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Spherically Symmetric Compact Stars

We model compact stars with the
TOV-equation,

dp

dr
= −GMϵ

r2

[
1 +

p

ϵ

] [
1 +

4πr3p

M

]
·
[
1− 2GM

r

]−1

, [c = 1]

M =

∫ r

0

dr′ 4πr′2ϵ(r′).

To close this system of equations,
we need an equation of state
(EoS),

ϵ = ϵ(p).

Integrating the TOV-equation
yields mass-radius relations.

▶ Maximum mass of ≳ 2M⊙
1

(stiffness of EoS)

▶ Speed of sound vs
c

= ( ∂p
∂ϵ

)
1
2 < 1

1R. W. Romani et al. (2022) PSR J0952 0607: The Fastest and Heaviest Known
Galactic Neutron Star
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Two-Flavour Quark-Meson Model

Two-flavour quark-meson (QM) Lagrangian

LQM = q̄
[
i/∂ + µγ0 − g(σ + iγ5τ · π)

]
q +

1

2
(∂µσ∂

µσ + ∂µπ∂
µπ)

− λ

4

(
σ2 + π2 − v2

)2
+ hσ.

Mean field approximation in the
mesonic sector leads to quark part of
the Lagrangian

Lq = q̄
[
i/∂ + µγ0 − g⟨σ⟩

]
q.

Grand canonical partition function
for a fermion ξ

Θ =

∮
−
DξDξ† exp

(∫ β

0

dβ

∫
d3xµN−ξ†ξ̇−H

)
.

From Θ, we can find all we need2

p =
ln(Θ)

βV
= −Ω,

ni = − ∂Ω

∂µi
,

ϵ =
∂
(
βΩ

)
∂β

+
∑
i

µini.

2Additional constraints:
∑

i qini(r) = 0, µu + µe = µd, and
∂Ω

∂⟨σ⟩ = 0.
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Mass-Radius Relations for Quark Stars

Using the QM-model
Lagrangian, we find
ϵQM = ϵQM(p).
Integrating the
TOV-equation, we
find mass-radius
relations. mσ is taken
as a parameter,
mσ ∈ [400, 600]MeV.

Quark stars assumes
quark matter at
relatively small energy
densities.
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Hybrid Equation of State
Combine nuclear matter EoS with a quark matter EoS. We use
Akmal-Pandharipande-Ravenhall (APR) EoS3.
Q: When to change from nuclear EoS to QM EoS?
Choose the EoS which minimises the grand potential, Ω.

ϵ(p) =

{
ϵAPR(pAPR), −pAPR(µB) < −pQM(µB)

ϵQM(pQM), −pAPR(µB) > −pQM(µB).
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3A. Akmal et al. (1998) Equation of state of nucleon matter and neutron star
structure.
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Hybrid Stars

The hybrid EoS
and the
TOV-equation
yields hybrid star
mass-radius
relations.

Small stable
branches with
QM-model core.

APR EoS yields a
superluminar
speed of sound at
large enough
energy densities.
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Unified Hybrid Stars

Another approach:
Interpolate APR
and QM between
number densities
nlower and nupper.

Interpolation
introduces a choice
of when to stop
using APR and
when to start using
the QM model.
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Outlook

A natural extension of this is to go beyond the QM two-flavour model. This
gives rise to interesting phenomena e.g. modelling a colour superconducting
phase.

This is up to Mathias to present – Stay tuned!
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