvDkd/oM6l4FJ7rQczaAemFvMsp0UbybLt1xIQm8NRLbz181Rt69jZyUMndxWWIHBfhMnYNKboYoSLEDsqwXUHu6744uax69nurE9EkYKGmgijVxCjW7ZRIzalgw3wrUSwm9Ib0WNPQkARMtdPs8iEsGKUDu5E0FWqYqb8nUhIoNQh80xkQfa3+eiPxxytMrNLdcjvlYZxoFtLxpm4ioI7gKAfY4ZJRLQaGECq5ORbSayIJ1SatfJZCKXsV/iffKdSLDkYOPjNxHIAxcmATbIEdgMEeqIBjUAU1QEEf3INH8GTdWQ/Ws/Uybp2yvmY2wASst08ztZYq</latexit><latexit sha1_base64="mngcSICyculzKXJTBEY1UlAFRBw=">AAAB+nicZVDLSgMxFM3UV62vUZdugqXgakiKrV0WdeFKKtgHtHXIpGkbmnmYZApl7J+4EhTErX/iyr8xnVaxeuDC4Zx7ufceLxJcaYQ+rczK6tr6RnYzt7W9s7tn7x80VBhLyuo0FKFseUQxwQNW11wL1ookI74nWNMbXcz85phJxcPgVk8i1vXJIOB9Tok2kmvbnUsmNIHXbnLv4rvB1LXzyEHl0imuQOSUEK7gkiHFEkaoCLGDUuTBAjXX/uj0Qhr7LNBUEKXaGEW6mxCpORVsmuvEikWEjsiAtQ0NiM9UN0kvn8KCUXqwH0pTgYap+nsiIb5SE98znT7RQ/XXm4k/XmFple5XugkPolizgM439WMBdQhnOcAel4xqMTGEUMnNsZAOiSRUm7RyaQrl9FX4n3yn0Cg6GDn4BuWr54s8suAIHIMTgMEZqIIrUAN1QMEYPIJn8GI9WE/Wq/U2b81Yi5lDsATr/QumjpOI</latexit>
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16π2

Tr[Fμν F̃ μν]n =

For , n = − 1



ûL

ĉL

t̂L

!τ

!e

!µ

ûL

ĉL

t̂L

t̂L ĉL

ûL

n = − 1p p

{e+, ν̄e}
{μ+, ν̄μ}
{τ+, ν̄τ}

{c̄, s̄} × 3
{t̄, b̄} × 3

{ū, d̄} × 1

+ some EW bosons

The final state:
uu → e+ ν̄μ ν̄τ d̄ c̄ s̄ s̄ t̄ b̄ b̄

uu → ν̄e μ+ τ+ d̄ c̄ s̄ s̄ b̄ b̄ b̄

ud → ν̄e μ+ ν̄τ d̄ c̄ s̄ s̄ t̄ t̄ b̄

ex)
⇒ 1e+ + 4j + 1t̄ + 2b + ET

miss

⇒ 1μ+ + 1τ+ + 4j + 3b + ET
miss

⇒ 1μ+ + 4j + 2t̄ + 1b + ET
miss

+ some EW bosons

Many particles are produced

Confused with BH events? 



Cross section (?)



[Khoze, Ringwald ’91]

2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
∫

0

dρ

∞
∫

0

dρ D(ρ)D(ρ)
∫

dU e
− 4π

αg
Ω
(

U,R
2

ρρ̄
, ρ̄
ρ
,...
)

[

ω

(

U,
R2

ρρ̄
,
ρ̄

ρ
, . . .

)]nfin

× F
(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
∫

0

dρ

∞
∫

0

dρ D(ρ)D(ρ)
∫

dU e
− 4π

αg
Ω
(

U,R
2

ρρ̄
, ρ̄
ρ
,...
)

[

ω

(

U,
R2

ρρ̄
,
ρ̄

ρ
, . . .

)]nfin

× F
(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.
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can be written in the form
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is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale
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' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.
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ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,
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9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.
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violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X
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nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form
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is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale
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p
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' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.

2

17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]

F (✏) = 1�
9

8
✏
4/3 +

9

16
✏
2
�

3

32

✓
4� 3

m
2
h

m
2
W

◆
✏
8/3 ln

1

✏
+O(✏8/3 · const) , (1.5)

while the pre-exponential factor P reads [19, 23]\1

P (✏) =
⇡
15/2

1024

✓
3

2

◆ 2
3

d
2

✓
4⇡

↵W

◆7/2

✏
74
9
⇥
1 +O

�
✏
2/3

�⇤
, (1.6)

where d ' 0.15.
Obviously, in the energy region mW ⌧

p
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
∫

0

dρ

∞
∫

0

dρ D(ρ)D(ρ)
∫

dU e
− 4π
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Ω
(

U,R
2

ρρ̄
, ρ̄
ρ
,...
)

[

ω

(

U,
R2

ρρ̄
,
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ρ
, . . .

