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How does space-time 
curvature affect the 

uncertainty principle?
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What can we learn from 
this result?
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Generalised (GUP)
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Extended (EUP)
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Asymptotic

p0
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Asymptotic

Riemann Normal Coordinates 
xi

gij ≃ δij −
1
3

Rikjl |p0
xkxl

p0
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Method of derivation
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QM on curved 3D manifolds
observer

spacelike hypersurface

x

t

original idea: T. Schürmann, Found.Phys. 48 (2018) 716-725 
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Heisenberg's position uncertainty

Δx
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Generalisation to curved 3D
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σ(P, Q) = ∫
Q

P
ds

Geodesic distance

Generalisation to curved 3D
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σ(P, Q) = ∫
Q

P
ds

Geodesic distance

Generalisation to curved 3D

Geodesic ball Bρ

σ(p0, x) ≤ ρ
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Momentum standard deviation

σpρ ≳ πℏ(1 + …)
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Result
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Asymptotic EGUP
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Asymptotic EGUP
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Asymptotic EGUP

σPρ ≳ πℏ (1 + α
l2
Pσ2
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−

1
12π2

(3)R |p0
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β
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Conclusion
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How does the 
curvature of space-

time affect the 
uncertainty principle?



• Every kind of curved space leads to an EUP


• even in Minkowski space-time (with appropriate slicing)


• Positive curvature decreases uncertainty ("quantumness")


• Can vanish if manifold is closed


• Momentum space curvature = GUP


• Point  corresponds to  (low energy)


• Approach well-suited for quantum mechanics in curved position or 
momentum space

p0 ⃗p = 0
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Can we generalize to 
curvature in both 

spaces 
simultaneously?
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Appendix
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GEUP/ EGUP

σxσp ≳
ℏ
2 (1 + α

l2
Pσ2

p

ℏ2
+ βl−2

C σ2
x )



25

Momentum standard deviation

Dirichlet: ψ |∂Bρ
= 0 = 0

σp =
≥ λ1(ρ)
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Schürmann's result

σpρ ≥ πℏ (1 −
Kρ2

2π2 )
Constant curvature K
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Eigenvalue problem

(ℏ2Δ + λ) ψ |Bρ
= 0

ψ |∂Bρ
= 0
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Perturbation theory

gij = g(0)
ij + g(2)

ij + …
Δ = Δ(0) + Δ(2) + …

ψ = ψ(0) + ψ(2) + …
λ = λ(0) + λ(2) + …
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Perturbation theory
Complication:

ψ ϕ = ∫ gd3x (ψ*ϕ)

ψ ϕ ψ ϕ= +
(0) (2)

+…
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Deformed commutator (GUP)

In 1D: [ ̂x, ̂P] = iℏ (1 +
αl2

P

ℏ2
̂P2)

 ̂P ≃ ̂p (1 +
αl2

P

ℏ2
̂p2)

In 3D:  ̂Pi ≃ ̂pi (1 +
αl2

P

ℏ2
̂p2)
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Asymptotic EGUP

σPρ ≳ πℏ [1 + α
l2
Pσ2

P

ℏ2
+

ρ2

π2 (λ(2)
1 + …)]

σxσp ≳
ℏ
2 (1 + α

l2
Pσ2

p

ℏ2
+ βl2

Cσ2
x )


