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INTRODUCTION



Why modified gravity?



A motivation for IR modification

Flattening galaxy rotation curves
extra gravity

Dimming supernovae
accelerating universe

* Usual explanation:
(DARK MATTER) (DARK
ENERGY).



Dark component in the solar system?

which people tried to P

explain with a “dark y
planet”, Vulcan,



Why modified gravity?

» Can we address mysteries in the universe?

Dark energy, dark matter, inflation, big-bang singularity,
cosmic magnetic field, etc.



How to unify Quantum Theory
with General Relativity?




How to unify Quantum Theory
with General Relativity?

Pobably we nee to odify
GR at short distances



« Can we address mysteries Iin the universe?
Dark energy, dark matter, inflation, big-bang
singularity, cosmic magnetic field, etc.

* Help constructing a theory of quantum gravity?
Superstring, Horava-Lifshitz, etc.



Dark energy, dark matter, inflation, big-bang
singularity, cosmic magnetic field, etc.

Help constructing a theory of quantum gravity?
Superstring, Horava-Lifshitz, etc.

One of the best ways to understand something may
be to break (modify) it and then to reconstruct it.



# of d.o.f. in general relativity

* 10 metric components = 20-dim phase space @
each point



 Lapse N, shift N, 3d metric h;
ds® = —N?dt® + h;;(dz" + N'dt)(dz’ + N’ dt)
* Einstein-Hilbert action
M2
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e Extrinsic curvature

/ dtdENVR |KT Ky — K2 + @R

K;

ij = QN(athm D;N;j — D;N;)



# of d.o.f. in general relativity

* 10 metric components = 20-dim phase space @
each point

e Einstein-Hilbert action does not contain time
derivativesof N& N' 2> 1, =0& ;=0



# of d.o.f. in general relativity

* 10 metric components = 20-dim phase space @
each point

* Einstein-Hilbert action does not contain time
derivatives of N& N' 2> 1, =0& ;=0
All constraints are independent of N & N' 2 1, & 7.
“commute with” all constraints = 1%t-class



{S,C}=0for i
Reduces 1 phase space dimension

 1st-class constraint F
{F,C}=0for Vi
Reduces 2 phase space dimensions
Generates a symmetry
Equivalent to a pair of 2"9-class constraints

{C |i=1,2,..}: complete set of independent constraints

A=B <= A=Bwhen all constraints are imposed
(weak equality)
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derivatives of N& N' 2> 1, =0& ;=0
All constraints are independent of N & N' 2 1, & 7.
“commute with” all constraints = 1%t-class

* 4 generators of 4d-diffeo: 1%-class constraints
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# of d.o.f. in general relativity

* 10 metric components = 20-dim phase space @
each point

* Einstein-Hilbert action does not contain time
derivatives of N& N' 2> 1, =0& ;=0
All constraints are independent of N & N' 2 1, & 7.
“commute with” all constraints = 1%t-class

* 4 generators of 4d-diffeo: 1%-class constraints

¢ 20 — (4+4) x 2 = 4 - 4-dim physical phase space @
each point 2

Minimal # of d.o.f. in modified gravity = 2

Can this be saturated?
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MINIMALLY MODIFIED
GRAVITY (MMG)



Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"9-order eom’s of the form E_ =0.

* Effective field theory (derivative expansion) says at
low energy if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only.

* A metric theory with 3d-diffeo but with broken 4d-diffeo
typically has 3 local physical d.o.f. (e.g. scalar-tensor theory,
EFT of inflation/dark energy, Horava-Lifshitz gravity)



Example: simple scalar-tensor theory

e Covariant action

1
I = 5 /d4x\/—g [92(¢)(4)R+ P(X, gb)} X = —%g‘“’@ugbayqb
* ADM decomposition

ds® = —N?dt* + h;;(dz" + N'dt)(dz’ + N’ dt)

1N
* Unitary gauge g" = ( N i NN )
1 1 N2 N2

qb =1 ‘ X = 5 N2 This is a good gauge iff

.. , 2 derivative of ¢ is timelike.
* Action in unitary gauge

I= fdtd?’fN\/E {fl(t) [K’UKij — K%+ (3)R] + %fl(t)K + f2(N, t)}

Q*(¢) = f1(t) P(X, ) = f2(N, 1)



Is general relativity unique?

