
Slide Background Courtesy: H. Oide

Baryogenesis and baryon isocurvature perturbation 
from primordial hypermagnetic fields

Relevant papers: T. Fujita (Waseda) & KK, PRD93 (2016) 083520 [arXiv:1602.02109 (hep-ph)] 
                          KK & A.J.Long (Rice), PRD94 (2016) 063501 [arXiv:1606.08891 (astro-ph.CO)] 
                          KK & A.J.Long (Rice), PRD94 (2016) 123509 [arXiv:1610.03074 (hep-ph)] 
                          KK, F. Uchida, J. Yokoyama (Tokyo), JCAP 04 (2021) 034 [arXiv: 2012.14435 (astro-ph.CO)] 
           See also:  F. Uchida (Tokyo), M. Fujiwara (TUM), KK, J. Yokoyama (Tokyo), PLB843 (2023) 138002 
                                                                                                               [arXiv: 2212.14355 (astro-ph.CO)]

Copernicus webinar series 
27/02/2024 @ on-line

Kohei Kamada  
(Hangzhou Institute for Advanced Study, UCAS)

1/29



Slide Background Courtesy: H. Oide

1. Introduction  
 - Primordial magnetic fields (PMFs) -  

2. Baryon asymmetry from PMFs 
3. Baryon isocurvature constraints 
4. Summary

2/29



Slide Background Courtesy: H. Oide

Introduction

3/29



Slide Background Courtesy: H. Oide

Magnetic fields are ubiquitous in the Universe. 
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Observations of the intergalactic magnetic fields
(from nasa.gov)
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Fig. 1: A comparison of models of cascade emission from TeV blazars (thick solid black curves)
with Fermi upper limits (grey curves) and HESS data (grey data points). Thin dashed curves
show the primary (unabsorbed) source spectra. Dotted curves show the spectra of electromag-
netic cascade initiated by pair production on EBL. Vertical lines with arrows show the energies
below which the cascade emission should be suppressed.
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Figure 17. 95% lower limits on the field strength of the IGMF for ✓jet = 6�. Left: Exclusions for tmax = 10 years for
individual sources. Right: Combined exclusion limits for di↵erent blazar activity times. The solid lines indicate the combined
limits if the sources 1ES 0229+200 and 1ES 1218+304 are excluded from the sample. Above the blue dashed line, the small angle
approximation adopted by ELMAG breaks down for an increasing number of cascade photons (cf. Eq. (8) where an energy of
1GeV has been assumed for the cascade photons).

We derive combined limits on the IGMF by stacking the individual IGMF likelihoods of the individual sources. We
consider only the six sources that yield strong constraints by themselves. The results for di↵erent choices of tmax are
shown in the right panel of Fig. 17. Even for the most conservative case of tmax = 10 years, we are able to exclude
magnetic fields below ⇠ 3 ⇥ 10�16 G for � > 10�2 Mpc. If we additionally exclude the sources 1ES 1218+304 and
1ES 0229-200, for which evidence for variability has been found (Aliu et al. 2014), the limits weaken only marginally
for short activity times and by almost a factor of 5 for tmax = 107 years (solid lines in the right panel of Fig. 17).
For such long activity times, the limits improve by three orders of magnitude compared to tmax = 10 years, limiting
the B field to be above 3 ⇥ 10�13 G. For such high B fields however, one can see from Eq. (8) that the small angle
approximation adopted by ELMAG breaks down, which is indicated by the blue dashed line for cascade photons of
✏ = 1GeV. Due to the fact that ELMAG randomizes the deflection angles for large deflections and discards the photons
in case � > ✓jet, the results for long activity times also depend on the assumed opening angle. Assuming ✓jet = 1�

instead of ✓jet = 6� decreases the limits by a factor 1/2, as more photons are discarded. For ✓jet = 10� the results are
comparable to ✓jet = 6�. This e↵ect is not observed for tmax = 10 years where the limits are independent of ✓jet.
We do not test the impact of di↵erent EBL models as we expect the di↵erence in the limits to be negligible. This has

been shown in a sensitivity study by Meyer et al. (2016) for the Cherenkov Telescope Array (CTA) that also utilized
the ELMAG code and compared results for the EBL model of Domı́nguez et al. (2011) and Finke et al. (2010). The
slightly larger photon density of the Finke et al. model gives rise to more electron-positron pairs, estimated to be
of the order of 5% comparing the two EBL models above (Meyer et al. 2016). The resulting di↵erence of the limits
should consequently be small compared to the e↵ect of the uncertain blazar activity time scales.
A larger impact on the limits is given by the systematic uncertainty of the energy scale of IACTs. This is commonly

assumed to be of the order of ±15%, however, a cross-calibration between the Fermi LAT and IACTs using the
spectrum of the Crab nebula found the uncertainty to be of the order of 5% (Meyer et al. 2010). Nevertheless,
recalculating the limits for ✓jet = 6� and tmax = 10 years with a rescaling of the IACT energy scale by +15% and
�15% results in B & 4⇥ 10�16 G and B & 10�16 G, respectively, for � > 10�2 Mpc.

5.4. Discussion of IGMF Constraints

Even for the extremely conservative choice of tmax = 10 years, our results limit the IGMF to be larger than 3⇥10�16 G
for � & 10�2 Mpc. Thereby, our results improve the limits derived by Finke et al. (2015) by more than three orders of
magnitude, even though similar source sample and assumptions have been used (Finke et al. (2015) tested tmax = 3years
and a maximum primary �-ray energy equal to the highest energy data point of the IACT spectrum). One major
di↵erence is that Finke et al. (2015) use a semi-analytic calculation of the cascade (Dermer et al. 2011; Meyer et al.
2012) that only considers the first generation of the cascade. Repeating our analysis using the semi-analytic model
in Meyer et al. (2012), our limits weaken by a factor of five. The remaining di↵erences can be explained by the very

from the individual p-values for each source, Paccept,k, where Ns

is the number of sources. Fisher’s method assures that the TS is
distributed as a χ2 distribution with 2Ns degrees of freedom.
This χ2 distribution is integrated, giving the overall p-value of
acceptance, Paccept,com. We choose to present the combined
results for rejecting a model as the equivalent number of sigma
for which the model is rejected if the errors were distributed as
a normal distribution. That is, the number of sigma a model is
rejected is 4 � � P2 erf .1

accept,com( )

4. RESULTS

4.1. Results with Conservative Assumptions

Here we show the results for our conservative assumptions.
We choose a jet opening angle of θj = 0.1 rad, roughly
consistent with values from VLBI measurements (Jorstad
et al. 2005), and the EBL model from (Finke et al. 2010, their
“model C”). For the calculation of Fcascade,min we use tblazar = 3
years and Emax equal to the central energy of the maximum
observed bin from the IACTs. This tblazar is the typical time
between observations for the objects in our sample, and the
typical time for which we know the sources are not variable.
For calculation of Fcascade,max we use tblazar = 1/H0, i.e., we
assume the blazar has been emitting VHE γ-rays at the level
currently observed for the entire age of the universe; and
Emax = 100 TeV. For calculation of Fcascade,max the deabsorbed
VHE points are fit with a power law and extrapolated to
100 TeV to calculate the cascade component. The VHE
spectrum is assumed to have a hard cutoff at Emax. That is,
this assumes that the source does not emit any γ-rays
above Emax.

Our conservative results can be seen in Figure 4. One can see
that high magnetic field values (B  10−12 G for LB  1Mpc)
are not significantly ruled out, while low values (B  10−16 G
at 10−10 Mpc; B  10−21 G for LB  1Mpc) are ruled out at
≈7.2σ. For LB  1Mpc, the allowed B is essentially
independent of LB, since above this LB the electrons will lose
most of their energy from scattering within a single coherence
length. For LB  1Mpc, the allowed B goes as r �B LB

1 2 due
to the random change in direction of B, and hence the direction
of the electrons’ acceleration, as they cross several coherence

lengths. This overall dependence of the constraints on B and LB
has been pointed out previously by Neronov & Semikoz (2009)
and Neronov & Vovk (2010). There is a strange shape in the
contours at 1–10Mpc due to this transition region, and due to
the coarseness of our grid, which is one order of magnitude in
both B and LB.
Low magnetic field values are inconsistent with the data at

>5σ. We consider this to be quite a significant constraint. Since
many authors (e.g., Neronov & Vovk 2010; Dermer
et al. 2011) have ruled out low B values if the cascade
component is above the LAT 2σ upper limits, those authors are
implicitly ruling out the B values at the 2σ level. The high
magnetic field values are not significantly ruled out. The most
constraining sources in our sample for low B values turned out
to be 1ES 0229+200, 1ES 0347–121, and 1ES 1101–232, all
of which individually ruled out low B values at 4.5σ.
Our lower limits on B are lower than what many previous

authors have found in a similar fashion, but assuming tblazar= 1/
H0 (e.g., Neronov & Vovk 2010; Tavecchio et al. 2010, 2011;
Dolag et al. 2011). We compute a constraint with this less
conservative assumption on tblazar below in Section 4.3 for
comparison. Several authors have constrained the IGMF to be
B  10−18 G for LB = 1Mpc by using a shorter tblazar as we do
(e.g., Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these authors,
although slightly lower (B > 10−19 G). The minor difference
could be due to the fact that we assume a sharp cutoff at high
energies in the intrinsic spectrum at the maximum VHE energy
bin observed from a source, while other authors extrapolate
above this energy in some way, typically with an exponential
form. This makes our results more conservative.

4.2. Robustness

In general, we consider our assumptions, and the results
found in Section 4.1, to be quite reasonable, and indeed quite
conservative. However, to be thorough, we have tested the
robustness of these results by varying some of the assumptions,
particularly those that would weaken the constraints, and
seeing if this made a significant difference in our results.
The first item we explored is the EBL model. One would

expect that the parameter space will be ruled out with greater
significance if a more intense and absorbing EBL model is
used, while it would be ruled out with lesser significance if a
less intense EBL model is used. We performed simulations for
a less intense EBL model, namely the model of Kneiske &
Dole (2010). This model was designed to be as close as
possible to the observed lower limits on the EBL from galaxy
counts; however, note that for some regions of parameter space,
other EBL models predict less absorption. The results can be
seen in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also performed
simulations with the model of Franceschini et al. (2008), which
has a similar overall normalization as the Finke et al. (2010)
model, but its SED has a bit different shape. With this model
we found that low B values are ruled out at 6.7σ, and high B
values are again unconstrained.
There has been some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al. 2014),
as is 1ES 1218+304. We have therefore left out these sources
when computing our constraints, and the results can be seen in
Figure 6. Similar regions of parameter space are ruled out, but
at much less significance; low values of B are ruled out at 6.0σ.

Figure 4. Values of parameter space of B and LB ruled out for the combined
conservative results of Section 4.1 for all of our objects. The contours represent
the significance a particular region of parameter space is ruled out, in number
of sigma, as indicated by the bar. These constraints assume the Finke et al.
(2010) EBL model and θj = 0.1 rad.
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Figure 17. 95% lower limits on the field strength of the IGMF for ✓jet = 6�. Left: Exclusions for tmax = 10 years for
individual sources. Right: Combined exclusion limits for di↵erent blazar activity times. The solid lines indicate the combined
limits if the sources 1ES 0229+200 and 1ES 1218+304 are excluded from the sample. Above the blue dashed line, the small angle
approximation adopted by ELMAG breaks down for an increasing number of cascade photons (cf. Eq. (8) where an energy of
1GeV has been assumed for the cascade photons).

We derive combined limits on the IGMF by stacking the individual IGMF likelihoods of the individual sources. We
consider only the six sources that yield strong constraints by themselves. The results for di↵erent choices of tmax are
shown in the right panel of Fig. 17. Even for the most conservative case of tmax = 10 years, we are able to exclude
magnetic fields below ⇠ 3 ⇥ 10�16 G for � > 10�2 Mpc. If we additionally exclude the sources 1ES 1218+304 and
1ES 0229-200, for which evidence for variability has been found (Aliu et al. 2014), the limits weaken only marginally
for short activity times and by almost a factor of 5 for tmax = 107 years (solid lines in the right panel of Fig. 17).
For such long activity times, the limits improve by three orders of magnitude compared to tmax = 10 years, limiting
the B field to be above 3 ⇥ 10�13 G. For such high B fields however, one can see from Eq. (8) that the small angle
approximation adopted by ELMAG breaks down, which is indicated by the blue dashed line for cascade photons of
✏ = 1GeV. Due to the fact that ELMAG randomizes the deflection angles for large deflections and discards the photons
in case � > ✓jet, the results for long activity times also depend on the assumed opening angle. Assuming ✓jet = 1�

instead of ✓jet = 6� decreases the limits by a factor 1/2, as more photons are discarded. For ✓jet = 10� the results are
comparable to ✓jet = 6�. This e↵ect is not observed for tmax = 10 years where the limits are independent of ✓jet.
We do not test the impact of di↵erent EBL models as we expect the di↵erence in the limits to be negligible. This has

been shown in a sensitivity study by Meyer et al. (2016) for the Cherenkov Telescope Array (CTA) that also utilized
the ELMAG code and compared results for the EBL model of Domı́nguez et al. (2011) and Finke et al. (2010). The
slightly larger photon density of the Finke et al. model gives rise to more electron-positron pairs, estimated to be
of the order of 5% comparing the two EBL models above (Meyer et al. 2016). The resulting di↵erence of the limits
should consequently be small compared to the e↵ect of the uncertain blazar activity time scales.
A larger impact on the limits is given by the systematic uncertainty of the energy scale of IACTs. This is commonly

assumed to be of the order of ±15%, however, a cross-calibration between the Fermi LAT and IACTs using the
spectrum of the Crab nebula found the uncertainty to be of the order of 5% (Meyer et al. 2010). Nevertheless,
recalculating the limits for ✓jet = 6� and tmax = 10 years with a rescaling of the IACT energy scale by +15% and
�15% results in B & 4⇥ 10�16 G and B & 10�16 G, respectively, for � > 10�2 Mpc.