)]nfin

× F
(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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ŝ [TeV]

<latexit sha1_base64="j04mQA9ZuFMuZAMumwwaJgHb8WQ=">AAACAnicZVDJSgNBEK2JW4xb1IvgpUkIeAozXvQY9OIxQjbIDKGn00ma9Cx21whhSE5+iAdPgoJ49S88+Td2FsQkDwoe71VRVc+PpdBo2z9WZmNza3snu5vb2z84PMofnzR0lCjG6yySkWr5VHMpQl5HgZK3YsVp4Eve9Ie3U7/5yJUWUVjDUcy9gPZD0ROMopE6+TNXPyhM3QFFosdk0nZVQGq84XXyRbtsz0DWibMgxUoBMs8AUO3kv91uxJKAh8gk1brt2DF6KVUomOTjnJtoHlM2pH3eNjSkAddeOvtgTEpG6ZJepEyFSGbq/4mUBlqPAt90BhQHetWbin9eaWkV9q69VIRxgjxk8029RBKMyDQP0hWKM5QjQyhTwhxL2IAqytCkljMpOKs/r5PGZdmxy869ieMG5sjCORTgAhy4ggrcQRXqwGACL/AG79aT9Wp9WJ/z1oy1mDmFJVhfvwLkl9A=</latexit><latexit sha1_base64="AkKzeK8rBx/N8qyyKjQ/QIfsfHI=">AAACAnicZVBNS8NAEJ3Ur1q/ooIIelgsgqeSeNGj6MVjhbYWmlA2261d3E3i7kQooZ78H148CQrFq//Ck//GbSti64OBx3szzMyLUikMet6XU5ibX1hcKi6XVlbX1jfcza2GSTLNeJ0lMtHNiBouRczrKFDyZqo5VZHk19Htxci/vufaiCSuYT/loaI3segKRtFKbXc3MHca86BHkZgBeWgFWpEab4Rtt+xVvDHIf+L/kPLZARSedob71bb7GXQSlikeI5PUmJbvpRjmVKNgkg9KQWZ4StktveEtS2OquAnz8QcDcmiVDukm2laMZKz+ncipMqavItupKPbMrDcSf73DqVXYPQ1zEacZ8phNNnUzSTAhozxIR2jOUPYtoUwLeyxhPaopQ5tayabgz/78nzSOK75X8a9sHOcwQRH24ACOwIcTOINLqEIdGDzAM7zCm/PovDhD533SWnB+ZrZhCs7HNzG5mLI=</latexit><latexit sha1_base64="AkKzeK8rBx/N8qyyKjQ/QIfsfHI=">AAACAnicZVBNS8NAEJ3Ur1q/ooIIelgsgqeSeNGj6MVjhbYWmlA2261d3E3i7kQooZ78H148CQrFq//Ck//GbSti64OBx3szzMyLUikMet6XU5ibX1hcKi6XVlbX1jfcza2GSTLNeJ0lMtHNiBouRczrKFDyZqo5VZHk19Htxci/vufaiCSuYT/loaI3segKRtFKbXc3MHca86BHkZgBeWgFWpEab4Rtt+xVvDHIf+L/kPLZARSedob71bb7GXQSlikeI5PUmJbvpRjmVKNgkg9KQWZ4StktveEtS2OquAnz8QcDcmiVDukm2laMZKz+ncipMqavItupKPbMrDcSf73DqVXYPQ1zEacZ8phNNnUzSTAhozxIR2jOUPYtoUwLeyxhPaopQ5tayabgz/78nzSOK75X8a9sHOcwQRH24ACOwIcTOINLqEIdGDzAM7zCm/PovDhD533SWnB+ZrZhCs7HNzG5mLI=</latexit><latexit sha1_base64="AkKzeK8rBx/N8qyyKjQ/QIfsfHI=">AAACAnicZVBNS8NAEJ3Ur1q/ooIIelgsgqeSeNGj6MVjhbYWmlA2261d3E3i7kQooZ78H148CQrFq//Ck//GbSti64OBx3szzMyLUikMet6XU5ibX1hcKi6XVlbX1jfcza2GSTLNeJ0lMtHNiBouRczrKFDyZqo5VZHk19Htxci/vufaiCSuYT/loaI3segKRtFKbXc3MHca86BHkZgBeWgFWpEab4Rtt+xVvDHIf+L/kPLZARSedob71bb7GXQSlikeI5PUmJbvpRjmVKNgkg9KQWZ4StktveEtS2OquAnz8QcDcmiVDukm2laMZKz+ncipMqavItupKPbMrDcSf73DqVXYPQ1zEacZ8phNNnUzSTAhozxIR2jOUPYtoUwLeyxhPaopQ5tayabgz/78nzSOK75X8a9sHOcwQRH24ACOwIcTOINLqEIdGDzAM7zCm/PovDhD533SWnB+ZrZhCs7HNzG5mLI=</latexit><latexit sha1_base64="jHr7Fu3WWmbylZj4ZZNm5pKEkhM=">AAACAnicZVDLSgNBEOyNrxhfUUEEPQwJAU9h14N6DHrxGMFEIbuE2ckkGZx9ONMrhCU5+R9ePAkKwat/4cm/cfJQTCxoKKq66e7yYyk02vaXlVlYXFpeya7m1tY3Nrfy2zt1HSWK8RqLZKRufaq5FCGvoUDJb2PFaeBLfuPfXYz8mweutIjCa+zF3AtoJxRtwSgaqZnfd/W9wtTtUiS6TwYNVwXkmte9Zr5ol+0xyH/iTEmxUoDM097wsNrMf7qtiCUBD5FJqnXDsWP0UqpQMMn7OTfRPKbsjnZ4w9CQBlx76fiDPikZpUXakTIVIhmrfydSGmjdC3zTGVDs6nlvJP56pZlV2D7zUhHGCfKQTTa1E0kwIqM8SEsozlD2DKFMCXMsYV2qKEOTWm6cwsnP8/PkJ4X6cdmxy86VieMcJsjCARTgCBw4hQpcQhVqwGAAz/AKb9aj9WINrfdJa8aazuzCDKyPbzhDmME=</latexit><latexit sha1_base64="zodpeKRXsBZCnvH5isYP8j8mBBY=">AAACAnicZVBNS8NAEN3Ur1q/ol4EL4ul4KkkHtRj0YvHCv2CJpTNdtMu3Wzi7kQooT35UzwJCuLVf+HJf2OapmLrg4HHezPMzPMiwTVY1rdRWFvf2Nwqbpd2dvf2D8zDo5YOY0VZk4YiVB2PaCa4ZE3gIFgnUowEnmBtb3Q789uPTGkeygaMI+YGZCC5zymBVOqZJ45+UJA4QwJYT/C066gAN1jL7Zllq2plwP+JnZMyylHvmV9OP6RxwCRQQbTu2lYEbkIUcCrYpOTEmkWEjsiAdVMqScC0m2QfTHAlVfrYD1VaEnCm/p1ISKD1OPDSzoDAUK96M/HXqyytAv/aTbiMYmCSzjf5scAQ4lkeuM8VoyDGKSFU8fRYTIdEEQppaqUshcvF86tkkULrompbVfveKtdu8jyK6BSdoXNkoytUQ3eojpqIoil6Rq/ozXgyXox342PeWjDymWO0BOPzB6mElts=</latexit>10 20 30 40