* Lovelock theorem says if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only; (iv)
up to 2"d-order eom’s of the form E_,=0.

* Effective field theory (derivative expansion) says at
low energy if we assume:
(i) 4-dimensions; (ii) diffeo invariance; (iii) metric only.

* A metric theory with 3d-diffeo but with broken 4d-diffeo
typically has 3 local physical d.o.f. (e.g. scalar-tensor theory,
EFT of inflation/dark energy, Horava-Lifshitz gravity)

* |s GR unique when we assume: (i) 4-dimensions; (ii) 3d-
diffeo invariance; (iii) metric only; (iv) 2 local physical d.o.f.
(= 2 polarizations of TT gravitational waves)?
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EXAMPLES OF TYPE-I &
TYPE-IIl MMG THEORIES



Type-l & type-ll modified gravity

Katsuki Aoki, Antonio De Felice, Chunshan Lin, SM

and Michele Oliosi, JCAP 01 (2019) 017
* Jordan (or matter) frame

1
I = §fd4a:\/ g’ [Q*(®) R’ + -] + Imatter[giy; matter|
 Einstein-frame 951/ — Q2(¢)gfb y K. Maeda (1989)
1
I = 5 /d4a:\/ —g® [R[g"] + -+ ] + Imatter [ (0)g,,,; matter]

This is a modified gravity
because of non-trivial matter coupling = type-l

* There are more general scalar tensor theories where
there is no Einstein frame =2 type-lI



Type-l & type-ll modified gravity

Katsuki Aoki, Antonio De Felice, Chunshan Lin, SM
and Michele Oliosi, JCAP 01 (2019) 017

* Type-l:
There exists an Einstein frame
Can be recast as GR + extra d.o.f. + matter, which
couple(s) non-trivially, by change of variables

* Type-ll:
No Einstein frame
Cannot be recast as GR + extra d.o.f. + matter by
change of variables




Type-I minimally modified gravity (MMG)

Katsuki Aoki, Chunshan Lin and SM, PRD98 (2018) 044022

* There exists an Einstein frame

e Can be recast as GR + matter, which couple(s) non-trivially,
by change of variables

* The most general change of variables = canonical tr.

* Matter coupling just after canonical tr. =2 breaks diffeo 2
15t-class constraint downgraded to 2"9-class = leads to
extra d.o.f. in phase space = inconsistent

* Gauge-fixing after canonical tr. =2 splits 1%t-class constraint
into pair of 2"d-class constraints

* Matter coupling after canonical tr. + gauge-fixing = a pair
of 2"d-class constraints remain = consistent



A type-I| MMG fitting Planck data
better than ACDM

Katsuki Aoki, Antonio De Felice, SM, Karim Noui, and Michele Oliosi, Masroor C. Pookkillath

. ) _ arXiv:2005.13972
* f(‘%) theory Wlth f (C) - f,C Carballo-Rubio, Di Filippo & Liberati 2018
Mukohyama & Noui 2019

(F<0)
1 1 1 C
=14 —ai — -aitanh|—= | — +a
Je 2— 2% LB (Hg 2)]
az = [ as
Parameters 95% limits
* 3 additional parameters determined ”'”f]')f’ﬂ_{;[{?"

by data (Planck, JLA, BAO, HST)
a, # 0 > deviation from ACDMz ~ 743 U= ;3:&1;3{




Type-Il minimally modified gravity (MMG)

* No Einstein frame

e Cannot be recast as GR + matter by change of
variables

* Is there such a theory? Yes!

* Example: Minimal theory of massive gravity
[Antonio De Felice and SM, PLB752 (2016) 302; JCAP1604
(2016) 028; PRL118 (2017) 091104]

* Another example:
arXiv 2004.12549 w/ Antonio De Felice and Andreas Doll



Antonio De Felice, Andreas Doll and Shinji Mukohyama [arXiv 2004.12549]

« Simple construction with a free function V(¢)
Hamiltonian of GR with 3+1 decomposition

Canonical tr to a new frame

Add a cosmological const in the new frame

Gauge fix

Inverse canonical tr back to the original frame
Legendre tr to Lagrangian

Add minimally-coupled matter fields (including CDM)

2 ¢ M2)\2
L=Ny|- (R+Kw KY — K? -2V (¢)) — ]\g; Mgﬁigb—g I)‘

NoOakwbhE

— MaX (K + ¢)

