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Figure 2: Upper: RG evolution of � (left) and of �� (right) varying Mt, ↵3(MZ), Mh by
±3�. Lower: Same as above, with more “physical” normalisations. The Higgs quartic coupling
is compared with the top Yukawa and weak gauge coupling through the ratios sign(�)

p
4|�|/yt

and sign(�)
p

8|�|/g2, which correspond to the ratios of running masses mh/mt and mh/mW ,
respectively (left). The Higgs quartic �-function is shown in units of its top contribution, ��(top
contribution) = �3y4t /8⇡

2 (right). The grey shadings cover values of the RG scale above the
Planck mass MPl ⇡ 1.2⇥ 1019 GeV, and above the reduced Planck mass M̄Pl = MPl/

p
8⇡.
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Renormalization scale
V (�)

�

mass@FV

mass@TV

height of barrier

VEV@TV

There are too many relevant scales…



How large is the scale 
dependence?
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m̄2(m) = m2, Ā(m) = m, t̄(m) = 0, ↵̄(m) = ↵

Beta functions

Renormalization conditions
@
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If you don’t know which is true…
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Result
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Fermion loops
M. Endo, T. Moroi, M. M. Nojiri, Y. S.; ‘16Details are in

Applied to  
the Stau-Higgs instability 

in MSSM

�B ' 150

�B ' 10

1-loop

Top!
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Gauge Bosons?

Here, ` labels the irreducible representations of O(4) symmetry and “dim” is the dimension

of the representation.

The radial determinant is defined by the product of the eigenvalues of eigenfunctions,

[�@2
r �

3

r
@r +

L2

r2
+m2(r)] i = �i i, (5)

with boundary conditions,

 (0) < 1,  (R) = 0. (6)

Here, R is a supposititious boundary and is sent to infinity finally. This is justified because

the bounce solution has a typical size and the di↵erence between the two operators in

the determinants becomes negligible for a large enough R. Furthermore, since the typical

momentum of the bounce solution plays a role of physical UV and IR cut-o↵ of the radial

momentum, we do not need any regularization for the sub-determinant for each `.

We further assume that �(R) is non-zero. It can be zero after R ! 1 is taken, but it

should be taken after all the calculation has been done. This definition is consistent with

the method used in [8–12].

III. FUNCTIONAL DETERMINANT IN THE GAUGE SECTOR

In this section, we summarize the hyperspherical expansions and the functional determi-

nants in the gauge sector.

In the Euclidean theory with a gauge field A, a complex scalar field �, and FP ghosts c

and c̄, the Lagrangian in R⇠ gauge is given by

LE =
1

4
F 2 + |D�|2 + V (|�|) + LGF + LFP , (7)

where

LGF =
1

2⇠
(@µA

µ � ⇠v�)2, (8)

LFP = c̄(�@2 + ⇠v2)c. (9)

Here, D = @ � igA, Fµ⌫ = i[Dµ, D⌫ ]/g and � = (v/g + h + i�)/
p
2. We assume v(r) is a

O(4) symmetric solution of the equations of motion and is real. The origin is assumed to be

r = 0. We absorb the gauge coupling into the definition of v(r) to avoid messy expressions.
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(⇠ = 1)

Aµ@µ@⌫A⌫

Aµ@µ�

e.g.) U(1) gauge

[J. Baacke, K. Heitmann; ’99, G. Ishirori, G. Ridolfi, A. Strumia; ’01]

Evaluated only with the Feynman-t’Hooft gauge.



Does the calculation 
method preserve 

the gauge invariance?

Now ongoing…

Discretize eigenvalues, Subtract “zero mode”, etc 

[N. K. Nielsen; ’75, R. Fukuda, T. Kugo; ’76]
Although the gauge invariance is proven “theoretically” by



Summary
• The bubble nucleation rate has often been estimated 
without calculating the pre-exponential factor. 

• This estimate involves uncertainty in the renormalization 
scale, which, we showed, results in O(10%) uncertainty in 
the exponent of the bubble nucleation rate. 

• To reduce the uncertainty, we explicitly calculated the pre-
exponential factor and showed that it is greatly reduced. 

• Now, we are almost successful in proving the gauge 
independence of the calculation method.
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