-1.0

-0.5

0.0

0.5
−F (

√
ŝ)
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫
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∞
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− 4π
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−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 

Im
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,
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9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,
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\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous
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2

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])
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Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
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9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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• The inclusive cross-section can be estimated using the dispersion 
relations (optical theorem). 
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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while the pre-exponential factor P reads [19, 23]\1
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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17]. The ‘holy grail function’ F in the exponent is known in terms of an expansion in ✏,
whose first few terms are given by [18–22]
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where d ' 0.15.
Obviously, in the energy region mW ⌧

p
ŝ ⌧ M0, the inclusive cross-section for (B+L)-

violation is unobservably small, due to the tremendous exponential suppression factor,
exp(�4⇡/↵W ) ⇠ 10�162, typical for a quantum tunneling process. Nevertheless, it is ex-
ponentially growing in this energy region. Intriguingly, the characteristic scale for the expo-
nential growth is M0 and thus of the order of the sphaleron energy. One may interpret this
as a hint that the process proceeds via an intermediate virtual sphaleron-like field configura-
tion. This interpretation is also backed-up by the fact that the inclusive cross-section (1.2)
is dominated by a semi-classically large number of W (Z) and Higgs bosons [24],
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in line with the expectation from the decay of a sphaleron-like intermediate state [25]. Un-
fortunately, however, the perturbative expansion of the holy-grail function F in powers of ✏
breaks down around ✏ ⇠ 1 and therefore it is not possible to infer the size of the cross-section
at centre-of-mass energies relevant for the LHC.