5.4. Discussion of IGMF Constraints

Even for the extremely conservative choice of tmax = 10 years, our results limit the IGMF to be larger than 3⇥10�16 G
for � & 10�2 Mpc. Thereby, our results improve the limits derived by Finke et al. (2015) by more than three orders of
magnitude, even though similar source sample and assumptions have been used (Finke et al. (2015) tested tmax = 3years
and a maximum primary �-ray energy equal to the highest energy data point of the IACT spectrum). One major
di↵erence is that Finke et al. (2015) use a semi-analytic calculation of the cascade (Dermer et al. 2011; Meyer et al.
2012) that only considers the first generation of the cascade. Repeating our analysis using the semi-analytic model
in Meyer et al. (2012), our limits weaken by a factor of five. The remaining di↵erences can be explained by the very

from the individual p-values for each source, Paccept,k, where Ns

is the number of sources. Fisher’s method assures that the TS is
distributed as a χ2 distribution with 2Ns degrees of freedom.
This χ2 distribution is integrated, giving the overall p-value of
acceptance, Paccept,com. We choose to present the combined
results for rejecting a model as the equivalent number of sigma
for which the model is rejected if the errors were distributed as
a normal distribution. That is, the number of sigma a model is
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4.1. Results with Conservative Assumptions

Here we show the results for our conservative assumptions.
We choose a jet opening angle of θj = 0.1 rad, roughly
consistent with values from VLBI measurements (Jorstad
et al. 2005), and the EBL model from (Finke et al. 2010, their
“model C”). For the calculation of Fcascade,min we use tblazar = 3
years and Emax equal to the central energy of the maximum
observed bin from the IACTs. This tblazar is the typical time
between observations for the objects in our sample, and the
typical time for which we know the sources are not variable.
For calculation of Fcascade,max we use tblazar = 1/H0, i.e., we
assume the blazar has been emitting VHE γ-rays at the level
currently observed for the entire age of the universe; and
Emax = 100 TeV. For calculation of Fcascade,max the deabsorbed
VHE points are fit with a power law and extrapolated to
100 TeV to calculate the cascade component. The VHE
spectrum is assumed to have a hard cutoff at Emax. That is,
this assumes that the source does not emit any γ-rays
above Emax.

Our conservative results can be seen in Figure 4. One can see
that high magnetic field values (B  10−12 G for LB  1Mpc)
are not significantly ruled out, while low values (B  10−16 G
at 10−10 Mpc; B  10−21 G for LB  1Mpc) are ruled out at
≈7.2σ. For LB  1Mpc, the allowed B is essentially
independent of LB, since above this LB the electrons will lose
most of their energy from scattering within a single coherence
length. For LB  1Mpc, the allowed B goes as r �B LB

1 2 due
to the random change in direction of B, and hence the direction
of the electrons’ acceleration, as they cross several coherence

lengths. This overall dependence of the constraints on B and LB
has been pointed out previously by Neronov & Semikoz (2009)
and Neronov & Vovk (2010). There is a strange shape in the
contours at 1–10Mpc due to this transition region, and due to
the coarseness of our grid, which is one order of magnitude in
both B and LB.
Low magnetic field values are inconsistent with the data at

>5σ. We consider this to be quite a significant constraint. Since
many authors (e.g., Neronov & Vovk 2010; Dermer
et al. 2011) have ruled out low B values if the cascade
component is above the LAT 2σ upper limits, those authors are
implicitly ruling out the B values at the 2σ level. The high
magnetic field values are not significantly ruled out. The most
constraining sources in our sample for low B values turned out
to be 1ES 0229+200, 1ES 0347–121, and 1ES 1101–232, all
of which individually ruled out low B values at 4.5σ.
Our lower limits on B are lower than what many previous

authors have found in a similar fashion, but assuming tblazar= 1/
H0 (e.g., Neronov & Vovk 2010; Tavecchio et al. 2010, 2011;
Dolag et al. 2011). We compute a constraint with this less
conservative assumption on tblazar below in Section 4.3 for
comparison. Several authors have constrained the IGMF to be
B  10−18 G for LB = 1Mpc by using a shorter tblazar as we do
(e.g., Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these authors,
although slightly lower (B > 10−19 G). The minor difference
could be due to the fact that we assume a sharp cutoff at high
energies in the intrinsic spectrum at the maximum VHE energy
bin observed from a source, while other authors extrapolate
above this energy in some way, typically with an exponential
form. This makes our results more conservative.

4.2. Robustness

In general, we consider our assumptions, and the results
found in Section 4.1, to be quite reasonable, and indeed quite
conservative. However, to be thorough, we have tested the
robustness of these results by varying some of the assumptions,
particularly those that would weaken the constraints, and
seeing if this made a significant difference in our results.
The first item we explored is the EBL model. One would

expect that the parameter space will be ruled out with greater
significance if a more intense and absorbing EBL model is
used, while it would be ruled out with lesser significance if a
less intense EBL model is used. We performed simulations for
a less intense EBL model, namely the model of Kneiske &
Dole (2010). This model was designed to be as close as
possible to the observed lower limits on the EBL from galaxy
counts; however, note that for some regions of parameter space,
other EBL models predict less absorption. The results can be
seen in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also performed
simulations with the model of Franceschini et al. (2008), which
has a similar overall normalization as the Finke et al. (2010)
model, but its SED has a bit different shape. With this model
we found that low B values are ruled out at 6.7σ, and high B
values are again unconstrained.
There has been some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al. 2014),
as is 1ES 1218+304. We have therefore left out these sources
when computing our constraints, and the results can be seen in
Figure 6. Similar regions of parameter space are ruled out, but
at much less significance; low values of B are ruled out at 6.0σ.

Figure 4. Values of parameter space of B and LB ruled out for the combined
conservative results of Section 4.1 for all of our objects. The contours represent
the significance a particular region of parameter space is ruled out, in number
of sigma, as indicated by the bar. These constraints assume the Finke et al.
(2010) EBL model and θj = 0.1 rad.
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We might expect that they are relics from the early Universe.
1. Long range MFs are not in thermal equilibrium but keep their long-range spectrum  
   (no “thermal” mass for the MFs). => Carry the information before the recombination?  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We might expect that they are relics from the early Universe.
1. Long range MFs are not in thermal equilibrium but keep their long-range spectrum  
   (no “thermal” mass for the MFs). => Carry the information before the recombination?  
 
2. Generation mechanism (magnetogenesis) may need new physics beyond the SM.  
   => Target for the phenomenological model builders, such as axion inflation or phase transition.  
 
3. Chiral effects may play an important role of their generation and/or evolution.  
   => Interest for field theorists.
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We might expect that they are relics from the early Universe.

Baryon asymmetry of the Universe can be also explained! 
(’98 Giovannini & Shaposhnikov,’16 Fujita & KK, KK & Long) 
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We might expect that they are relics from the early Universe.

We however show that any magnetogenesis mechanisms before the EWSB  
are almost impossible to explain the IGMFs suggested by blazar observations. 

Baryon asymmetry of the Universe can be also explained! 
(’98 Giovannini & Shaposhnikov,’16 Fujita & KK, KK & Long) 

1. Long range MFs are not in thermal equilibrium but keep their long-range spectrum  
   (no “thermal” mass for the MFs). => Carry the information before the recombination?  
 
2. Generation mechanism (magnetogenesis) may need new physics beyond the SM.  
   => Target for the phenomenological model builders, such as axion inflation or phase transition.  
 
3. Chiral effects may play an important role of their generation and/or evolution.  
   => Interest for field theorists.
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Baryogenesis from PMFs
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12 G. Steigman: Primordial Nucleosynthesis

Figure 6. The CBR temperature fluctuation anisotropy spectra for three choices of the baryon
density parameter ωB = 0.018, 0.023, 0.028, in order of increasing height of the first peak. Also
shown are the WMAP data points.

Figure 7. The normalized likelihood distributions for the baryon density parameter η10 derived
from SBBN and the primordial abundance of deuterium (solid curve; see §4.1) and from the CBR
using WMAP data alone (dashed curve). The bottom horizontal axis is the baryon-to-photon
ratio parameter η10; the top axis is the baryon density parameter ωB = ΩBh2 .

- We live in a matter-antimatter asymmetric Universe. 
- BBN and CMB can evaluate it quantitatively. 

’03 Steigman

23. Big-Bang nucleosynthesis 3

Figure 23.1: The abundances of 4He, D, 3He, and 7Li as predicted by the standard
model of Big-Bang nucleosynthesis — the bands show the 95% CL range [5].
Boxes indicate the observed light element abundances. The narrow vertical band
indicates the CMB measure of the cosmic baryon density, while the wider band
indicates the BBN concordance range (both at 95% CL).

February 8, 2016 19:55

CMB
BBN

Particle Data Group 2015

� � nB

n�
= (6.09± 0.06)� 10�10

(Planck 2015)

� = (6.180± 0.195)� 10�10

BBN+D ; ’15 Cyburt+

�bh
2 = 0.018, 0.023, 0.028

Baryon Asymmetry of the Universe
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Inflation dilutes the preexisting asymmetry. 

After inflation before BBN, asymmetry must be generated. 
matter :        
anti matter : 
photon :  

 ~10000000000+1 
 ~10000000000 
 ~10000000000

matter :        
anti matter : 
photon :  

 ~1 
 ~0 
 ~10000000000

annihilation
T � 100 MeV{ {

WMAP team
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In order to generate baryon asymmetry... 

Sakharov’s condition is required. 
1. B-violation 
2. C & CP-violation 
3. Deviation from thermal equilibrium

(’67 Sakharov)

BSM is required!? 
- Leptogenesis                            : RH neutrinos 
 

- Affleck-Dine                              : SUSY with B and CP op.  
 

- EW baryogenesis                      : 1st order EWPT + CP op. 

(’85 Fukugita&Yanagida)

(’85 Affleck&Dine, ’95 Dine,Randall&Thomas)

(’85 Kuzmin, Rubakov&Shaposhnikov)

How helical hypermagnetic fields can satisfy the Sakharov’s condition?
Giovannini&Shaposhnikov (’98), KK& Fujita, KK&Long (’16)
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Imagine that the hypermagnetic fields exist before the EWSB as Gaussian stochastic fields, 
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Imagine that the hypermagnetic fields exist before the EWSB as Gaussian stochastic fields, 
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FIG. 1. The topology of Abelian magnetic flux: (a) upper left – untwisted loop; (b) upper right –

twisted magnetic flux; (c) lower left – the self-linked magnetic flux (trefoil knot shown); (d) lower

right – the self-linked Chandrasekhar-Kendall state.

minimize the total magnetic energy

EM ⌘ 1

2

Z
d3x B2 (2.6)

at a given magnetic helicity (1.1). We thus expect that the CME currents will lead to the

transition from Hopfion states to CK states at late times, once the Ohmic currents have

dissipated. We will see below that explicit computations indeed yield this result.
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<latexit sha1_base64="Nx5Nq9DMd3Sx3r/nkZh7hMKu9O4=">AAACEHicdVDLSsNAFJ3UV62vqks3g0Wom5DE2NZd0Y3LirYW2lAmk0kzdPJgZiKU0F9w4UY/xZ249Q/8ErdO2gq26IGBwzn3cs8cN2FUSMP41Aorq2vrG8XN0tb2zu5eef+gI+KUY9LGMYt510WCMBqRtqSSkW7CCQpdRu7d0VXu3z8QLmgc3clxQpwQDSPqU4xkLt1WR6eDcsXQLxo1y65BQzeMummZObHq9pkNTaXkqIA5WoPyV9+LcRqSSGKGhOiZRiKdDHFJMSOTUj8VJEF4hIakp2iEQiKcbJp1Ak+U4kE/5upFEk7V3xsZCoUYh66aDJEMxLKXi396brhwORMqWkC8pTjSbzgZjZJUkgjP0vgpgzKGeTvQo5xgycaKIMyp+hDEAeIIS9VhSTX1Uwf8n3Qs3TzXjRu70rycd1YER+AYVIEJ6qAJrkELtAEGAXgEz+BFe9JetTftfTZa0OY7h2AB2sc3Y+addg==</latexit>

S(k)

<latexit sha1_base64="4IT/KF9bmmcnXL3/y7WJIynZ/eo=">AAACEHicdVDLTgIxFO3gC/GFunTTSExwQ1qiAjvUjUtMREhgQjqdDtPQeaTtmJAJv+DCjX6KO+PWP/BL3NoBTIToSZqcnHNv7ulxYsGVRujTyq2srq1v5DcLW9s7u3vF/YN7FSWSsjaNRCS7DlFM8JC1NdeCdWPJSOAI1nFG15nfeWBS8Si80+OY2QEZhtzjlOhMuiyPTgfFEqoghDDGMCO4doEMaTTqVVyHOLMMSmCO1qD41XcjmgQs1FQQpXoYxdpOidScCjYp9BPFYkJHZMh6hoYkYMpOp1kn8MQoLvQiaV6o4VT9vZGSQKlx4JjJgGhfLXuZ+KfnBAuXU2Wi+cxdiqO9up3yME40C+ksjZcIqCOYtQNdLhnVYmwIoZKbD0HqE0moNh0WTFM/dcD/yX21gs8r6Pas1Lyad5YHR+AYlAEGNdAEN6AF2oACHzyCZ/BiPVmv1pv1PhvNWfOdQ7AA6+MbMPmdWA==</latexit>

A(k)