* No Einstein frame, equivalent to cuscuton
[arXiv: 2103.15044 w/ Katsuki Aoki & Francesco Di Filippo] Afshordi-Chung-Geshnizjani 2007

* V(¢) reconstructed from FLRW background

[arXiv: 2009.08718 w/ Antonio De Felice & Masroor C. Pookkillath]
« Extension to address both H,&Sg tensions? [arxiv:2011.04188 w/ Antonio De Felice]



[arXiv: 2103.15044 w/ Katsuki Aoki & Francesco Di Filippo]

Having Einstein frame No Einstein frame

Type-1Ib

MTMG: w? = k? + m?
ADEGB: w? =k + k*/A?

Proof of the absence of Einstein frame in cuscuton/VCDM
1. GWs - cuscuton/VCDM is of type-la or type-lla

2. GR + conformal-type canonical tr. > most general type-la MMG
3. Vacuum Bianchi-I universes - cuscuton/VCDM is not of type-la
4. 1 & 3 - cuscuton/VCDM is of type-lla, thus no Einstein frame



[arXiv: 2103.15044 w/ Katsuki Aoki & Francesco Di Filippo]

Having Einstein frame No Einstein frame

Cuscuton/VCDM:

; 2
w? =k

Type-1Ib

MTMG: w? = k* +m?
ADEGB: w? =k + k*/A?

Proof of the absence of Einstein frame in cuscuton/VCDM
1. GWs - cuscuton/VCDM is of type-la or type-lla

2. GR + conformal-type canonical tr. > most general type-la MMG
3. Vacuum Bianchi-I universes - cuscuton/VCDM is not of type-la
4. 1 & 3 - cuscuton/VCDM is of type-lla, thus no Einstein frame



Antonio De Felice and Shinji Mukohyama [arXiv 2011.04188]

« Simple construction with free functions f,(¢) & f,(d)

1. Hamiltonian of GR with 3+1 decomposition

2. Canonical tr to a new frame

3. Add a cosmological const In the new frame

4. Gauge fix

5. Inverse canonical tr back to the original frame

6. Legendre tr to Lagrangian

7. Add minimally-coupled matter fields (no dark matter here)

2 ? 212

L=Nyy|-L (R+ K;j K — K* —2V(¢)) — );\g; M3 0;¢p — 3M:)‘ — MaX (K + ¢)

SM metric: Qo dxtdz” = —N?dt* + ~;;(dx’ + Ndt)(dz? + N7 dt)
DM metric: gwda:“da: = —];—fdtg ?J (dx* 4+ N*dt)(dz? + N?dt)
fo(d) & ,(¢) reconstructed from H(z) & Gp,(2)/Gy i
V)= ;‘3,2
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D->4 EGB GRAVITY WITH 2 DOF

Refs. arXiv:2005.03859 & 2005.08428 w/ Katsuki Aoki & Mohammad Ali Gorji
arXiv:2010.03973 w/ Katsuki Aoki, Mohammad Ali Gorji & Shuntaro Mizuno



1
SEGB = —= dD.’L‘\/ —( [R — 2A -+ aRéB]

QK2
Rép = R? — ARM R + Ry pe RMP°
e For D=4, the GB term is total derivative and
thus does not contribute to eom’s.
« D> 4 witha = (D — 4) a kept fixed?
0/0 = finite?
[Glavan&Lin, PRL124, 081301 (2020)]

* Maybe yes, but requires either extra dof. or Lorentz
violation due to Lovelock theorem




HERL = / d*z(N°Ho + N"H; + Xomo + X'm; + Agr'G)
3y = V7

92K2

2 [2a- M+a(4MZJM”——M2ﬂ Hi = =277k D; (7:;)
M = R + Kk W Kij — lCzle’;-

i ‘/_[ICZ ’Céz__aézkllcr< S_i(S?RJr%(M?—i(S?M)H

T 9K2 JTe

o 1stclass x 6

mo~0, H;=
e 2nd class x 4

mo~0, “Hox0, G0, 3G ~ 0
e 10Xx2 —6Xx2—-4=4-> 2 dof



4D theory is unique up to a choice of %G .