The multi-boson events such as Eq. (1.1) lead to spectacular collider signatures. Accord-
ing to Eq. (1.7), one expects O(30) electroweak bosons in an event on average.\2 To study
collider signatures of Eq. (1.1), the event generator HERBVI [26] was developed, and the first
thorough phenomenological study was carried out in Ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.\3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the

\1 The di↵erence in the energy dependence (i.e. the powers of ✏) between Eq. (1.6) and the formula in
Ref. [19] is due to the di↵erent number of fermions assumed. For the general case involving nf fermions,

P (✏) / ✏
14+5nf

9 .
\2 The number of Higgs bosons is only a few according to Eq. (1.8).
\3Instead, then the theory [28,29], phenomenology [30] and experimental searches [31–33] for the analogous

instanton-induced processes in QCD were developed.
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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where
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is the quark-quark centre-of-mass energy
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ŝ in terms of the scale
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which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,
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exponentially with energy!
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• More recently (2015), it has been pointed out that at zero temperature 
instanton rate may be able to overcome the exponential suppression for 
E > Esph ~ 9 TeV, if the periodicity of the EW potential is taken into 
account, due to resonant tunnelling.

E

Different paths coherently interfere at 
particular energies, forming a conducing 
band structure

Resonant tunneling:

Tye, Wong [1505.03690, 1710.07223]

Qiu, Tye [1812.07181] 

Figure 6: The (reduced) Brillouin zone plot (6 conducting bands shown) near the barrier top for

the Manton case: (a) The energy eigenvalue E(k) of the Schrödinger equation (3.5) is shown as

a function of the propagation wave vector k (in units of mW ); (b) The dark regions are the con-

ducting bands while the gaps are regions where there is no solution to the Schrödinger equation

((3.5) or (6.3)). The energy spectrum is almost continuous above the barrier while bandwidths

below the barrier decrease exponentially as the energy goes down. The band structures in the

AKY case are similar (see Table 1).

One can approximate the band edge energies by the semi-classical method [32],

!
Q0

0
p(Q,E)dQ = K

!
2

± arctan

"

tanh

# ! !
2m W

Q0

p(Q,E)dQ

$%

, K ! N (6.2)

where p(Q,E) =
&

2m|E " V (Q)| and Q0 denotes the classical turning point in the interval

[0, ! /2mW ]. The lowest band has edge energies with K = 0 (SS) and K = 1 (AS), the next

band has edge energies with K = 1 (SA) and K = 2 (AA), and so on. This approximation is

very accurate when the integral inside tanh in (6.2) is large.

It is convenient to solve the Schrödinger equation (3.5) in momentum space using Bloch-

waves,
!'

l= "!

(
1

2m
(2l + k)2" l,m + Vl" m

)
uk,l = E uk,m, (6.3)

where Vl" m, uk,m are the Fourier coe! cients of V (Q), uk(Q) respectively. Here we solve Eq.(6.3)

numerically for the band structure. Table 1 lists the band center energies and their bandwidths

near the top of the potential barrier and around the bottom of the potential V (Q). Six bands

near the top are shown in Fig. 6. In Fig. 7, we show that the logarithms of the bandwidths

follows a linear curve. Since the band gap sizes change relatively slowly, it is easy to obtain the

approximate band energies and their bandwidths for those not shown in Table 1.

In the semi-classical approximation, a typical wavefunction with energy E will have an energy
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Exponentially small widths for 
E < 9.1 TeV corresponds to 
the exponential suppression 
in instantons

the band widths are 
unsuppressed for E > 9.1 TeV.



1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.

p
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p2

p

IW IW

1

e
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p2
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Is Is

1

Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
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1

2 p1 · p2
Im
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(

√
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)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

Im
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vides a gratifying check of the numerical calculations.
Another interesting comparison can be made with the

results of Ref. [41], where the real-time overbarrier so-
lutions close to the boundary of the classically allowed
region were searched via Monte-Carlo techniques2. In

2 In Ref. [41] the coupling constant ! was chosen 0.1, while we
use ! = 0 .125. We performed a set of calculations for ! =
0.1. The dependence on ! is so weak, that the di ! erence for the
results would be invisible in the graph. Much larger discrep ancies
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this way, an approximation (which, at the same time, is
an upper bound) for the boundary of the classically al-
lowed region was obtained. It is seen that the results of
Ref. [41] are reasonably close to the boundaryE0(N ),
found in our calculations.

