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A grumble about the one finally appearing on PRD…

[Here and hereafter, all pictures from web unless otherwise stated]

Better have scientist editor



Introduction



What is spacetime in quantum mechanics?

• We all learn in QFT kindergarten: 

• Failure of relativistic quantum mechanics 

• You still remember why/how?



Plan

1. Position space is mass-dependent 

2. What is flavor/interaction eigenstate? 

3. Decoherence in neutrino oscillation
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Spacetime is mass-dependent in QM

• Wave function in QM:  

• Position eigenbasis extended from a space-like 
hypersurface, say, at : 

 

• Extension is mass dependent: 
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Extended mass dependently
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Position operator non-Hermitian

• Covariant position operator becomes 

non-Hermitian in one-particle subspace 

[Oda, Wada (2021)]:

Table 1: Eigenvalues of p̂ and x̂ or χ̂ on various states.

State p̂ χ̂ = x̂− i
p̂

2E2
p̂

〈p| 〈p| p̂ = p 〈p| 〈p| x̂ = i∇p 〈p|
〈x| 〈x| p̂ = −i∇ 〈x| 〈x| x̂ = x 〈x|

〈x| = 〈x| e−iEp̂x
0

〈x| p̂ = −i∇ 〈x| 〈x|
(
x̂+

p̂

Ep̂
x0
)

= x 〈x|

〈〈p| =
√

2Ep 〈p| 〈〈p| p̂ = p 〈〈p| 〈〈p| χ̂† = i∇p 〈〈p|

〈〈x| = 〈x|
1√
2Ep̂

〈〈x| p̂ = −i∇ 〈〈x| 〈〈x| χ̂ = x 〈〈x|

〈〈x| = 〈x|
e−iEp̂x0

√
2Ep̂

〈〈x| p̂ = −i∇ 〈〈x| 〈〈x|
(
χ̂+

p̂

Ep̂
x0
)

= x 〈〈x|

|p〉 p̂ |p〉 = p |p〉 x̂ |p〉 = |p〉
(
−i
←−
∇p

)

|x〉 p̂ |x〉 = |x〉
(
i
←−
∇
)

x̂ |x〉 = x |x〉

|x〉 = eiEp̂x0
|x〉 p̂ |x〉 = |x〉

(
i
←−
∇
) (

x̂+
p̂

Ep̂
x0
)
|x〉 = x |x〉

|p〉〉 =
√

2Ep |p〉 p̂ |p〉〉 = p |p〉〉 χ̂ |p〉〉 = |p〉〉
(
−i
←−
∇p

)

|x〉〉 =
1√
2Ep̂

|x〉 p̂ |x〉〉 = |x〉〉
(
i
←−
∇
)

χ̂† |x〉〉 = x |x〉〉

|x〉〉 =
eiEp̂x0

√
2Ep̂

|x〉〉 p̂ |x〉〉 = |x〉〉
(
i
←−
∇
) (

χ̂† +
p̂

Ep̂
x0
)

|x〉〉 = x |x〉〉

In each set of three rows separated by the horizontal lines, the first, second, and third rows
are given in the Hilbert spaces L2

(
Rd
)
, L2

(
Σ(0)

)
, and L2

(
Σ(x0)

)
, respectively.
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Extended mass dependently
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x = (t,x)

https://doi.org/10.1140/epjc/s10052-021-09482-1


So we need QFT for  
full Lorentz covariance



Plane-wave basis
• Free 1-particle “state” |p〉: 

• 1-particle position basis |x〉defined by 

• “States” |p〉, |x〉are NOT an element of Hilbert space:〈p|p〉= δ(0) = ∞

hx|pi / eip·x
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4D notation

• Throughout this talk, interchangeably, 

• spacetime coordinates: 

• x = (x0, x) = (t, x), 

• spacetime center of wave packet: 

• X = (X0, X) = (T, X).