<latexit sha1_base64="ZmX7Vvur3xDsokbUQE7hs/OYqEY=">AAACHnicbVC7TsMwFHV4lvIKMLJYVEjtUiUIBGOBhbEI+pDaqHKc29aqnQTbqVRF/RMGFvgUNsQKX8KK22agLUeydHTOvbrHx485U9pxvq2V1bX1jc3cVn57Z3dv3z44rKsokRRqNOKRbPpEAWch1DTTHJqxBCJ8Dg1/cDvxG0OQikXhox7F4AnSC1mXUaKN1LHt4kNxUMLtHjzha8NKHbvglJ0p8DJxM1JAGaod+6cdRDQREGrKiVIt14m1lxKpGeUwzrcTBTGhA9KDlqEhEaC8dJp8jE+NEuBuJM0LNZ6qfzdSIpQaCd9MCqL7atGbiP96vpi7nCoTrQ/BQhzdvfJSFsaJhpDO0nQTjnWEJ13hgEmgmo8MIVQy8yFM+0QSqk2jedOUu9jLMqmfld2LsnN/XqjcZJ3l0DE6QUXkoktUQXeoimqIoiF6Rq/ozXqx3q0P63M2umJlO0doDtbXL44xoQQ=</latexit>

(S(k) � A(k))

<latexit sha1_base64="FvrMoNzIXBOUtD2tyX/oK23mEfQ=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtAzaWEYwD0iWMDt7kwyZxzIzK4QlP2Fho59iJ7b2fomtk2QLk3hg4HDOvdwzJ0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahqVagoNqrjS7YgY4ExCwzLLoZ1oICLi0IpGd1O/9QTaMCUf7TiBUJCBZH1GiXVSuwuJYVzJXrniV/0Z8CoJclJBOeq98k83VjQVIC3lxJhO4Cc2zIi2jHKYlLqpgYTQERlAx1FJBJgwm+Wd4DOnxLivtHvS4pn6dyMjwpixiNykIHZolr2p+K8XiYXLmXHRhhAvxbH9mzBjMkktSDpP0085tgpPG8Ix00AtHztCqGbuQ5gOiSbUuh5LrqlguZdV0ryoBldV/+GyUrvNOyuiE3SKzlGArlEN3aM6aiCKOHpGr+jNe/HevQ/vcz5a8PKdY7QA7+sXYFyfow==</latexit>✏

Suppose the spectrum is localized at a scale, 
<latexit sha1_base64="8aeE5w684xgJi/cp7AFM4DA8Qvs="></latexit>

H ' ✏�B
2 (   : helicity fraction)<latexit sha1_base64="FvrMoNzIXBOUtD2tyX/oK23mEfQ=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtAzaWEYwD0iWMDt7kwyZxzIzK4QlP2Fho59iJ7b2fomtk2QLk3hg4HDOvdwzJ0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahqVagoNqrjS7YgY4ExCwzLLoZ1oICLi0IpGd1O/9QTaMCUf7TiBUJCBZH1GiXVSuwuJYVzJXrniV/0Z8CoJclJBOeq98k83VjQVIC3lxJhO4Cc2zIi2jHKYlLqpgYTQERlAx1FJBJgwm+Wd4DOnxLivtHvS4pn6dyMjwpixiNykIHZolr2p+K8XiYXLmXHRhhAvxbH9mzBjMkktSDpP0085tgpPG8Ix00AtHztCqGbuQ5gOiSbUuh5LrqlguZdV0ryoBldV/+GyUrvNOyuiE3SKzlGArlEN3aM6aiCKOHpGr+jNe/HevQ/vcz5a8PKdY7QA7+sXYFyfow==</latexit>✏
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Slide Background Courtesy: H. Oide

Imagine that the hypermagnetic fields exist before the EWSB as Gaussian stochastic fields, 
<latexit sha1_base64="yGlNe3F02hctMWfLEIVqqbN1KJM=">AAACLXicbVDLSgMxFM3UV62vUZcuDBahbsqMKLoRSt24rGAf0Cklk962oUlmSDJCGbr0a1y40U9xIYhbP8Gt6WNhWw8EDufcS849YcyZNp734WRWVtfWN7Kbua3tnd09d/+gpqNEUajSiEeqERINnEmoGmY4NGIFRIQc6uHgduzXH0FpFskHM4yhJUhPsi6jxFip7R4HnMgeB1xus0IahAIPRmc4UFPxxmu7ea/oTYCXiT8jeTRDpe3+BJ2IJgKkoZxo3fS92LRSogyjHEa5INEQEzogPWhaKokA3Uonh4zwqVU6uBsp+6TBE/XvRkqE1kMR2klBTF8vemPxXy8Ucz+n2kbrQ2chjulet1Im48SApNM03YRjE+FxdbjDFFDDh5YQqpg9CNM+UYQaW3DONuUv9rJMaudF/7Lo3V/kS+VZZ1l0hE5QAfnoCpXQHaqgKqLoCT2jV/TmvDjvzqfzNR3NOLOdQzQH5/sXqcun3g==</latexit>

hBi(k)i = 0

From these notations, characteristics of the magnetic fields are given by
<latexit sha1_base64="VbWYtiXn3qRloGpZsVbApp+p+FY="></latexit>

⇢B =

Z
d3k

(2⇡)3
k2S(k)

<latexit sha1_base64="5tKntGmun+kQuFw7gEjc+aS/Vog="></latexit>

) B =
p
2⇢B

<latexit sha1_base64="NjAUsbtFQnSjHTYXa5+Imugtx5g="></latexit>

H = 2

Z
d3k

(2⇡)3
kA(k)

<latexit sha1_base64="OzEcoj9OuTqMD+60Y8Nue5Wwhew="></latexit>

hBi(k)Bj(k
0)i = (2⇡)3

⇣
(�ij � k̂ik̂j)S(k) + i✏ijkk̂kA(k)

⌘
�(k � k0)

<latexit sha1_base64="z007qeT+ew6E5c0q9ewShuCMp+I="></latexit>

� =

R
dkk3S(k)R
dkk4S(k)

k
<latexit sha1_base64="aEm7C8CJX2xPbGh7aH+bhrhJEWY=">AAACGHicbVDLSgMxFL1TX7W+qi7dBIvgxjIjii6LblxWsA/ojCWTSdvQJDMkGaEM/Q0XbvRT3Ilbd36JW9N2Frb1QOBw7rnckxMmnGnjut9OYWV1bX2juFna2t7Z3SvvHzR1nCpCGyTmsWqHWFPOJG0YZjhtJ4piEXLaCoe3k3nriSrNYvlgRgkNBO5L1mMEGyv5PrfWCD9mZ964W664VXcKtEy8nFQgR71b/vGjmKSCSkM41rrjuYkJMqwMI5yOS36qaYLJEPdpx1KJBdVBNs08RidWiVAvVvZJg6bq340MC61HIrROgc1AL84m4r+zUMxdzrSNNqDRQhzTuw4yJpPUUElmaXopRyZGk5ZQxBQlho8swUQx+yFEBlhhYmyXJduUt9jLMmmeV73Lqnt/Uand5J0V4QiO4RQ8uIIa3EEdGkAggWd4hTfnxXl3PpzPmbXg5DuHMAfn6xfYsaDm</latexit>

��1

<latexit sha1_base64="Nx5Nq9DMd3Sx3r/nkZh7hMKu9O4=">AAACEHicdVDLSsNAFJ3UV62vqks3g0Wom5DE2NZd0Y3LirYW2lAmk0kzdPJgZiKU0F9w4UY/xZ249Q/8ErdO2gq26IGBwzn3cs8cN2FUSMP41Aorq2vrG8XN0tb2zu5eef+gI+KUY9LGMYt510WCMBqRtqSSkW7CCQpdRu7d0VXu3z8QLmgc3clxQpwQDSPqU4xkLt1WR6eDcsXQLxo1y65BQzeMummZObHq9pkNTaXkqIA5WoPyV9+LcRqSSGKGhOiZRiKdDHFJMSOTUj8VJEF4hIakp2iEQiKcbJp1Ak+U4kE/5upFEk7V3xsZCoUYh66aDJEMxLKXi396brhwORMqWkC8pTjSbzgZjZJUkgjP0vgpgzKGeTvQo5xgycaKIMyp+hDEAeIIS9VhSTX1Uwf8n3Qs3TzXjRu70rycd1YER+AYVIEJ6qAJrkELtAEGAXgEz+BFe9JetTftfTZa0OY7h2AB2sc3Y+addg==</latexit>

S(k)

<latexit sha1_base64="4IT/KF9bmmcnXL3/y7WJIynZ/eo=">AAACEHicdVDLTgIxFO3gC/GFunTTSExwQ1qiAjvUjUtMREhgQjqdDtPQeaTtmJAJv+DCjX6KO+PWP/BL3NoBTIToSZqcnHNv7ulxYsGVRujTyq2srq1v5DcLW9s7u3vF/YN7FSWSsjaNRCS7DlFM8JC1NdeCdWPJSOAI1nFG15nfeWBS8Si80+OY2QEZhtzjlOhMuiyPTgfFEqoghDDGMCO4doEMaTTqVVyHOLMMSmCO1qD41XcjmgQs1FQQpXoYxdpOidScCjYp9BPFYkJHZMh6hoYkYMpOp1kn8MQoLvQiaV6o4VT9vZGSQKlx4JjJgGhfLXuZ+KfnBAuXU2Wi+cxdiqO9up3yME40C+ksjZcIqCOYtQNdLhnVYmwIoZKbD0HqE0moNh0WTFM/dcD/yX21gs8r6Pas1Lyad5YHR+AYlAEGNdAEN6AF2oACHzyCZ/BiPVmv1pv1PhvNWfOdQ7AA6+MbMPmdWA==</latexit>

A(k)

<latexit sha1_base64="ZmX7Vvur3xDsokbUQE7hs/OYqEY=">AAACHnicbVC7TsMwFHV4lvIKMLJYVEjtUiUIBGOBhbEI+pDaqHKc29aqnQTbqVRF/RMGFvgUNsQKX8KK22agLUeydHTOvbrHx485U9pxvq2V1bX1jc3cVn57Z3dv3z44rKsokRRqNOKRbPpEAWch1DTTHJqxBCJ8Dg1/cDvxG0OQikXhox7F4AnSC1mXUaKN1LHt4kNxUMLtHjzha8NKHbvglJ0p8DJxM1JAGaod+6cdRDQREGrKiVIt14m1lxKpGeUwzrcTBTGhA9KDlqEhEaC8dJp8jE+NEuBuJM0LNZ6qfzdSIpQaCd9MCqL7atGbiP96vpi7nCoTrQ/BQhzdvfJSFsaJhpDO0nQTjnWEJ13hgEmgmo8MIVQy8yFM+0QSqk2jedOUu9jLMqmfld2LsnN/XqjcZJ3l0DE6QUXkoktUQXeoimqIoiF6Rq/ozXqx3q0P63M2umJlO0doDtbXL44xoQQ=</latexit>

(S(k) � A(k))

<latexit sha1_base64="FvrMoNzIXBOUtD2tyX/oK23mEfQ=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtAzaWEYwD0iWMDt7kwyZxzIzK4QlP2Fho59iJ7b2fomtk2QLk3hg4HDOvdwzJ0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahqVagoNqrjS7YgY4ExCwzLLoZ1oICLi0IpGd1O/9QTaMCUf7TiBUJCBZH1GiXVSuwuJYVzJXrniV/0Z8CoJclJBOeq98k83VjQVIC3lxJhO4Cc2zIi2jHKYlLqpgYTQERlAx1FJBJgwm+Wd4DOnxLivtHvS4pn6dyMjwpixiNykIHZolr2p+K8XiYXLmXHRhhAvxbH9mzBjMkktSDpP0085tgpPG8Ix00AtHztCqGbuQ5gOiSbUuh5LrqlguZdV0ryoBldV/+GyUrvNOyuiE3SKzlGArlEN3aM6aiCKOHpGr+jNe/HevQ/vcz5a8PKdY7QA7+sXYFyfow==</latexit>✏

Suppose the spectrum is localized at a scale, 
<latexit sha1_base64="8aeE5w684xgJi/cp7AFM4DA8Qvs="></latexit>

H ' ✏�B
2 (   : helicity fraction)<latexit sha1_base64="FvrMoNzIXBOUtD2tyX/oK23mEfQ=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtAzaWEYwD0iWMDt7kwyZxzIzK4QlP2Fho59iJ7b2fomtk2QLk3hg4HDOvdwzJ0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahqVagoNqrjS7YgY4ExCwzLLoZ1oICLi0IpGd1O/9QTaMCUf7TiBUJCBZH1GiXVSuwuJYVzJXrniV/0Z8CoJclJBOeq98k83VjQVIC3lxJhO4Cc2zIi2jHKYlLqpgYTQERlAx1FJBJgwm+Wd4DOnxLivtHvS4pn6dyMjwpixiNykIHZolr2p+K8XiYXLmXHRhhAvxbH9mzBjMkktSDpP0085tgpPG8Ix00AtHztCqGbuQ5gOiSbUuh5LrqlguZdV0ryoBldV/+GyUrvNOyuiE3SKzlGArlEN3aM6aiCKOHpGr+jNe/HevQ/vcz5a8PKdY7QA7+sXYFyfow==</latexit>✏

If the average of helicity density      decays,  
B+L asymmetry is generated in the Universe? 