Our results by themselves do not reach the physically
interesting N = 0 limit (corresponding to particle colli-
sions). Studying lowerN in numerical calculations would
need lattices with larger number of lattice points and
would require quite substantial amounts of time even on

appear because of the di! erent lattice parameters used in th e two
calculations. (In Ref. [41], having only to solve for the rea l time
evolution of the Þelds, it was possible to use a larger lattic e and
a Þner lattice spacing than in the present calculations.)
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• Optical theorem [Bezrukov, Levkov, Rebbi, Rubakov, Tinyakov ’03]

• Semi-Classical method
[Bezrukov, Levkov, Rebbi, Rubakov, Tinyakov ’03],
[Rubakov, Tinyakov ’92], …

• Treating NCS as a dynamical variable
[Tye, Wong ’15 ‘16]

[Khoze, Ringwald ’91], …
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,

q + q ! 7q̄ + 3¯̀+
X

nW,Z

nW,ZW (Z) +
X

nh

nhh, (1.1)

can be written in the form

�̂
BV
incl ⌘

X

nW ,nh

�̂
BV
nW ,nh

=
P (✏)

m
2
W

exp


�

4⇡

↵W
F (✏)

�
, (1.2)

where

✏ ⌘

p
ŝ

M0
(1.3)

is the quark-quark centre-of-mass energy
p
ŝ in terms of the scale

M0 ⌘
p
6⇡

mW

↵W
' 18.3 TeV , (1.4)

which is parametrically similar to the energy of the sphaleron, Esph = f(m2
h/m

2
W )⇡mW/↵W ⇠

9 TeV – the static energy of a classically unstable saddle-point solution of the static bosonic
field equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di↵erent values of the Chern-Simons topological indexNCS [16,

1

2. QCD (QFD) instantons [3, 2] are (constrained [30]) minima of the classical Euclidean Yang-
Mills action, localized in space and Euclidean time, with unit topological charge (Pontryagin
index) Q = 1. In Minkowski space-time, instantons describe tunneling transitions between clas-
sically degenerate, topologically inequivalent vacua, differing in their winding number (Chern-
Simons number) by one unit, !NCS = Q = 1 [31]. The corresponding energy barrier (“sphaleron
energy” [32]), under which the instantons tunnel, is inversely proportional to αg ≡ g2/(4π), the
fine-structure constant of the relevant gauge theory, and the effective instanton-size ρeff ,

Msp ∼
π

αg ρeff
∼
{

πMW

αW
∼ 10 TeV in QFD [32] ,

Q in QCD [19, 20, 21] ,
(1)

where Q is a large momentum transfer e.g. in deep-inelastic scattering (DIS), which should be
taken >∼ 10 GeV in order to be in the semi-classical, instanton-perturbative regime [20, 21, 22, 24].
As mentioned in Sect. 1, axial anomalies [1] force instanton-induced hard scattering processes to
be always associated with anomalous fermion-number violation [2], in particular B+L violation,
!B = !L = −ngen Q, in the case of QFD with ngen = 3 fermion generations, and chirality
violation, !Q5 = 2nf Q, in the case of QCD with typically nf = 3 light quark flavors.
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Figure 1: Illustration of a QFD instanton-induced process in proton-proton scattering (left) and
of a QCD instanton-induced process in deep-inelastic electron-proton scattering (right).

Instanton-induced total cross-sections for hard parton-parton (p1-p2) scattering processes (cf.
Fig. 1) are given in terms of an integral over the instanton-anti-instanton1 (IĪ) collective coordi-
nates (sizes ρ, ρ̄, IĪ distance R, relative color orientation U) [21] (see also [12, 13, 14, 33, 34])

σ̂(I)
p1p2 ∼

1

2 p1 · p2
Im

∫

d4R ei (p1+p2)·R (2)

×
∞
∫

0

dρ

∞
∫

0

dρ D(ρ)D(ρ)
∫

dU e
− 4π

αg
Ω
(

U,R
2

ρρ̄
, ρ̄
ρ
,...
)

[

ω

(

U,
R2

ρρ̄
,
ρ̄

ρ
, . . .

)]nfin

× F
(

√

−p21 ρ
)

F
(

√

−p21 ρ
)

F
(

√

−p22 ρ
)

F
(

√

−p22 ρ
)

Pg
p1p2 (U,R, ρ, ρ̄; p1 · p2) .

Here, the basic blocks arising in instanton-perturbation theory – the semi-classical expansion of
the corresponding path integral expression about the instanton solution – are i) the instanton-
size distribution D(ρ), ii) the function Ω, which takes into account the exponentiation of gauge

1Both an instanton and an anti-instanton enter here, since we write the cross-section (2) as a discontinuity of
the p1 p2 forward elastic scattering amplitude in the IĪ-background (cf. Fig. 1). Alternatively, one may calculate
the cross-section by taking the modulus squared of amplitudes in the single instanton-background.