I. 3D spatial diffeo invariance Is respected

. #of dof=2

ii. Reducesto GRwhen @ = 0

Iv. Correction terms are 4th-order in derivatives

v. If the Weyl tensor of the spatial metric and the
Weyl part of Ky K—K;Kj vanish for a solution
of (d+1)-dim EGB, then the d->3 limit of the
solution satisfies eoms of 4D theory.

=)



1 .
Loln = P (—2A + K ;K9 — KiK% + R+ aRipap)

4 y y o1
Ringe = ~3 (8Ri;RY — AR;j M"Y — M;; M)+ 5 (8R® — 4RM — M?)
Kij = Kij — 55%;D*Aar Mij = Ryj + K5 Kij — KipK"

« Valid for specific choice: G = /YDy D* (7~ /+/7)
compatible with cosmology & static sol

* d->3 limit of any solutions of (d+1)-dim EGB
with conformally flat spatial metric and
vanishing Weyl part of K; K;-K; K are solutions
(e.g. FLRW & spherical sol of Glavan&Lin)



Stability of scalar perturbation

H <0
Stabllity of tensor perturbation
a >0
Propagation of gravitational waves
a S (10meV)2
Properties of neutron stars
a S 1022eV2
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MASSIVE GRAVITY



Massive gravity in a nutshell

Simple question: Can graviton have mass?

'



Massive gravity in a nutshell

Simple question: Can graviton have mass?

Fierz-Pauli theory (1939)

Unique linear theory
wit?\out instabilities
(ghosts)




Massive gravity in a nutshell

Simple question: Can graviton have mass?

van Dam-Veltman-
Zhakharov discontinuity
(1970)

Massless limit #
General Relativity

Fierz-Pauli theory (1939)

Unique linear theory
without instabilities
(ghosts)




Massive gravity in a nutshell

Si '
mple question: Can graviton have mass?

Vainshtein mechanism
(1 972)
Nonlinearity =

van Dam-Veltman-
Zhakharov discontinuity
0

Fierz-Pauli theory (1939)

Unique linear theory
without instabilities
(ghosts)

Massless limit #
General Relativit



Massive gravity in a nutshell

Simple question: Can graviton have mass?

Yes? No?

) 4
Vainshtein mechanism Boulware-Deser ghost
(1972) (1972)
Nonlinearity ->
> < —
. . van Dam-Veltman-
Fierz-Pauli theory (1939) Zhakharov discontinuity
Unique linear theory (1970)
without instabilities Massless limit #
\ (ghosts) y General Relativit




Massive gravity in a nutshell

Si '
mple question: Can graviton have mass?

/" de Rnam-Gabadadze- w
Tolley (2010)

N )
N (e b
Vainshtein mechanism Boulware-Deser ghost
1972 (1972)
Nonlinearity =
. o . _
/" van Dam-Veltman- w

Fierz-Pauli theory (1 939) Zhakharov discontinuity
(1970)

Unique linear theory _
Massless limit #

without instabilities
\ (ghosts) ) | General Relativity J




Cosmological solutions_ln
nonlinear massive gravity

D’Amico, et.g|. (2011)
Non—existence of flat

Oomogeneoys
isotropic) universel




Consistent Theory
found In 2010 but



Cosmological solutions in
nonlinear massive gravity

D’Amico, et.al. (2011)
Non-existence of flat
FLRW (homogeneous
isotropic) universe!

Open universes with self-
acceleration

GLM = Gumrukcuoglu-Lin-Mukohyama



Cosmological solutions In
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closed/flat/open FLRW
universes
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FLRW (homogeneous
isotropic) universe!
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acceleration

GLM = Gumrukcuoglu-Lin-Mukohyama



Cosmological solutions in
nonlinear massive gravity

closed/flat/open FLRW

universes

D’Amico, et.al. (2011)
Non-existence of flat
FLRW (homogeneous
isotropic) universe!

Open universes with self-
acceleration

GLM = Gumrukcuoglu-Lin-Mukohyama
DGM = DeFelice-Gumrukcuoglu-Mukohyama



Cosmological solutions in
nonlinear massive gravity

closed/flat/open FLRW
universes

' Amico, et.al. (2011)
l?\lon-existence of flat
FLRW (homogenem‘Js
isotropic) universe:

GLM = Gumrukcuoglu-Lin-Mukohyama
DGM = DeFelice-Gumrukcuoglu-Mukohyama



Minimal theory of massive gravity

( MTM G) De Felice & Mukohyam%,C1L§1765024((2200116g)300226;
2 physical dof only = massive gravitational waves
exactly same FLRW background as in dRGT

no BD ghost, no Higuchi ghost, no nonlinear ghost
positivity bound does not apply

Three steps to the Minimal Theory

1. Fixlocal Lorentz to realize ADM vielbein in dRGT
2. Switch to Hamiltonian

(It is easy to go back to Lagrangian after 3.)