<latexit sha1_base64="mwdTXW+qznvNQXxSKoAxrxLxBTI=">AAACFHicbVC7SgNBFL3rM8ZX1NJmMAhWYVcULYM2KSOYByRLmJ29SYbMzi4zs0JY8hMWNvopdmJr75fYOkm2MIkHBg7n3Ms9c4JEcG1c99tZW9/Y3Nou7BR39/YPDktHx00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjO6nfusJleaxfDTjBP2IDiTvc0aNldpZl1FBapNeqexW3BnIKvFyUoYc9V7ppxvGLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1slndCzq0Skn6s7JOGzNS/GxmNtB5HgZ2MqBnqZW8q/usF0cLlTNtoQwyX4pj+rZ9xmaQGJZun6aeCmJhMGyIhV8iMGFtCmeL2Q4QNqaLM2B6LtilvuZdV0ryseNcV9+GqXL3LOyvAKZzBBXhwA1WoQR0awEDAM7zCm/PivDsfzud8dM3Jd05gAc7XL6+3nzk=</latexit>

H

�QB = �QL = Ng

�
�NCS �

g�2

16�2
�HY

�
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Slide Background Courtesy: H. Oide

Imagine that the hypermagnetic fields exist before the EWSB as Gaussian stochastic fields, 
<latexit sha1_base64="yGlNe3F02hctMWfLEIVqqbN1KJM=">AAACLXicbVDLSgMxFM3UV62vUZcuDBahbsqMKLoRSt24rGAf0Cklk962oUlmSDJCGbr0a1y40U9xIYhbP8Gt6WNhWw8EDufcS849YcyZNp734WRWVtfWN7Kbua3tnd09d/+gpqNEUajSiEeqERINnEmoGmY4NGIFRIQc6uHgduzXH0FpFskHM4yhJUhPsi6jxFip7R4HnMgeB1xus0IahAIPRmc4UFPxxmu7ea/oTYCXiT8jeTRDpe3+BJ2IJgKkoZxo3fS92LRSogyjHEa5INEQEzogPWhaKokA3Uonh4zwqVU6uBsp+6TBE/XvRkqE1kMR2klBTF8vemPxXy8Ucz+n2kbrQ2chjulet1Im48SApNM03YRjE+FxdbjDFFDDh5YQqpg9CNM+UYQaW3DONuUv9rJMaudF/7Lo3V/kS+VZZ1l0hE5QAfnoCpXQHaqgKqLoCT2jV/TmvDjvzqfzNR3NOLOdQzQH5/sXqcun3g==</latexit>

hBi(k)i = 0

From these notations, characteristics of the magnetic fields are given by
<latexit sha1_base64="VbWYtiXn3qRloGpZsVbApp+p+FY="></latexit>

⇢B =

Z
d3k

(2⇡)3
k2S(k)

<latexit sha1_base64="5tKntGmun+kQuFw7gEjc+aS/Vog="></latexit>

) B =
p
2⇢B

<latexit sha1_base64="NjAUsbtFQnSjHTYXa5+Imugtx5g="></latexit>

H = 2

Z
d3k

(2⇡)3
kA(k)

<latexit sha1_base64="OzEcoj9OuTqMD+60Y8Nue5Wwhew="></latexit>

hBi(k)Bj(k
0)i = (2⇡)3

⇣
(�ij � k̂ik̂j)S(k) + i✏ijkk̂kA(k)

⌘
�(k � k0)

<latexit sha1_base64="z007qeT+ew6E5c0q9ewShuCMp+I="></latexit>

� =

R
dkk3S(k)R
dkk4S(k)

k
<latexit sha1_base64="aEm7C8CJX2xPbGh7aH+bhrhJEWY=">AAACGHicbVDLSgMxFL1TX7W+qi7dBIvgxjIjii6LblxWsA/ojCWTSdvQJDMkGaEM/Q0XbvRT3Ilbd36JW9N2Frb1QOBw7rnckxMmnGnjut9OYWV1bX2juFna2t7Z3SvvHzR1nCpCGyTmsWqHWFPOJG0YZjhtJ4piEXLaCoe3k3nriSrNYvlgRgkNBO5L1mMEGyv5PrfWCD9mZ964W664VXcKtEy8nFQgR71b/vGjmKSCSkM41rrjuYkJMqwMI5yOS36qaYLJEPdpx1KJBdVBNs08RidWiVAvVvZJg6bq340MC61HIrROgc1AL84m4r+zUMxdzrSNNqDRQhzTuw4yJpPUUElmaXopRyZGk5ZQxBQlho8swUQx+yFEBlhhYmyXJduUt9jLMmmeV73Lqnt/Uand5J0V4QiO4RQ8uIIa3EEdGkAggWd4hTfnxXl3PpzPmbXg5DuHMAfn6xfYsaDm</latexit>

��1

<latexit sha1_base64="Nx5Nq9DMd3Sx3r/nkZh7hMKu9O4=">AAACEHicdVDLSsNAFJ3UV62vqks3g0Wom5DE2NZd0Y3LirYW2lAmk0kzdPJgZiKU0F9w4UY/xZ249Q/8ErdO2gq26IGBwzn3cs8cN2FUSMP41Aorq2vrG8XN0tb2zu5eef+gI+KUY9LGMYt510WCMBqRtqSSkW7CCQpdRu7d0VXu3z8QLmgc3clxQpwQDSPqU4xkLt1WR6eDcsXQLxo1y65BQzeMummZObHq9pkNTaXkqIA5WoPyV9+LcRqSSGKGhOiZRiKdDHFJMSOTUj8VJEF4hIakp2iEQiKcbJp1Ak+U4kE/5upFEk7V3xsZCoUYh66aDJEMxLKXi396brhwORMqWkC8pTjSbzgZjZJUkgjP0vgpgzKGeTvQo5xgycaKIMyp+hDEAeIIS9VhSTX1Uwf8n3Qs3TzXjRu70rycd1YER+AYVIEJ6qAJrkELtAEGAXgEz+BFe9JetTftfTZa0OY7h2AB2sc3Y+addg==</latexit>

S(k)

<latexit sha1_base64="4IT/KF9bmmcnXL3/y7WJIynZ/eo=">AAACEHicdVDLTgIxFO3gC/GFunTTSExwQ1qiAjvUjUtMREhgQjqdDtPQeaTtmJAJv+DCjX6KO+PWP/BL3NoBTIToSZqcnHNv7ulxYsGVRujTyq2srq1v5DcLW9s7u3vF/YN7FSWSsjaNRCS7DlFM8JC1NdeCdWPJSOAI1nFG15nfeWBS8Si80+OY2QEZhtzjlOhMuiyPTgfFEqoghDDGMCO4doEMaTTqVVyHOLMMSmCO1qD41XcjmgQs1FQQpXoYxdpOidScCjYp9BPFYkJHZMh6hoYkYMpOp1kn8MQoLvQiaV6o4VT9vZGSQKlx4JjJgGhfLXuZ+KfnBAuXU2Wi+cxdiqO9up3yME40C+ksjZcIqCOYtQNdLhnVYmwIoZKbD0HqE0moNh0WTFM/dcD/yX21gs8r6Pas1Lyad5YHR+AYlAEGNdAEN6AF2oACHzyCZ/BiPVmv1pv1PhvNWfOdQ7AA6+MbMPmdWA==</latexit>

A(k)

<latexit sha1_base64="ZmX7Vvur3xDsokbUQE7hs/OYqEY=">AAACHnicbVC7TsMwFHV4lvIKMLJYVEjtUiUIBGOBhbEI+pDaqHKc29aqnQTbqVRF/RMGFvgUNsQKX8KK22agLUeydHTOvbrHx485U9pxvq2V1bX1jc3cVn57Z3dv3z44rKsokRRqNOKRbPpEAWch1DTTHJqxBCJ8Dg1/cDvxG0OQikXhox7F4AnSC1mXUaKN1LHt4kNxUMLtHjzha8NKHbvglJ0p8DJxM1JAGaod+6cdRDQREGrKiVIt14m1lxKpGeUwzrcTBTGhA9KDlqEhEaC8dJp8jE+NEuBuJM0LNZ6qfzdSIpQaCd9MCqL7atGbiP96vpi7nCoTrQ/BQhzdvfJSFsaJhpDO0nQTjnWEJ13hgEmgmo8MIVQy8yFM+0QSqk2jedOUu9jLMqmfld2LsnN/XqjcZJ3l0DE6QUXkoktUQXeoimqIoiF6Rq/ozXqx3q0P63M2umJlO0doDtbXL44xoQQ=</latexit>

(S(k) � A(k))
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Suppose the spectrum is localized at a scale, 
<latexit sha1_base64="8aeE5w684xgJi/cp7AFM4DA8Qvs="></latexit>

H ' ✏�B
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If the average of helicity density      decays,  
B+L asymmetry is generated in the Universe? 
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If there were BG large-scale helical hyperMFs,

Sakharov’s conditions are satisfied!

B-violation: SM chiral anomaly 
C&CP-violation/non-equilibrium  
          :existence of large-scale magnetic helicity
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Slide Background Courtesy: H. Oide

How to realize helicity decay?

� � 100T
(’97 Baym+, ’00 Arnold+)

1. Decay due to MHD with finite conductivity (’98 Giovannini&Shaposhnikov)
The characteristic MF strength obeys the Maxwell eq. with the MHD approximation. 

<latexit sha1_base64="SmbxwuThRWqUbWhN2ho8DOnYr5I="></latexit>

r⇥B = J = �E
<latexit sha1_base64="DnAtg9KzlPpGkI+YMZnPpSRcrlE="></latexit>

) E =
1

�
r⇥B

<latexit sha1_base64="KgIjEHSJODSOdq1kHmwnw4Js2g4="></latexit>

@tH = �2E ·B = �
2

�
(r⇥B) ·B ' �

2

�
✏
B

2

�
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The characteristic MF strength obeys the Maxwell eq. with the MHD approximation. 
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2. Electroweak symmetry breaking (16 KK&Long)

✓W(t)

BY Bem

BZ

BW 3

BA

Figure 1: A graphical representation of the conversion from hypermagnetic field BY into elec-

tromagnetic field Bem during the EW crossover. The (blue) parabolas indicate the curvature of

the thermal e↵ective potential. The weak mixing angle ✓W(t) measures the separation of the flat

direction (massless field degree of freedom) and the U(1)Y axis.

evolution of the massless field degree of freedom, we have reduced the problem to a single degree

of freedom as represented by the classical vector field Aµ(x).

The Ansatz (2.3) is represented graphically in Fig. 1, which illustrates the conversion from

hypermagnetic field to electromagnetic field. Here we denote the magnetic field of a gauge field Y

as BY ⌘ r⇥Y. We have drawn the figure so as to suggest that |BA| does not decrease appreciably

during the EW crossover. As we will explain later, this is the case because Aµ evolves slowly

according to the cosmic expansion and the inverse cascade.

Having generalized the gauge field Ansatz from our earlier work, we are now prepared to

revisit the calculation of source terms (2.2). Using the Ansatz in Eq. (2.3), the source terms can

be written as

S
bkg
w =

1

2

⇣ 1

sT

1

16⇡2

⌘
g2
⇣
sin2 ✓W(t)Aµ⌫Ã

µ⌫ + 2
d✓W

dt
sin 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4a)

S
bkg
y =

⇣ 1

sT

1

16⇡2

⌘
g02

⇣
cos2 ✓W(t)Aµ⌫Ã

µ⌫ � 2
d✓W

dt
sin 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4b)

S
bkg
yw = 2

⇣ 1

sT

1

16⇡2

⌘
gg0

⇣
sin ✓W(t) cos ✓W(t)Aµ⌫Ã

µ⌫ + 2
d✓W

dt
cos 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4c)

where Aµ⌫ is the field strength tensor associated with Aµ(x), and Ã
µ⌫ = ✏µ⌫⇢�A⇢�/2 is the dual

7

SU(2)W � U(1)Y � U(1)em
<latexit sha1_base64="ZIeNgDmouLXb1/z0iomK+JDNa0o="></latexit><latexit sha1_base64="pxeBIPcxH3KQsxldTorKwvrVNF4="></latexit><latexit sha1_base64="pxeBIPcxH3KQsxldTorKwvrVNF4="></latexit><latexit sha1_base64="QMpLD62w7n90+CdJjXW1Cg6IN3c="></latexit>

Gauge group 

Large-scale (massless) MFs 
BY � Bem = cos �W BY + sin �wBW 3

<latexit sha1_base64="WQb3QjpqcNDH0wscroyI92XB8So="></latexit><latexit sha1_base64="CdsEJGaD5+oNtrK6ebmGvxEfum4="></latexit><latexit sha1_base64="CdsEJGaD5+oNtrK6ebmGvxEfum4="></latexit><latexit sha1_base64="QZSKUDL6jTJ8/rACrqTkP0DIf50="></latexit>

Magnetic helicity 

Hbefore
Y � Hafter

em = Hbefore
Y

<latexit sha1_base64="ukVAXzeknIe/vfwtzrtLijh+Wfk="></latexit><latexit sha1_base64="ssV8+1OZW+7YfFz46zzVdE48+kc="></latexit><latexit sha1_base64="ssV8+1OZW+7YfFz46zzVdE48+kc="></latexit><latexit sha1_base64="iM+h1joxSyfAPw/k2e6TCqnWyyE="></latexit>

Hafter
Y = cos2 �W Hafter

em = cos2 �W Hbefore
Y

<latexit sha1_base64="hGPwfENVlbLEk7jz08MV468q7zg="></latexit><latexit sha1_base64="ELzl6Kg5Saj335WnpPvjhM+9GA8="></latexit><latexit sha1_base64="ELzl6Kg5Saj335WnpPvjhM+9GA8="></latexit><latexit sha1_base64="GmMgkdVEFAIgyMjqsMUGSolECjI="></latexit>

Nafter
CS,W3 � sin2 �W Hafter

em = sin2 �W Hbefore
Y

<latexit sha1_base64="udSryhvYXknkl445X6R5kmXyfUI="></latexit><latexit sha1_base64="YGCU86pm7GrJrP+gIVz5pAznaD4="></latexit><latexit sha1_base64="YGCU86pm7GrJrP+gIVz5pAznaD4="></latexit><latexit sha1_base64="qCZqWejWXYr8jA3CqEZSMH4mssA="></latexit>

�HY = � sin2 �W Hbefore
Y

<latexit sha1_base64="LkvF7ZMXWVBi987jxWVmAbFEE/Q="></latexit><latexit sha1_base64="6oZYXpPiCcwKyv23wyVdpCdvGVM="></latexit><latexit sha1_base64="6oZYXpPiCcwKyv23wyVdpCdvGVM="></latexit><latexit sha1_base64="cad3FnJLB8lKXZT0X8ObuMQCfAg="></latexit>

�NCS � sin2 �W Hbefore
Y
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BAU: �QB = #�NCS �#�HY � sin2 �W Hbefore
Y
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Slide Background Courtesy: H. Oide

To evaluate the baryon asymmetry from the hypermagnetic helicity decay, 
we need to evaluate the washout effect.  <latexit sha1_base64="xRYiz2cK6Q/YRAyinyzmx7nUNe8="></latexit>
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To evaluate the baryon asymmetry from the hypermagnetic helicity decay, 
we need to evaluate the washout effect.  
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Fig. 5. One of the 12-fermion processes which are in thermal equilibrium in the
high-temperature phase of the standard model.

transition.
The second crucial nonperturbative aspect of baryogenesis is the connec-

tion between baryon number and lepton number in the high-temperature,
symmetric phase of the Standard Model. Due to the chiral nature of the
weak interactions B and L are not conserved [23]. At zero temperature
this has no observable e↵ect due to the smallness of the weak coupling.
However, as the temperature reaches the critical temperature Tc of the elec-
troweak phase transition, B and L violating processes come into thermal
equilibrium [24]. The rate of these processes is related to the free energy
of sphaleron-type field configurations which carry topological charge. In
the standard model they lead to an e↵ective interaction of all left-handed
fermions [23] (cf. Fig. 5),

OB+L =
Y

i

(qLiqLiqLilLi) , (3.3)

which violates baryon and lepton number by three units,

�B = �L = 3 . (3.4)

The sphaleron transition rate in the symmetric high-temperature phase
has been evaluated by combining an analytical resummation with numerical
lattice techniques [25]. The result is, in accord with previous estimates, that
B and L violating processes are in thermal equilibrium for temperatures in
the range

TEW ⇠ 100 GeV < T < TSPH ⇠ 1012 GeV . (3.5)

Thermal fluctuations of W-boson induces  �NCS
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W. Buchmüller, 1212.3554 
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Slide Background Courtesy: H. Oide

To evaluate the baryon asymmetry from the hypermagnetic helicity decay, 
we need to evaluate the washout effect.  