3

Im
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vides a gratifying check of the numerical calculations.
Another interesting comparison can be made with the

results of Ref. [41], where the real-time overbarrier so-
lutions close to the boundary of the classically allowed
region were searched via Monte-Carlo techniques2. In

2 In Ref. [41] the coupling constant ! was chosen 0.1, while we
use ! = 0 .125. We performed a set of calculations for ! =
0.1. The dependence on ! is so weak, that the di ! erence for the
results would be invisible in the graph. Much larger discrep ancies
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this way, an approximation (which, at the same time, is
an upper bound) for the boundary of the classically al-
lowed region was obtained. It is seen that the results of
Ref. [41] are reasonably close to the boundaryE0(N ),
found in our calculations.

Our results by themselves do not reach the physically
interesting N = 0 limit (corresponding to particle colli-
sions). Studying lowerN in numerical calculations would
need lattices with larger number of lattice points and
would require quite substantial amounts of time even on

appear because of the di! erent lattice parameters used in th e two
calculations. (In Ref. [41], having only to solve for the rea l time
evolution of the Þelds, it was possible to use a larger lattic e and
a Þner lattice spacing than in the present calculations.)
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• Semi-Classical method
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[Rubakov, Tinyakov ’92], …

• Treating NCS as a dynamical variable
[Tye, Wong ’15 ‘16]

[Khoze, Ringwald ’91], …
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1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all verified ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1–3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B+L, in electroweak interactions [4,5]. They are induced by topological fluctuations of the
non-Abelian SU(2)L gauge fields, notably electroweak instantons [6, 7]. Anomalous B + L

violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8–10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal fluctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e↵ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production withpsph = 1
as a function ofEsph in Eq. (2.1), obtained with the CT10LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound asN max( a)

obs , where a labels
the signal region in question. CMS also estimated the ÒexpectedÓ upper limit,N max( a)

exp , by
assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal regiona, N (a)

sph, using the BaryoGENor HERBVIMonte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the Òmost sensitiveÓ signal region,a! , that gives the largest value
for N (a)

sph/N max( a)
exp , i.e. ! a; N (a! )

sph /N max( a! )
exp " N (a)

sph/N max( a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis ifN (a! )

sph /N max( a! )
obs > 1.

In Table 1, we show the most sensitive signal region (a! = ( Nmin , Smin
T [TeV])! ), the

signal e! ciency (! (a! ) ) at signal regiona! , and the observed upper limit for signal regiona!

(N max(a ! )
obs ) for di" erent values of the partonic threshold energyEsph. The signal e! ciency is

deÞned as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisÞes the relationN (a)

sph = " á! (a! ) áL int , whereL int is the integrated luminosity
and " is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section withpsph = 1 in Eq. ( 2.1), where theCT10LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see thatNmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive
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Figure 12: Observed (solid curve) and expected (dashed black curve) 95% CL upper limit on
the pre-exponential factor PEF of the sphaleron production as a function of Esph. The inner
(outer) band represents the ± 1 (± 2) standard deviation uncertainty in the expected limit. The
area above the solid curve is excluded by this search.

the distribution of the total transverse momentum ST of the Þnal-state objects in data with that
expected from the backgrounds, we set 95% conÞdence level model-independent upper limits
on the product of the production cross section and acceptance for such Þnal states, as a func-
tion of the minimum ST for minimum Þnal-state multiplicities between 3 and 11. These limits
reach 0.08 fb at high ST thresholds. By calculating the acceptance values for benchmark black
hole, string ball, and sphaleron signal models, we convert these model-independent limits into
lower limits on the minimum semiclassical black hole mass and string ball mass. The limits
extend as high as 10.1 TeV, thus improving signiÞcantly on previous results. We have also set
the Þrst experimental upper limit on the electroweak sphaleron pre-exponential factor of 0.021
for the sphaleron transition energy of 9 TeV.
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Figure 5: The comparison of data and the background predictions after normalization for in-
clusive multiplicities of N ! 7, . . . , 11 (left to right, upper to lower). The gray band shows the
shape uncertainty and the red lines also include the normalization uncertainty. The bottom
panels show the difference between the data and the background prediction from the Þt, di-
vided by the overall uncertainty, which includes the statistical uncertainty of data as well as
the shape and normalization uncertainties in the background prediction, added in quadrature.
The N ! 7 (N ! 8, . . . , 11) distributions also show contributions from benchmark B LACK M AX

B1 (sphaleron) signals added to the expected background.