Backup
• Interaction-picture eigenbasis: 

• Scalar field expanded as

hx| = hx| e�iHfreet
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�̂(x) =

Z
d3p

p
2E(p) (2⇡)3/2


hx|pi â(p) + h.c.
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How about wave-packet basis?



Gaussian basis
• Gaussian basis state |σ,X,P〉defined (roughly) by 

 

 

 

 

 

 
√σ

x
X

P

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
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Characteristics
• Non-orthogonal: 

• Form a(n over-)complete basis: 

• Normalizable! Namely, itself an element of Hilbert space:〈σ,X,P |σ,X,P〉= 1.

Z
d3X d3P

(2⇡)3
|�,X,P i h�,X,P | = 1̂
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Gaussian expansion

• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t－T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i
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Lorentz in(/co)variant generalization?
• Lorentz invariant scalar wave packet [KO, Wada, EPJC (2021)] 

• Forms complete set 

• Uncertainty relation modified 

• Lorentz covariant spinor wave packet [KO, Wada, arXiv:2307.05932] 

• Irreducibility under Lorentz-transformation maintained 

• Forms complete set: Fully covariant completeness relation

https://doi.org/10.1140/epjc/s10052-021-09482-1
https://arxiv.org/abs/2307.05932
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P(KMTY)MNS Matrix
• In QFT, what are mixed are not states but fields 

• Not really true: 

  

• True: 

<latexit sha1_base64="otXD/OxnO3qJTbunbJm3XaFQGfk="></latexit>

|⌫↵i =
X

↵

U⇤
↵I |⌫Ii



More precise mixing

 

 



Mass-dependence issue

• This is partly covered in [KO, Wada, arXiv:2307.05932] 

• More on neutrino mixing will be presented [Nishiwaki, KO, Wada]. 

• Stay tuned!

https://arxiv.org/abs/2307.05932


Ultra-relativistic limit
• At least in the ultra-relativistic limit, mass-dependence in energy, 

etc. will drop out 

• In [Mitani, KO, 2023], we work in this limit: 

 
(Pity that easy-going papers are accepted far faster than more fundamental ones…)
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Decoherence

• And oscillation frozen



Neutrino decoherence under hot debate
• Akhmedov, Smirnov (2022): “Damping of neutrino 

oscillations, decoherence and the lengths of neutrino 

wave packets” 

• Jones (2022): “Comment on “Damping of neutrino 

oscillations, decoherence and the lengths of neutrino 

wave packets”” 

• Akhmedov, Smirnov (2022): “Reply to “Comment on 

“Damping of neutrino oscillations, decoherence and 

the lengths of neutrino wave packets”””
Akhmedov, Smirnov (2022)

Jones (2022)



詳しくは三谷さんの修論を

https://www2.yukawa.kyoto-u.ac.jp/~soken.editorial/sokendenshi/vol41/sokendenshi_2023_41_1.html


What we do

• So far, only neutrino wave function:  

• We, for the first time, treated both production and detection: 

<latexit sha1_base64="R71ebyVhwR0/woQNKEO+lECKDlE="></latexit>
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What we obtained: general result

• Larger (smaller) spatial width counts for positions (momenta) 

• L// ～ T 

• Exponential suppression for T > Lcoh,IJ ～ √σsum / |vI－vJ| 



Two-flavor example in ultra-relativistic limit

• Decoherence (trivially) disappears at the leading ultra-relativistic limit: 



Summary

1. Position space is mass-dependent 

2. What is flavor/interaction eigenstate? 

3. Decoherence in neutrino oscillation

Discussion
• Decoherence (trivially) disappears at leading order 
in ultra-relativistic limit (vI → vJ): 

• Lcoh,IJ ～ √σsum / |vI－vJ| → ∞ 

• What if we take into account mass dependence in 
energy and Dirac wave function? 

• How is interaction eigenstate defined? [Nishiwaki, KO, 
Wada] 

• Need Lorentz-covariant packet [KO, Wada 2023]? 

• Where to test experimentally? (DUNE, etc. appear 
challenging)

https://arxiv.org/abs/2307.05932


Thank you!