EW sphalerons+chirality flip by electron Yukawa 

Chiral Magnetic Effect

Maximal Temperature of the Early Universe 9
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Fig. 5. One of the 12-fermion processes which are in thermal equilibrium in the
high-temperature phase of the standard model.

transition.
The second crucial nonperturbative aspect of baryogenesis is the connec-

tion between baryon number and lepton number in the high-temperature,
symmetric phase of the Standard Model. Due to the chiral nature of the
weak interactions B and L are not conserved [23]. At zero temperature
this has no observable e↵ect due to the smallness of the weak coupling.
However, as the temperature reaches the critical temperature Tc of the elec-
troweak phase transition, B and L violating processes come into thermal
equilibrium [24]. The rate of these processes is related to the free energy
of sphaleron-type field configurations which carry topological charge. In
the standard model they lead to an e↵ective interaction of all left-handed
fermions [23] (cf. Fig. 5),

OB+L =
Y

i

(qLiqLiqLilLi) , (3.3)

which violates baryon and lepton number by three units,

�B = �L = 3 . (3.4)

The sphaleron transition rate in the symmetric high-temperature phase
has been evaluated by combining an analytical resummation with numerical
lattice techniques [25]. The result is, in accord with previous estimates, that
B and L violating processes are in thermal equilibrium for temperatures in
the range

TEW ⇠ 100 GeV < T < TSPH ⇠ 1012 GeV . (3.5)

Thermal fluctuations of W-boson induces  �NCS
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Schematically evolution equation is given by

MHD decay EWSB EW sphaleron   chirality-flip   CME

dnB

dt
=

�
#

B2

��
+ #�̇W �B2

�
� �w.o.nB
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Reaches at “terminal” asymmetry…
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FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated

(’14 D’Onofrio)

�W � exp[�145 + 0.8(T/GeV)]T

�e/T

Sphaleron rate
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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Pure gauge refers to the rate in hot SU(2) gauge theory [19].
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result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)
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GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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High temperature (T>140 GeV): electron Yukawa or CME 
Low temperature  (T<140 GeV): EW sphaleron 
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Figure 2: Evolution of the baryon asymmetry in the presence of decaying helical magnetic field.

We take B0 = 10�16 G for the field strength today, �0 = 10�2 pc for the coherence length today,

and fh$ee = fflip = 1 for the spin-flip fudge factor. The magnetic field is injected at a temperature

Tini, which ranges from 108 to 103 GeV by factors of 10. The dashed lines shown the analytic

approximations in Eqs. (3.6) and (3.10).

in some previous studies [24, 25].) In the symmetric phase, the equilibrium solution scales as

⌘B ⇠ x�4/3 for weak fields and x�2/3 for strong fields, as we showed in Eq. (3.7).

In Fig. 4 we show the relic baryon asymmetry ⌘B as a function of the magnetic field strength

today B0 while fixing the coherence length �0 with the relation in Eq. (2.67). If the field is too

weak, the corresponding source term from decaying hypermagnetic helicity is ine�cient, and the

resulting relic baryon asymmetry is suppressed. If the field is too strong, the baryon asymmetry

is suppressed instead by the chiral magnetic e↵ect. For our best estimates of the electron spin-flip

transport coe�cients, fh$ee = fflip = 1, the largest relic baryon asymmetry ⌘B ' 5 ⇥ 10�12 is

obtained for B0 ' 5⇥ 10�15 G. This is insu�cient to account for the observed baryon asymmetry

of the universe, ⌘obsB ' 1⇥10�10. Varying the transport coe�cients over a reasonable interval leads

to an O(1) change in the relic asymmetry; this indicates the robustness of our result.

The above results strongly support the validity of our analytic estimate Eq. (3.12). Figure

5 shows the magnetic field parameter space and predicted baryon asymmetry from the analytic

formula Eq. (3.12). The constraints are summarized as follows [1]. On large length scales, a

strong field B0 & 10�9 G would induce energy density inhomogeneities at a comparable level to the

primordial density perturbations. Models falling into the region of parameter space labeled “conflict

with CMB” are excluded by non-observation of these e↵ects in the cosmic microwave background.

Measurements of TeV blazar spectra display a deficit of GeV photons, which can be explained by a

su�ciently strong intergalactic magnetic field that deflects the electromagnetic cascade o↵ the line

of sight. A weak magnetic field in the region of parameter space labeled “cannot explain blazars”

cannot accommodate the blazar observations. Finally, we have already discussed that a causally-
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Figure 3: Evolution of the baryon asymmetry ⌘B during the EW crossover. The temporal coor-

dinate is x = T/H = M0/T . The four panels correspond to di↵erent values of the relic magnetic

field strength B0 and coherence length �0 today. In each panel, the five pairs of colored curves

correspond to the five parameterizations of ✓W(t) that appear in Fig. 2. The solid curves are the

result of numerically solving the Boltzmann equations, and the dashed curves evaluate the formula

in Eq. (3.6). The (gray) dotted curve corresponds to the calculation in Ref. [58].

between its asymptotic values at Tstep = 162 GeV. The sudden change in ✓W implies an abrupt

decrease in the helicity of the hypermagnetic field, and a correspondingly large source of baryon

number via the SAB term in Eq. (3.1). As predicted in Ref. [58] the baryon number grows suddenly,

but soon the hypermagnetic field is fully converted into an electromagnetic field, and the EW

sphaleron, which remains in thermal equilibrium until T ⇡ Tsph,fo ' 130 GeV, is able to wash

out the injection of baryon number. At temperatures T & 135 GeV, the analytic formula from

Eq. (3.6) (dashed curve) matches the numerical result (solid curve) very well. After EW sphaleron

freeze-out, T . 130 GeV the baryon number is fixed.

The (gray) dotted curve in Fig. 3 corresponds to the calculation of Ref. [58], which as-

sumed that the weak mixing angle changes abruptly and discontinuously at T = 162 GeV while

15
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Subtle issue behind that…
Early EWSB (crossover) completion, late sphaleron freeze out

=> Net BAU is suppressed (’98 Giovannini&Shaposhnikov)

Early sphaleron freeze out, late EWSB (crossover) completion
=> Net BAU is efficiently remained
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✓W(t)

BY Bem

BZ

BW 3

BA

Figure 1: A graphical representation of the conversion from hypermagnetic field BY into elec-

tromagnetic field Bem during the EW crossover. The (blue) parabolas indicate the curvature of

the thermal e↵ective potential. The weak mixing angle ✓W(t) measures the separation of the flat

direction (massless field degree of freedom) and the U(1)Y axis.

evolution of the massless field degree of freedom, we have reduced the problem to a single degree

of freedom as represented by the classical vector field Aµ(x).

The Ansatz (2.3) is represented graphically in Fig. 1, which illustrates the conversion from

hypermagnetic field to electromagnetic field. Here we denote the magnetic field of a gauge field Y

as BY ⌘ r⇥Y. We have drawn the figure so as to suggest that |BA| does not decrease appreciably

during the EW crossover. As we will explain later, this is the case because Aµ evolves slowly

according to the cosmic expansion and the inverse cascade.

Having generalized the gauge field Ansatz from our earlier work, we are now prepared to

revisit the calculation of source terms (2.2). Using the Ansatz in Eq. (2.3), the source terms can

be written as

S
bkg
w =

1

2

⇣ 1

sT

1

16⇡2

⌘
g2
⇣
sin2 ✓W(t)Aµ⌫Ã

µ⌫ + 2
d✓W

dt
sin 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4a)

S
bkg
y =

⇣ 1

sT

1

16⇡2

⌘
g02

⇣
cos2 ✓W(t)Aµ⌫Ã

µ⌫ � 2
d✓W

dt
sin 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4b)

S
bkg
yw = 2

⇣ 1

sT

1

16⇡2

⌘
gg0

⇣
sin ✓W(t) cos ✓W(t)Aµ⌫Ã

µ⌫ + 2
d✓W

dt
cos 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4c)

where Aµ⌫ is the field strength tensor associated with Aµ(x), and Ã
µ⌫ = ✏µ⌫⇢�A⇢�/2 is the dual

7

8

becomes sensitive to the near-critical behaviour and the
mass becomes small but still remains non-zero. Even at
its largest, the Higgs correlation length is smaller than
10/T , which is substantially smaller than the largest lat-
tice sizes ∼ 70-80/T .
In the symmetric phase, the non-abelian gauge fields

are confining, and the operators couple to bound states
of two scalars. The correlation functions become noisy
and the screening masses increase rapidly.
The U(1) gauge field correlation function can be used

to measure the γ-Z mixing, i.e. the effective Weinberg
angle. We define the operator

Op(z) =
∑

x1,x2

α12(x1, x2, z)e
ip·x, (22)

where the sum is taken over the plane (x1, x2), αij is
the (non-compact) hypercharge U(1) plaquette (9) and p

is a transverse momentum vector compatible with peri-
odic boundary conditions: (p1, p2, p3) = 2π/N(n1, n2, 0)
with integer n1 and n2. In our measurements we use
the smallest non-vanishing momentum, with |p| = 2π/N .
At p = 0 the operator Op vanishes, due to the periodic
boundary conditions. The correlation function

G(z) =
1

N3

∑

t

⟨Op(t)O
∗
p
(z + t)⟩ (23)

has the long distance behaviour [30]

G(z) →
Aγz

2βG

ap2
√

p2 +m2
γ

e−z
√

p2+m2
γ (24)

where mγ is the photon screening mass and Aγ gives
the projection of the operator to the hypercharge U(1)
field, in effect yielding the temperature-dependent effec-
tive mixing angle. At tree level, Aγ = 1 in the symmetric
phase and Aγ = cos2 θW in the broken phase.
The photon screening mass mγ vanishes within our

measurement accuracy at all temperatures. The projec-
tion Aγ is shown in figure 9 for βG = 9, 603 lattice. The
measurement is noisy, but we can observe that Aγ ≈ 1 in
the symmetric phase down to the cross-over temperature,
and it starts to decrase as the Higgs field expectation
value grows at lower temperatures, slowly approaching
the tree-level value.
Beyond tree-level perturbative estimates for the be-

haviour of Aγ can be obtained by calculating at 1-loop
order the residue of the 1/k2 pole in the ⟨BiBj⟩ corre-
lator. In the symmetric and broken phases one obtains
[30]

Asymm.
γ = 1−

z

48π
√
y

(25)

Abroken
γ = cos2 θW

(

1 +
11

12

g23 sin
2 θW

πmW

)

(26)

where mW is the perturbative W mass. These expres-
sions clearly anticipate the behaviour we observe on the
lattice, although they diverge as y → 0±.

140 145 150 155 160 165 170
T/GeV

0.7

0.8

0.9

1

1.1
A γ

cos2θW

FIG. 9: The effective γ−Z mixing as a function of the temper-
ature. The dashed lines show the 1-loop perturbative results.

VII. CONCLUSIONS

We have accurately determined the Higgs field expec-
tation value and its susceptibility across the Standard
Model cross-over using lattice simulations of an effective
3-dimensional theory. Defining the cross-over temper-
ature by the maximum of the susceptibility, we obtain
Tc = 159.6 ± 0.1 ± 1.5GeV, where the first error is due
to the statistical accuracy of the lattice computation and
the second one is the estimated uncertainty of the effec-
tive theory approach [16, 26]. Following the approach of
Laine and Meyer [26], these results were used to obtain
the behaviour of basic thermodynamic quantities, includ-
ing energy density, pressure, heat capacity and the speed
of sound, across the cross-over. There is a well-defined
cross-over region where thermodynamic quantities devi-
ate from the low- or high-temperature behaviour. This
region is quite narrow, between 157 and 162GeV. The re-
sults are consistent with the standard picture of the elec-
troweak cross-over: Higgs and W modes become softer
but not critical, and the U(1) field remains massless at
all temperatures.
Overall our results are compatible with the analysis in

ref. [26] using lattice data from ref. [20]. Howeever, our
results are significantly improved numerically: we have
much larger volumes with higher statistical accuracy, the
data is extrapolated to the continuum and we include
the U(1) field in the effective theory. Thus, our results
form an important consistency and reliability check of
the earlier results.
For phenomenological applications the thermodynamic

quantities here can be combined with existing low- [37]
and high-temperature [27] perturbative results. This has

Lattice results

Analytic (1-loop)

(’16 D’Onofrio)
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FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative

130 140 150 160 170
T / GeV

-45

-40

-35

-30

-25

-20

-15

-10

lo
g 
Γ
/Τ

4

standard
multicanonical
fit
perturbative

pure gauge

log[αH(T)/T]

FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated

(’14 D’Onofrio)
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BAU is very likely to remain!  
Quantitative results are sensitive to �W (t)
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Finally analytic formula for the average baryon asymmetry is given.
<latexit sha1_base64="YlCuqEPUQj4M917eQ1beE84Y3qI="></latexit>
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f(T, ✓w) ⌘ � sin 2✓wT
d✓w
dT

(' 0.1) at T ' 135GeV

Magnetogenesis with positive helicity before EWSB.
With appropriate properties of hyper MFs, present 
BAU can be explained.