Sum of all pT in the final state

1 Introduction

The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all veriÞed ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1Ð3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B + L, in electroweak interactions [4,5]. They are induced by topological ßuctuations of the
non-Abelian SU(2)L gauge Þelds, notably electroweak instantons [6, 7]. AnomalousB + L
violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8Ð10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal ßuctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e! ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
cross-section for electroweak (B + L)-violating processes,
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which is parametrically similar to the energy of the sphaleron,Esph = f (m2
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9 TeV Ð the static energy of a classically unstable saddle-point solution of the static bosonic
Þeld equations of the electroweak theory, corresponding to the minimal barrier height be-
tween inequivalent vacua with di! erent values of the Chern-Simons topological indexNCS [16,
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production withpsph = 1
as a function ofEsph in Eq. (2.1), obtained with the CT10LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound asN max( a)

obs , where a labels
the signal region in question. CMS also estimated the ÒexpectedÓ upper limit,N max( a)

exp , by
assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal regiona, N (a)

sph, using the BaryoGENor HERBVIMonte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the Òmost sensitiveÓ signal region,a! , that gives the largest value
for N (a)

sph/N max( a)
exp , i.e. ! a; N (a! )

sph /N max( a! )
exp " N (a)

sph/N max( a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis ifN (a! )

sph /N max( a! )
obs > 1.

In Table 1, we show the most sensitive signal region (a! = ( Nmin , Smin
T [TeV])! ), the

signal e! ciency (! (a! ) ) at signal regiona! , and the observed upper limit for signal regiona!

(N max(a ! )
obs ) for di" erent values of the partonic threshold energyEsph. The signal e! ciency is

deÞned as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisÞes the relationN (a)

sph = " á! (a! ) áL int , whereL int is the integrated luminosity
and " is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section withpsph = 1 in Eq. ( 2.1), where theCT10LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see thatNmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive
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The multi-boson events such as eq. (1.1) lead to spectacular collider signatures. Ac-
cording to eq. (1.7), one expectsO(30) electroweak bosons in an event on average.2 To
study collider signatures of eq. (1.1), the event generator HERBVI[26] was developed, and
the Þrst thorough phenomenological study was carried out in ref. [27].

After the end of the SSC project in the early nineties, the motivation for theorists to
decide this question immediately dropped considerably and the research in this direction
essentially stopped.3 However, a recent paper by Tye and Wong [34], presenting qualita-
tive arguments in favour of observable rates for electroweak (B + L)-violation, revived the
interest in it and motivated phenomenological [35Ð41] and experimental studies. In partic-
ular, the CMS collaboration has recently reported their results of searching for signatures
of electroweak instanton-induced processes at the LHC [42].

There is, however, a remarkable di! erence between the processes considered in the
CMS analysis and the virtual sphaleron-like processes discussed in the literature and brießy
summarised above. Following earlier studies [35] and for simplicity, CMS postulated the
zero-boson process

qq ! nqq + 3 ! (1.9)

wherenq = 7, 9 or 11, and q/ ! represent quark/lepton or anti-quark/anti-lepton depending
on how the fermion lines are contracted with an e! ective vertex in the instanton back-
ground with topological charge " NCS = ± 1. In the CMS analysis, the event generator
BaryoGEN[43] was used to simulate the process in eq. (1.9).

In this paper we investigate the di! erence in collider signatures between multi- and
zero-boson process (i.e. eq. (1.1) and eq. (1.9)) using the HERBVIand BaryoGENevent
generators, respectively. After comparing various distributions in section3, we recast the
original CMS analysis and derive the cross-section upper limit on the sphaleron-like multi-
boson process in section4. Section 5 is devoted to conclusions.

2 Event simulation

It has been suggested that the steeply-rising event rate of sphaleron-like processes can
be modelled by a sharp threshold behaviour as a function of the partonic centre-of-mass
energy,

"
ös [44]. We therefore postulate the following partonic cross-section:

ö" (
"

ös) =
psph

m2
W

# (
"

ös # Esph), (2.1)

where # (x) is the Heaviside theta function; # (x) = 1 for x $ 0 and 0 otherwise, and
Esph is the partonic threshold energy. We takeEsph = 9 TeV as the default value for our
simulation (later varying it by ± 1 TeV), motivated by the fact that the sphaleron barrier
height with mh = 125 GeV is given by % 9.1 TeV [16]. In eq. (2.1), the cross-section is
normalised by 1/m 2

W up to the dimensionless parameterpsph, which controls the overall
cross-section. The same parametrisation is used in the CMS analysis [42].

2The number of Higgs bosons is only a few according to eq. (1.8).
3Instead, then the theory [ 28, 29], phenomenology [30] and experimental searches [31Ð33] for the analo-

gous instanton-induced processes in QCD were developed.
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The discovery of the Higgs boson at the LHC has marked the completion of the Standard
Model (SM) of electroweak and strong interactions. Moreover, so far, no compelling evi-
dence for physics beyond the SM has been observed at the LHC. In fact, the perturbative
SM predictions for hard, short distance dominated scattering processes are all veriÞed ex-
perimentally to a remarkable precision.