※Since helicity is just the difference between the right and left helicity modes, 
the sign of helicity can be the same beyond the coherence length of MFs.
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IGMFs that can explain the BAU
IGMFs with tiny helicity ratio 
seems to explain the BAU. 
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IGMFs suggested by blazars  
with larger helicity should have  
generated after EWSB 
otherwise BAU is generated too much. 
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Figure 17. 95% lower limits on the field strength of the IGMF for ✓jet = 6�. Left: Exclusions for tmax = 10 years for
individual sources. Right: Combined exclusion limits for di↵erent blazar activity times. The solid lines indicate the combined
limits if the sources 1ES 0229+200 and 1ES 1218+304 are excluded from the sample. Above the blue dashed line, the small angle
approximation adopted by ELMAG breaks down for an increasing number of cascade photons (cf. Eq. (8) where an energy of
1GeV has been assumed for the cascade photons).

We derive combined limits on the IGMF by stacking the individual IGMF likelihoods of the individual sources. We
consider only the six sources that yield strong constraints by themselves. The results for di↵erent choices of tmax are
shown in the right panel of Fig. 17. Even for the most conservative case of tmax = 10 years, we are able to exclude
magnetic fields below ⇠ 3 ⇥ 10�16 G for � > 10�2 Mpc. If we additionally exclude the sources 1ES 1218+304 and
1ES 0229-200, for which evidence for variability has been found (Aliu et al. 2014), the limits weaken only marginally
for short activity times and by almost a factor of 5 for tmax = 107 years (solid lines in the right panel of Fig. 17).
For such long activity times, the limits improve by three orders of magnitude compared to tmax = 10 years, limiting
the B field to be above 3 ⇥ 10�13 G. For such high B fields however, one can see from Eq. (8) that the small angle
approximation adopted by ELMAG breaks down, which is indicated by the blue dashed line for cascade photons of
✏ = 1GeV. Due to the fact that ELMAG randomizes the deflection angles for large deflections and discards the photons
in case � > ✓jet, the results for long activity times also depend on the assumed opening angle. Assuming ✓jet = 1�

instead of ✓jet = 6� decreases the limits by a factor 1/2, as more photons are discarded. For ✓jet = 10� the results are
comparable to ✓jet = 6�. This e↵ect is not observed for tmax = 10 years where the limits are independent of ✓jet.
We do not test the impact of di↵erent EBL models as we expect the di↵erence in the limits to be negligible. This has

been shown in a sensitivity study by Meyer et al. (2016) for the Cherenkov Telescope Array (CTA) that also utilized
the ELMAG code and compared results for the EBL model of Domı́nguez et al. (2011) and Finke et al. (2010). The
slightly larger photon density of the Finke et al. model gives rise to more electron-positron pairs, estimated to be
of the order of 5% comparing the two EBL models above (Meyer et al. 2016). The resulting di↵erence of the limits
should consequently be small compared to the e↵ect of the uncertain blazar activity time scales.
A larger impact on the limits is given by the systematic uncertainty of the energy scale of IACTs. This is commonly

assumed to be of the order of ±15%, however, a cross-calibration between the Fermi LAT and IACTs using the
spectrum of the Crab nebula found the uncertainty to be of the order of 5% (Meyer et al. 2010). Nevertheless,
recalculating the limits for ✓jet = 6� and tmax = 10 years with a rescaling of the IACT energy scale by +15% and
�15% results in B & 4⇥ 10�16 G and B & 10�16 G, respectively, for � > 10�2 Mpc.

5.4. Discussion of IGMF Constraints

Even for the extremely conservative choice of tmax = 10 years, our results limit the IGMF to be larger than 3⇥10�16 G
for � & 10�2 Mpc. Thereby, our results improve the limits derived by Finke et al. (2015) by more than three orders of
magnitude, even though similar source sample and assumptions have been used (Finke et al. (2015) tested tmax = 3years
and a maximum primary �-ray energy equal to the highest energy data point of the IACT spectrum). One major
di↵erence is that Finke et al. (2015) use a semi-analytic calculation of the cascade (Dermer et al. 2011; Meyer et al.
2012) that only considers the first generation of the cascade. Repeating our analysis using the semi-analytic model
in Meyer et al. (2012), our limits weaken by a factor of five. The remaining di↵erences can be explained by the very

from the individual p-values for each source, Paccept,k, where Ns

is the number of sources. Fisher’s method assures that the TS is
distributed as a χ2 distribution with 2Ns degrees of freedom.
This χ2 distribution is integrated, giving the overall p-value of
acceptance, Paccept,com. We choose to present the combined
results for rejecting a model as the equivalent number of sigma
for which the model is rejected if the errors were distributed as
a normal distribution. That is, the number of sigma a model is
rejected is 4 � � P2 erf .1

accept,com( )

4. RESULTS

4.1. Results with Conservative Assumptions

Here we show the results for our conservative assumptions.
We choose a jet opening angle of θj = 0.1 rad, roughly
consistent with values from VLBI measurements (Jorstad
et al. 2005), and the EBL model from (Finke et al. 2010, their
“model C”). For the calculation of Fcascade,min we use tblazar = 3
years and Emax equal to the central energy of the maximum
observed bin from the IACTs. This tblazar is the typical time
between observations for the objects in our sample, and the
typical time for which we know the sources are not variable.
For calculation of Fcascade,max we use tblazar = 1/H0, i.e., we
assume the blazar has been emitting VHE γ-rays at the level
currently observed for the entire age of the universe; and
Emax = 100 TeV. For calculation of Fcascade,max the deabsorbed
VHE points are fit with a power law and extrapolated to
100 TeV to calculate the cascade component. The VHE
spectrum is assumed to have a hard cutoff at Emax. That is,
this assumes that the source does not emit any γ-rays
above Emax.

Our conservative results can be seen in Figure 4. One can see
that high magnetic field values (B  10−12 G for LB  1Mpc)
are not significantly ruled out, while low values (B  10−16 G
at 10−10 Mpc; B  10−21 G for LB  1Mpc) are ruled out at
≈7.2σ. For LB  1Mpc, the allowed B is essentially
independent of LB, since above this LB the electrons will lose
most of their energy from scattering within a single coherence
length. For LB  1Mpc, the allowed B goes as r �B LB

1 2 due
to the random change in direction of B, and hence the direction
of the electrons’ acceleration, as they cross several coherence

lengths. This overall dependence of the constraints on B and LB
has been pointed out previously by Neronov & Semikoz (2009)
and Neronov & Vovk (2010). There is a strange shape in the
contours at 1–10Mpc due to this transition region, and due to
the coarseness of our grid, which is one order of magnitude in
both B and LB.
Low magnetic field values are inconsistent with the data at

>5σ. We consider this to be quite a significant constraint. Since
many authors (e.g., Neronov & Vovk 2010; Dermer
et al. 2011) have ruled out low B values if the cascade
component is above the LAT 2σ upper limits, those authors are
implicitly ruling out the B values at the 2σ level. The high
magnetic field values are not significantly ruled out. The most
constraining sources in our sample for low B values turned out
to be 1ES 0229+200, 1ES 0347–121, and 1ES 1101–232, all
of which individually ruled out low B values at 4.5σ.
Our lower limits on B are lower than what many previous

authors have found in a similar fashion, but assuming tblazar= 1/
H0 (e.g., Neronov & Vovk 2010; Tavecchio et al. 2010, 2011;
Dolag et al. 2011). We compute a constraint with this less
conservative assumption on tblazar below in Section 4.3 for
comparison. Several authors have constrained the IGMF to be
B  10−18 G for LB = 1Mpc by using a shorter tblazar as we do
(e.g., Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these authors,
although slightly lower (B > 10−19 G). The minor difference
could be due to the fact that we assume a sharp cutoff at high
energies in the intrinsic spectrum at the maximum VHE energy
bin observed from a source, while other authors extrapolate
above this energy in some way, typically with an exponential
form. This makes our results more conservative.

4.2. Robustness

In general, we consider our assumptions, and the results
found in Section 4.1, to be quite reasonable, and indeed quite
conservative. However, to be thorough, we have tested the
robustness of these results by varying some of the assumptions,
particularly those that would weaken the constraints, and
seeing if this made a significant difference in our results.
The first item we explored is the EBL model. One would

expect that the parameter space will be ruled out with greater
significance if a more intense and absorbing EBL model is
used, while it would be ruled out with lesser significance if a
less intense EBL model is used. We performed simulations for
a less intense EBL model, namely the model of Kneiske &
Dole (2010). This model was designed to be as close as
possible to the observed lower limits on the EBL from galaxy
counts; however, note that for some regions of parameter space,
other EBL models predict less absorption. The results can be
seen in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also performed
simulations with the model of Franceschini et al. (2008), which
has a similar overall normalization as the Finke et al. (2010)
model, but its SED has a bit different shape. With this model
we found that low B values are ruled out at 6.7σ, and high B
values are again unconstrained.
There has been some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al. 2014),
as is 1ES 1218+304. We have therefore left out these sources
when computing our constraints, and the results can be seen in
Figure 6. Similar regions of parameter space are ruled out, but
at much less significance; low values of B are ruled out at 6.0σ.

Figure 4. Values of parameter space of B and LB ruled out for the combined
conservative results of Section 4.1 for all of our objects. The contours represent
the significance a particular region of parameter space is ruled out, in number
of sigma, as indicated by the bar. These constraints assume the Finke et al.
(2010) EBL model and θj = 0.1 rad.
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Basic idea
Baryon asymmetry evaluated thus far is the spatially-averaged one

=> We expect that it has spatial dependence (“baryon isocurvature perturbation”) 
     according to the spatial distributions of hypermagnetic fields.
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Observational constraints on the baryon isocurvature perturbations

Mpc scales: CMB gives constraints.

FIG. 1. CMB spectra for adiabatic and isocurvature modes with cosmological parameters

Ωb = 0.06, ΩΛ = 0.69, Ωcdm = 0.25, h = 0.65, τreion = 0.1 and ns = 1.

Let us first discuss the neutrino density mode. If neutrinos and photons evolved identi-
cally, no metric perturbation would subsequently result. But as a mode enters the horizon,
the neutrinos free stream while the photons behave as a perfect fluid because of Thomson
scattering off electrons. This differential behavior leads to perturbations in the total stress-
energy, which generate metric perturbations, which in turn generate perturbations in all
components. The case of the neutrino velocity mode is similar. Initially, the momentum
densities cancel. However, because of the differential dynamics upon horizon crossing, stress-
energy perturbations arise, which then source metric perturbations, which in turn generate
perturbations in the other components. One may have suspected that this mode would be
singular because the ‘velocity’ mode in the adiabatic sector is decaying and thus singular.
But because of the cancellation initially this too is a nonsingular mode.

In Figure 1 the CMB anisotropies predicted for the various modes are indicated. The
CDM and baryon isocurvature modes predict CMB spectra of the same shape, to within
a fraction of a percent, so only the baryon isocurvature mode is shown and studied below.
Of the isocurvature modes, the baryon isocurvature and CDM isocurvature modes have
greatly suppressed power on small scales relative to large scales while the neutrino density
isocurvature mode exhibits a rise at ℓ ≈ 75 leading to a plateau before the first Doppler
peak. However, interestingly, the neutrino velocity isocurvature mode lacks these features,
rather having the same qualitative behavior as the adiabatic growing mode.

Now that we have described the five regular modes, we turn to describing the most
general primordial cosmological perturbation in a universe with the matter content given
above. We momentarily assume Gaussianity, an assumption that we will soon be able to
relax somewhat. For a single adiabatic mode describing a Gaussian random process that is
homogeneous and isotropic, the statistical properties are completely described by the power
spectrum P (k), a real valued function of wavenumber. In the case here of five modes, whose
amplitudes we indicate as Aa(k), (a = 1, ..., 5), the power spectrum generalizes to a 5 × 5,
positive-definite, real, symmetric, matrix-valued function of the wavenumber Pab(k) where

4
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Observational constraints on the baryon isocurvature perturbations

Mpc scales: CMB gives constraints.

FIG. 1. CMB spectra for adiabatic and isocurvature modes with cosmological parameters

Ωb = 0.06, ΩΛ = 0.69, Ωcdm = 0.25, h = 0.65, τreion = 0.1 and ns = 1.
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scattering off electrons. This differential behavior leads to perturbations in the total stress-
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densities cancel. However, because of the differential dynamics upon horizon crossing, stress-
energy perturbations arise, which then source metric perturbations, which in turn generate
perturbations in the other components. One may have suspected that this mode would be
singular because the ‘velocity’ mode in the adiabatic sector is decaying and thus singular.
But because of the cancellation initially this too is a nonsingular mode.

In Figure 1 the CMB anisotropies predicted for the various modes are indicated. The
CDM and baryon isocurvature modes predict CMB spectra of the same shape, to within
a fraction of a percent, so only the baryon isocurvature mode is shown and studied below.
Of the isocurvature modes, the baryon isocurvature and CDM isocurvature modes have
greatly suppressed power on small scales relative to large scales while the neutrino density
isocurvature mode exhibits a rise at ℓ ≈ 75 leading to a plateau before the first Doppler
peak. However, interestingly, the neutrino velocity isocurvature mode lacks these features,
rather having the same qualitative behavior as the adiabatic growing mode.

Now that we have described the five regular modes, we turn to describing the most
general primordial cosmological perturbation in a universe with the matter content given
above. We momentarily assume Gaussianity, an assumption that we will soon be able to
relax somewhat. For a single adiabatic mode describing a Gaussian random process that is
homogeneous and isotropic, the statistical properties are completely described by the power
spectrum P (k), a real valued function of wavenumber. In the case here of five modes, whose
amplitudes we indicate as Aa(k), (a = 1, ..., 5), the power spectrum generalizes to a 5 × 5,
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Baryon fluctuation with the scale  
larger than the neutron diffusion scale 
remains at BBN epoch and changes  
the prediction of light elements.
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Much smaller scales: Inhomogeneous BBN

abundance. We show how the baryonic isocurvature perturbations change the D abundance and
obtain a generic constraint on their amplitude in Sec. 3. In Sec. 4 we apply the BBN constraint
on the relaxation leptogenesis scenario. Sec. 5 is devoted for conclusions.

2 Deuterium abundance

Light elements like D, 3He and 4He are synthesized in the early Universe at temperature T '

1 MeV�0.01 MeV. This big bang nucleosynthesis predicts the abundances of light elements which
are in agreement with those inferred by observations. In particular, the deuterium abundance
has been precisely measured by observing absorption of QSO lights due to damped Lyman-↵
systems. Most recently Zavaryzin et al. [12] reported the primordial D abundance,

(D/H)p = (2.545± 0.025)⇥ 10�5
, (1)

from measurements of 13 damped Lyman-↵ systems. Here D/H is the ratio of the number den-
sities of D and H. The observed abundance should be compared with the theoretical prediction.
The D abundance produced in BBN is calculated by numerically solving the nuclear reaction
network and in the standard case the result is only dependent on the baryon density ⌦B. We
adopt the following fitting formula in Ref. [2]:

105(D/H)p = 18.754� 1534.4!B + 48656!2
B � 552670!3

B, (2)

where !B = ⌦Bh
2 and h is the Hubble constant in units of 100km/s/Mpc. This formula is

obtained using the PArthENoPE code [16] and its uncertainty is ±0.12(2�). The observational
constraint Eq. (1) and the prediction Eq. (2) are shown in Fig. 1. From the figure the BBN
prediction is consistent with the observed abundance for ⌦Bh

2
' 0.022� 0.023.

The baryon density is also precisely determined by CMB observations. The recent Plank
measurement gives

⌦Bh
2 = 0.02226± 0.00023, (3)

which is also shown in Fig. 1. It is seen that the baryon densities determined by BBN and CMB
are consistent. However, if the predicted D abundance increases by about 3% in the case with
2� uncertainties, they become inconsistent and hence any effect that increases the D abundance
is stringently constrained.

3 Baryonic isocurvature perturbations and deuterium abundance

Here we assume that only baryon number fluctuations are produced in the early universe. Such
fluctuations are called baryonic isocurvature density perturbations SB which are written as

SB =
�nB

nB

�
3

4

�⇢�

⇢�
=

�nB

nB

, (4)

where ⇢� and �⇢� are the photon energy density and its perturbation, and we have used the
above assumption of the nonexistence of photon perturbations in the last equality.

When the baryon number density has spatial fluctuations it can affect the BBN and change
the abundance of light elements. In particular, modification of the D abundance is important
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FIG. 1. CMB spectra for adiabatic and isocurvature modes with cosmological parameters

Ωb = 0.06, ΩΛ = 0.69, Ωcdm = 0.25, h = 0.65, τreion = 0.1 and ns = 1.

Let us first discuss the neutrino density mode. If neutrinos and photons evolved identi-
cally, no metric perturbation would subsequently result. But as a mode enters the horizon,
the neutrinos free stream while the photons behave as a perfect fluid because of Thomson
scattering off electrons. This differential behavior leads to perturbations in the total stress-
energy, which generate metric perturbations, which in turn generate perturbations in all
components. The case of the neutrino velocity mode is similar. Initially, the momentum
densities cancel. However, because of the differential dynamics upon horizon crossing, stress-
energy perturbations arise, which then source metric perturbations, which in turn generate
perturbations in the other components. One may have suspected that this mode would be
singular because the ‘velocity’ mode in the adiabatic sector is decaying and thus singular.
But because of the cancellation initially this too is a nonsingular mode.

In Figure 1 the CMB anisotropies predicted for the various modes are indicated. The
CDM and baryon isocurvature modes predict CMB spectra of the same shape, to within
a fraction of a percent, so only the baryon isocurvature mode is shown and studied below.
Of the isocurvature modes, the baryon isocurvature and CDM isocurvature modes have
greatly suppressed power on small scales relative to large scales while the neutrino density
isocurvature mode exhibits a rise at ℓ ≈ 75 leading to a plateau before the first Doppler
peak. However, interestingly, the neutrino velocity isocurvature mode lacks these features,
rather having the same qualitative behavior as the adiabatic growing mode.

Now that we have described the five regular modes, we turn to describing the most
general primordial cosmological perturbation in a universe with the matter content given
above. We momentarily assume Gaussianity, an assumption that we will soon be able to
relax somewhat. For a single adiabatic mode describing a Gaussian random process that is
homogeneous and isotropic, the statistical properties are completely described by the power
spectrum P (k), a real valued function of wavenumber. In the case here of five modes, whose
amplitudes we indicate as Aa(k), (a = 1, ..., 5), the power spectrum generalizes to a 5 × 5,
positive-definite, real, symmetric, matrix-valued function of the wavenumber Pab(k) where

4

’00 Bucher et al.
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Figure 2: The same as Fig. 1, except that we show the 2� BBN prediction in the case with
hS

2
B
i = 0.016 by the gray shaded region. Note that the overlap between the region of the D

observation and BBN prediction does not necessarily mean the consistence between them.

prediction for hS
2
B
i = 0.016 is shown in Fig. 2. It is seen that the isocurvature perturbations

increase the D abundance and hence increase the baryon density accounting for the observed
abundance, which leads to inconsistency between the baryon densities inferred from CMB and
BBN. Thus we can obtain a constraint on hS

2
B
i.

In order to derive the upper bound on the isocurvature perturbations, we define the dis-
crepancy D between the observational and theoretical values in the units of standard deviation
as

D ⌘
|yobs,mean � yth,mean|q

�2
yobs

+ �2
yth

, (9)

where yobs,mean and yth,mean are the mean values of the observation and theoretical prediction
and �

2
obs and �

2
th are the standard deviations of yobs and yth. Note that yth,mean and �yth are

calculated by Eq. (8) and therefore they depend on hS
2
B
i. Imposing the conditions, D < 1 or

D < 2, we can get the constraints on the isocurvature perturbations as hS
2
B
i < 0.0020 (1�) or

hS
2
B
i < 0.016 (2�).
Let us calculate hS

2
B
i from the Fourier mode SB(~k) as

hS
2
Bi =

1

V
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d
3
x(SB(~x))
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3
k

Z
d
3
k
0
SB(~k)S

⇤
B(~k

0)ei(
~k�~k0)·~x

=
1

(2⇡)3

Z
d
3
k|SB(~k)|

2 =

Z
d ln kPSB (k), (10)
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Observational constraints on the baryon isocurvature perturbations
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Baryon isocurvature perturbations from hypermagnetic fields at EWSB
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Two-point function has nonzero value even for non-helical magnetic fields!

Fourier transform
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magnetic helicity density baryon number density at EWSB baryon number density at BBN

magnetic field
baryon number density at BBNbaryon number density at EWSB

magnetic helicity density,

mode coupling
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Figure 2.2: The mechanism of baryon isocurvature constraint for small magnetic
coherence length. Top left: Magnetic helicity density has spatial fluctuation. Top
middle: Magnetic helicity density generates baryons during the electroweak symme-
try breaking (EWSB), and baryon isocurvature perturbations are generated. Top
right: By the big-bang nucleosynthesis, neutrons diffuse and the baryon isocurva-
ture perturbations are suppressed at small scales. Bottom Left: Suppose that the
magnetic field is localized at a scale k0. Bottom middle: Although the spectra
of magnetic helicity density and the baryon number density just after the EWSB
has a peak around ∼ k0, they have a large-scale component at ksmall ≪ kd, where
kd ∼ (10−9 Mpc)−1 is the neutron diffusion scale, because of the mode-coupling. Bot-
tom right: Baryon number density at small scale k ≫ kd is exponentially damped at
the big-bang nucleosynthesis, but the mode at ksmall still survives and affects big-bang
nucleosynthesis [27].
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Baryon isocurvature perturbations at BBN
… Neutron diffusion erases the small scale inhomogeneities. 
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Baryon isocurvature perturbations at BBN
… Neutron diffusion erases the small scale inhomogeneities. 

=> Corresponds to the treatment that the baryon asymmetry  
     is convoluted with the Gaussian window function.  
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For given the MF spectra (      ,      ), we can evaluate 
the baryon isocurvature perturbation at BBN. 
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=> BBN constraint                      can be given  
     with respect to any MF spectra :)
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Baryon isocurvature perturbations at BBN
… Neutron diffusion erases the small scale inhomogeneities. 

=> Corresponds to the treatment that the baryon asymmetry  
     is convoluted with the Gaussian window function.  
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the baryon isocurvature perturbation at BBN. 
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     with respect to any MF spectra :)
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Some general features:

- BBN constrains the ensemble average of baryon isocurvature perturbations 
 
 
   => perturbations at all the scales up to the present Hubble scale matters.
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- Baryon isocurvature perturbation at small scale,            , at the EWSB 
  becomes smaller by the neutron diffusion until BBN, but is not completely washed out. 
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Constraints on peaky MF spectra
- delta-function model: 

4 Specific models

In the previous sections, we have presented a formalism to explain the BAU from the hy-
permagnetic helicity decay in connection with the properties of the magnetic field both at
the EWSB and the present. It turned out that the scenario is consistent with the IGMFs
suggested by the blazar observations only when the helicity fraction is very small, ✏ . 10�9.
From baryon isocurvature perturbations, we can already constrain the magnetic field coher-
ence length roughly as ⇠c,fo . k

�1
d to avoid the deuterium overproduction. However, to apply

the more concrete constraint described in § 3.1, we need to specify the magnetic field spectra
at the EWSB. In this section, we specify specific forms of the power spectra, which enable
us to extract the general feature of the constraint. We also present appropriate constraints
in terms of the present magnetic field properties.

4.1 Delta function

Let us first investigate the simplest choice of S(k) and A(k) = ✏S(k) at the EWSB, a
monochromatic form described by the delta function.
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respectively. Note that the previous studies on the homogeneous part of the baryon asym-
metry from the hypermagnetic helicity decay [9, 11] implicitly assumes such spectra.

The baryon isocurvature perturbation at the BBN is evaluated from Eq. (3.5) as
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In this limit, the e�ect of neutron di�usion is ine�ective and the condition (3.1) is never
satisfied. In the opposite limit, D⇠

2
c,fo ⌧ 1, corresponding to small-scale magnetic fields,

which is the case we are interested in so as to maintain the condition (3.1),
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A factor ⇠2c,fo appears in the leading term, convincing us that the shorter the coherence length
of the fields is, the more suppressed the baryon isocurvature perturbations. This is because
neutrons are more likely to smear out the inhomogeneity of baryon distribution. Needless
to say, the delta-function type power spectrum in the wavenumber space does not mean a
vanishing correlation on scales larger than the corresponding scale in the position space, and

– 16 –

- power-law with exponential UV cutoff: 

The longest coherence length is obtained for the extreme choice, � = 0, (which would be hard
to realize, though), where the cascade is most e�ective. In such a case, the helicity fraction
does not change so that the smallest one is ✏0 ⇠ ✏fo ⇠ 2 ⇥ 10�6. This uniquely determines
the upper bound of the magnetic field strength and coherence length for 0  �  1 as
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with ⌧rec/⌧fo ' 9 ⇥ 1011 where the lower bound is for the case ✏0 = 1. The allowed region
is depicted as the green line in the right panel of Fig. 1. The constraint (4.10) falls below
the blazar constraint (Eq. (3.14)), B0 . 3 ⇥ 10�14 G on the line of the MHD turbulence
(Eq. (3.13)), by a factor of O(102).

Figure 1. Left. Constraints on the magnetic fields at the EWSB, Equations. (4.6), (4.7), (4.8), and
(4.18) are shown in terms of the physical quantities. Right. Constraints on the present magnetic fields,
Eqs. (3.15), (4.10), and (4.20) are shown. The navy thick line, with its lower side hatched, is the
lower bounds suggested by blazar observations [44]. The navy dotted lines are an extrapolation of Ref.
[44]. In both panels, the gray shaded regions above the eddy turnover scales are the parameter space
inconsistent with the MHD evolution. The green shaded region and line are the allowed parameter
regions for the delta-function model, while the yellow shaded region and line are the one for the
power-law model with ↵ = 0.

4.2 A Power-law spectrum with an exponential cuto�

Next we study a more realistic form of the spectrum, a power-law spectrum with an expo-
nential cuto�,
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In this case, characteristic properties of the magnetic fields, as well as the net baryon asym-
metry produced by the fields, are given by
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Constraints on peaky MF spectra
- delta-function model: 

4 Specific models

In the previous sections, we have presented a formalism to explain the BAU from the hy-
permagnetic helicity decay in connection with the properties of the magnetic field both at
the EWSB and the present. It turned out that the scenario is consistent with the IGMFs
suggested by the blazar observations only when the helicity fraction is very small, ✏ . 10�9.
From baryon isocurvature perturbations, we can already constrain the magnetic field coher-
ence length roughly as ⇠c,fo . k

�1
d to avoid the deuterium overproduction. However, to apply

the more concrete constraint described in § 3.1, we need to specify the magnetic field spectra
at the EWSB. In this section, we specify specific forms of the power spectra, which enable
us to extract the general feature of the constraint. We also present appropriate constraints
in terms of the present magnetic field properties.