Theory predicts, however, that there are also hard scattering processes in the SM whose
amplitudes are fundamentally non-perturbative. Their existence follows from axial anoma-
lies [1Ð3] in the SM, resulting in an anomalous violation of baryon plus lepton number,
B + L, in electroweak interactions [4,5]. They are induced by topological ßuctuations of the
non-Abelian SU(2)L gauge Þelds, notably electroweak instantons [6, 7]. AnomalousB + L
violating processes are believed to be very important in the high temperature primordial
plasma after the big bang [8Ð10] and to have therefore a crucial impact on the evolution of
the baryon and lepton asymmetries of the universe (see Ref. [11] for a review).

A very interesting, albeit unsolved question is whether manifestations of such topologi-
cal ßuctuations might be directly observable in high-energy scattering at present or future
colliders. This question has been raised originally in the late eighties in [12,13], but, despite
a lot of e! ort, the actual size of the cross-sections in the relevant, tens of TeV energy regime
could not be determined.

Nevertheless, it has been established (for reviews, see Refs. [11,14,15]) that the inclusive
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Figure 3: The 13 TeV inclusive hadronic cross-section for sphaleron production withpsph = 1
as a function ofEsph in Eq. (2.1), obtained with the CT10LO PDF set.

By comparing the number of observed events with the expected background contribution
in each signal region, CMS estimated a model-independent 95% CL upper limit on the
extra contribution to the signal region. We refer to this bound asN max( a)

obs , where a labels
the signal region in question. CMS also estimated the ÒexpectedÓ upper limit,N max( a)

exp , by
assuming that exactly the same (fractional) number of events predicted by the background
was observed.

Our procedure for setting limits is as follows. First, we estimate the contribution from
sphaleron events to the signal regiona, N (a)

sph, using the BaryoGENor HERBVIMonte Carlo
simulation. These signal contributions are then compared with the corresponding expected
upper limits to identify the Òmost sensitiveÓ signal region,a! , that gives the largest value
for N (a)

sph/N max( a)
exp , i.e. ! a; N (a! )

sph /N max( a! )
exp " N (a)

sph/N max( a)
exp . We then compare the signal con-

tribution with the observed upper limit only at the most sensitive signal region. We exclude
the signal hypothesis ifN (a! )

sph /N max( a! )
obs > 1.

In Table 1, we show the most sensitive signal region (a! = ( Nmin , Smin
T [TeV])! ), the

signal e! ciency (! (a! ) ) at signal regiona! , and the observed upper limit for signal regiona!

(N max(a ! )
obs ) for di" erent values of the partonic threshold energyEsph. The signal e! ciency is

deÞned as the fraction of events that satisfy the condition employed by the signal region. In
particular, it satisÞes the relationN (a)

sph = " á! (a! ) áL int , whereL int is the integrated luminosity
and " is the inclusive hadronic cross-section obtained by convoluting the partonic cross-
section in Eq. (2.1) with the parton distribution functions (PDFs). in Fig. 3 we show the
inclusive hadronic cross-section withpsph = 1 in Eq. ( 2.1), where theCT10LO PDF set [48]
was used following the CMS analysis [41].

In Table 1, we see thatNmin = 11, Smin
T = 4.2 TeV is selected for the most sensitive
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<latexit sha1_base64="6PokrkGCtOJS0z/2pf2iUqZwUPY=">AAACAHicZZDLSsNAFIZP6q3WW1ToRhdDS8GFlETwsiyK4LJCb9CGMplO26EzSZiZCCV244sIrgQF6dbXcOXbmPQitv4w8PGfczhnfjfgTGnL+jZSK6tr6xvpzczW9s7unrl/UFN+KAmtEp/7suFiRTnzaFUzzWkjkBQLl9O6O7hJ6vUHKhXzvYoeBtQRuOexLiNYx1bbzN62o5YUSPflqHXaTLBCa07bzFtFayL0H+wZ5Es5SD1nx8fltvnV6vgkFNTThGOlmrYVaCfCUjPC6SjTChUNMBngHm3G6GFBlRNN7h+hQux0UNeX8fM0mrh/JyIslBoKN+4UWPfVci0xf2uFhVW6e+VEzAtCTT0y3dQNOdI+StJAHSYp0XwYAyaSxcci0scSEx1nlpmkcDH//DLMU6idFe3zonVv50vXMFUajiAHJ2DDJZTgDspQBQKP8AJv8G48Ga/GhzGetqaM2cwhLMj4/AEphJeX</latexit>

Ethr [TeV]

# of jets + leptons + photons