4.1 Delta function

Let us first investigate the simplest choice of S(k) and A(k) = ✏S(k) at the EWSB, a
monochromatic form described by the delta function.
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respectively. Note that the previous studies on the homogeneous part of the baryon asym-
metry from the hypermagnetic helicity decay [9, 11] implicitly assumes such spectra.

The baryon isocurvature perturbation at the BBN is evaluated from Eq. (3.5) as
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In the limit of large coherence length, D⇠
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In this limit, the e�ect of neutron di�usion is ine�ective and the condition (3.1) is never
satisfied. In the opposite limit, D⇠

2
c,fo ⌧ 1, corresponding to small-scale magnetic fields,

which is the case we are interested in so as to maintain the condition (3.1),
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A factor ⇠2c,fo appears in the leading term, convincing us that the shorter the coherence length
of the fields is, the more suppressed the baryon isocurvature perturbations. This is because
neutrons are more likely to smear out the inhomogeneity of baryon distribution. Needless
to say, the delta-function type power spectrum in the wavenumber space does not mean a
vanishing correlation on scales larger than the corresponding scale in the position space, and
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the blazar constraint (Eq. (3.14)), B0 . 3 ⇥ 10�14 G on the line of the MHD turbulence
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4.2 A Power-law spectrum with an exponential cuto�

Next we study a more realistic form of the spectrum, a power-law spectrum with an expo-
nential cuto�,
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In this case, characteristic properties of the magnetic fields, as well as the net baryon asym-
metry produced by the fields, are given by
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would be su�cient to be the seed magnetic fields for the magnetic fields in the galaxy and
galaxy cluster [90].

Figure 3. Constraints on the magnetic fields at the EWSB, (5.3) and (5.4) in terms of the physical
quantities (Left) and those on the present magnetic fields, Eqs. (5.6) and (5.7) (Right) are shown. The
navy line in the right panel is the lower bounds of the IGMFs suggested by the blazar observations [44]
with an extrapolation (dotted line). In both panels, the gray shaded regions are the parameter spaces
that are inconsistent with the MHD. The green shaded regions are the allowed parameter spaces for
the delta-function model, while the yellow shaded regions are those for the power-law model with
↵ = 0.

Figures 3 exhibit quite di�erent allowed regions compared with Fig. 1 because the net
baryon asymmetry is fixed independently of the properties of the magnetic fields. Since
weaker magnetic fields that cannot generate the observed BAU is now allowed, viable pa-
rameter spaces are widely open. However, since the baryon isocurvature perturbation is
mainly carried by the non-helical part of the hypermagnetic fields, the constraints do not
change much for the stronger magnetic fields that can generate correct amount of the BAU,
which lie on the line that is determined by the eddy turnover scale (Eq. (3.13)).

Thus far we have not discussed the inflationary magnetogenesis that may have generated
a relatively flat spectrum ↵ < �4 up to the Mpc scales today with a comoving infrared cuto�
H0 < kIR < kd with H0 being the present Hubble parameter. In this case, we can write the
power spectrum as
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with ✏fo = 0. Here B
IR
c,fo represents the magnetic field strength at the infrared cuto�. In a

similar way that is discussed in Eq. (4.15), we can evaluate the volume average of the baryon
isocurvature perturbation as
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which is almost equal to those for the delta-function like model or the power law with expo-
nential cuto� model. Therefore, we can conclude that even in this case, the magnetic field
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4 Specific models

In the previous sections, we have presented a formalism to explain the BAU from the hy-
permagnetic helicity decay in connection with the properties of the magnetic field both at
the EWSB and the present. It turned out that the scenario is consistent with the IGMFs
suggested by the blazar observations only when the helicity fraction is very small, ✏ . 10�9.
From baryon isocurvature perturbations, we can already constrain the magnetic field coher-
ence length roughly as ⇠c,fo . k

�1
d to avoid the deuterium overproduction. However, to apply

the more concrete constraint described in § 3.1, we need to specify the magnetic field spectra
at the EWSB. In this section, we specify specific forms of the power spectra, which enable
us to extract the general feature of the constraint. We also present appropriate constraints
in terms of the present magnetic field properties.

4.1 Delta function

Let us first investigate the simplest choice of S(k) and A(k) = ✏S(k) at the EWSB, a
monochromatic form described by the delta function.

S(k) = ⇡
2
B

2
c,fo

k4�
�(k � k�), A(k) = ✏foS(k), (4.1)

so that the characteristic properties of the magnetic fields, as well as the net baryon asym-
metry are given by

Ec,fo =
1

2
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2
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� , hc,fo = ✏fo⇠c,foB

2
c,fo, ⌘B = ✏foC⇠c,foB2

c,fo, (4.2)

respectively. Note that the previous studies on the homogeneous part of the baryon asym-
metry from the hypermagnetic helicity decay [9, 11] implicitly assumes such spectra.

The baryon isocurvature perturbation at the BBN is evaluated from Eq. (3.5) as
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In the limit of large coherence length, D⇠
2
c,fo � 1,
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In this limit, the e�ect of neutron di�usion is ine�ective and the condition (3.1) is never
satisfied. In the opposite limit, D⇠

2
c,fo ⌧ 1, corresponding to small-scale magnetic fields,

which is the case we are interested in so as to maintain the condition (3.1),
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A factor ⇠2c,fo appears in the leading term, convincing us that the shorter the coherence length
of the fields is, the more suppressed the baryon isocurvature perturbations. This is because
neutrons are more likely to smear out the inhomogeneity of baryon distribution. Needless
to say, the delta-function type power spectrum in the wavenumber space does not mean a
vanishing correlation on scales larger than the corresponding scale in the position space, and
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does not change so that the smallest one is ✏0 ⇠ ✏fo ⇠ 2 ⇥ 10�6. This uniquely determines
the upper bound of the magnetic field strength and coherence length for 0  �  1 as
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with ⌧rec/⌧fo ' 9 ⇥ 1011 where the lower bound is for the case ✏0 = 1. The allowed region
is depicted as the green line in the right panel of Fig. 1. The constraint (4.10) falls below
the blazar constraint (Eq. (3.14)), B0 . 3 ⇥ 10�14 G on the line of the MHD turbulence
(Eq. (3.13)), by a factor of O(102).

Figure 1. Left. Constraints on the magnetic fields at the EWSB, Equations. (4.6), (4.7), (4.8), and
(4.18) are shown in terms of the physical quantities. Right. Constraints on the present magnetic fields,
Eqs. (3.15), (4.10), and (4.20) are shown. The navy thick line, with its lower side hatched, is the
lower bounds suggested by blazar observations [44]. The navy dotted lines are an extrapolation of Ref.
[44]. In both panels, the gray shaded regions above the eddy turnover scales are the parameter space
inconsistent with the MHD evolution. The green shaded region and line are the allowed parameter
regions for the delta-function model, while the yellow shaded region and line are the one for the
power-law model with ↵ = 0.

4.2 A Power-law spectrum with an exponential cuto�

Next we study a more realistic form of the spectrum, a power-law spectrum with an expo-
nential cuto�,
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In this case, characteristic properties of the magnetic fields, as well as the net baryon asym-
metry produced by the fields, are given by
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Constraints on peaky MF spectra
- delta-function model: 

- power-law with exponential UV cutoff: 

MF evolution  
with cascade  
being taken  
into account
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For more flat spectrum such as those from inflationary magnetogenesis? 

The longest coherence length is obtained for the extreme choice, � = 0, (which would be hard
to realize, though), where the cascade is most e�ective. In such a case, the helicity fraction
does not change so that the smallest one is ✏0 ⇠ ✏fo ⇠ 2 ⇥ 10�6. This uniquely determines
the upper bound of the magnetic field strength and coherence length for 0  �  1 as
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with ⌧rec/⌧fo ' 9 ⇥ 1011 where the lower bound is for the case ✏0 = 1. The allowed region
is depicted as the green line in the right panel of Fig. 1. The constraint (4.10) falls below
the blazar constraint (Eq. (3.14)), B0 . 3 ⇥ 10�14 G on the line of the MHD turbulence
(Eq. (3.13)), by a factor of O(102).

Figure 1. Left. Constraints on the magnetic fields at the EWSB, Equations. (4.6), (4.7), (4.8), and
(4.18) are shown in terms of the physical quantities. Right. Constraints on the present magnetic fields,
Eqs. (3.15), (4.10), and (4.20) are shown. The navy thick line, with its lower side hatched, is the
lower bounds suggested by blazar observations [44]. The navy dotted lines are an extrapolation of Ref.
[44]. In both panels, the gray shaded regions above the eddy turnover scales are the parameter space
inconsistent with the MHD evolution. The green shaded region and line are the allowed parameter
regions for the delta-function model, while the yellow shaded region and line are the one for the
power-law model with ↵ = 0.

4.2 A Power-law spectrum with an exponential cuto�

Next we study a more realistic form of the spectrum, a power-law spectrum with an expo-
nential cuto�,

S(k) =
2⇡2

�(5 + ↵
2 )

B
2
c,fo

k5�

✓
k

k�

◆↵

exp

"
�
✓

k

k�

◆2
#
, A(k) = ✏foS(k). (4.11)
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hS2
B,BBNi : IR divergent?

Reparameterize as

For long enough magnetogenesis during inflation,  
the IR cutoff            should be taken as 
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kIR

would be su�cient to be the seed magnetic fields for the magnetic fields in the galaxy and
galaxy cluster [90].

Figure 3. Constraints on the magnetic fields at the EWSB, (5.3) and (5.4) in terms of the physical
quantities (Left) and those on the present magnetic fields, Eqs. (5.6) and (5.7) (Right) are shown. The
navy line in the right panel is the lower bounds of the IGMFs suggested by the blazar observations [44]
with an extrapolation (dotted line). In both panels, the gray shaded regions are the parameter spaces
that are inconsistent with the MHD. The green shaded regions are the allowed parameter spaces for
the delta-function model, while the yellow shaded regions are those for the power-law model with
↵ = 0.

Figures 3 exhibit quite di�erent allowed regions compared with Fig. 1 because the net
baryon asymmetry is fixed independently of the properties of the magnetic fields. Since
weaker magnetic fields that cannot generate the observed BAU is now allowed, viable pa-
rameter spaces are widely open. However, since the baryon isocurvature perturbation is
mainly carried by the non-helical part of the hypermagnetic fields, the constraints do not
change much for the stronger magnetic fields that can generate correct amount of the BAU,
which lie on the line that is determined by the eddy turnover scale (Eq. (3.13)).

Thus far we have not discussed the inflationary magnetogenesis that may have generated
a relatively flat spectrum ↵ < �4 up to the Mpc scales today with a comoving infrared cuto�
H0 < kIR < kd with H0 being the present Hubble parameter. In this case, we can write the
power spectrum as
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with ✏fo = 0. Here B
IR
c,fo represents the magnetic field strength at the infrared cuto�. In a

similar way that is discussed in Eq. (4.15), we can evaluate the volume average of the baryon
isocurvature perturbation as
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which is almost equal to those for the delta-function like model or the power law with expo-
nential cuto� model. Therefore, we can conclude that even in this case, the magnetic field
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1. Absence of GeV cascade photon from blazars  
gave a motivation to study PMFs. 

2. Hypermagnetic helicity decay is found  
to be able to generate BAU.  

3. Baryon isocurvature constraint is so strong  
that magnetogenesis before the EWSB is impossible  
to explain the IGMFs suggested by blazar observations.  

  
1. 1st order (EW/QCD) PT would be more well-motivated. 
2. Inflationary magnetogenesis is possible  

only if its scale is smaller than the EW scale. 
3. EWSB is modified so that the EW sphaleron is more effective. 

4. BAU can be still explained by the primordial hyper MFs,  
but we need to remove the “foreground” IGMFs  
to test the scenario. 

would be su�cient to be the seed magnetic fields for the magnetic fields in the galaxy and
galaxy cluster [90].

Figure 3. Constraints on the magnetic fields at the EWSB, (5.3) and (5.4) in terms of the physical
quantities (Left) and those on the present magnetic fields, Eqs. (5.6) and (5.7) (Right) are shown. The
navy line in the right panel is the lower bounds of the IGMFs suggested by the blazar observations [44]
with an extrapolation (dotted line). In both panels, the gray shaded regions are the parameter spaces
that are inconsistent with the MHD. The green shaded regions are the allowed parameter spaces for
the delta-function model, while the yellow shaded regions are those for the power-law model with
↵ = 0.

Figures 3 exhibit quite di�erent allowed regions compared with Fig. 1 because the net
baryon asymmetry is fixed independently of the properties of the magnetic fields. Since
weaker magnetic fields that cannot generate the observed BAU is now allowed, viable pa-
rameter spaces are widely open. However, since the baryon isocurvature perturbation is
mainly carried by the non-helical part of the hypermagnetic fields, the constraints do not
change much for the stronger magnetic fields that can generate correct amount of the BAU,
which lie on the line that is determined by the eddy turnover scale (Eq. (3.13)).

Thus far we have not discussed the inflationary magnetogenesis that may have generated
a relatively flat spectrum ↵ < �4 up to the Mpc scales today with a comoving infrared cuto�
H0 < kIR < kd with H0 being the present Hubble parameter. In this case, we can write the
power spectrum as

S(k) =
(BIR

c,fo)
2

k
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IR
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kIR
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exp

"
�
✓

k

k�

◆2
#
. (5.8)

with ✏fo = 0. Here B
IR
c,fo represents the magnetic field strength at the infrared cuto�. In a

similar way that is discussed in Eq. (4.15), we can evaluate the volume average of the baryon
isocurvature perturbation as

S
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B,BBN ⇠

C2(BIR
c,fo)

4

⌘
2
Bk

2
IR

, (5.9)

which is almost equal to those for the delta-function like model or the power law with expo-
nential cuto� model. Therefore, we can conclude that even in this case, the magnetic field
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