Lorentz-violation due to graviton loops is suppressed by
m?/Mg? and thus consistent with all constraints for m = O(H,)



1.0

0.8

0.6 |

f08

0.2¢ “Normal branch” of MTMG with ACDM background |
(mass of GW)? ~ (1.08 x Hy)? ~ (1.6 x 10-33 eV)?
cf. LIGO bound: |mass of GW| < 1.2 x 1022 eV ~ 2.9 x 108 Hz
0.0

 Fitting ADCM & MTMG to RSD data

De Felice & Mukohyama, PRL118, 091104 (2017) |

]__

— = = = ACDM = “Self-accelerating branch” of MTMG

0.4 0.6 0.8 1.0 1.2

1.4



1-0 1 1 I I I I

 Fitting ADCM & MTMG to RSD data

De Felice & Mukohyama, PRL118, 091104 (2017)

0.8

— = = = ACDM = “Self-accelerating branch” of MTMG

0.21 “Normal branch” of MTMG with ACDM background
(mass of GW)? ~ - (2 X Hp)? ~ - (3 x 1033 eV)?
cf. LIGO bound: |mass of GW| < 1.2 x 1022 eV ~ 2.9 x 108 Hz
0.0 1 1 1 1 1 1

0.0 0.2 0.4 0.6 0.8 1.0 1.2

1.4



Blue-tilted & amplified primordial
GW fro m MTM G Fujita, Kuroyanagi, MizPquI;(;,Sl\g/lt(J;grg/)arznlaS,

* Simple extension: ¢, 2 ¢,(¢) with ¢ = ¢(t) Fujita, Mizuno, Mukohyama,
, JCAP 01 (2020) 023
* mlarge until t  (t.., <t <tg) but small aftert_

cf. no Higuchi bound in MTMG

* Suppression of GW in IR due to large m = blue spectrum  _c0s
DECIGO




Cosmological solutions in
nonlinear massive gravity

closed/flat/open FLRW
universes

' Amico, et.al. (2011)
l?\lon-existence of flat
FLRW (homogenem‘Js
isotropic) universe:

GLM = Gumrukcuoglu-Lin-Mukohyama
DGM = DeFelice-Gumrukcuoglu-Mukohyama



Minimal theory of bigravity (MTBG)

De Felice, Larrouturou, Mukohyama, Oliosi, arXiv:2012.01073.

4 physical dof only = massless & massive GWs

« exactly same FLRW backgrounds as in HRBG

* no BD ghost, no Higuchi ghost, no strong coupling
Three steps to the Minimal Theory

1. Fix local Lorentz to realize ADM vielbeins in HRBG
2. Switch to Hamiltonian

(It is easy to go back to Lagrangian after 3.)

A testing ground for gravitational phenomena, e.qg.
graviton oscillation, that can be probed by GWs.




Cosmological solutions in
nonlinear massive gravity

closed/flat/open FLRW
universes

' Amico, et.al. (2011)
l?\lon-existence of flat
FLRW (homogenem‘Js
isotropic) universe:

GLM = Gumrukcuoglu-Lin-Mukohyama
DGM = DeFelice-Gumrukcuoglu-Mukohyama
DLMO = DeFelice-Larrouturou-Mukohyama-Oli
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Minimalism in modified gravity

 Minimal # of d.o.f. in modified gravity = 2
can be saturated 2>

e Type-l MMG: ZEinstein frame
Type-ll MMG: no Einstein frame

e Examples of type-| MMG
GR + canonical tr. + gauge-fixing + adding matter
Rich phenomenology: wpg, G ¢, etc.

* An example of type-lIl MMG
Minimal theory of massive gravity (MTMG)

* Another example of type-lIl MMG: cuscuton/VCDM
GR + canonical tr. + cc + gauge-fixing + inverse canonical tr.
V(¢) reconstructed from FLRW background

Extension (VCCDM) may address both H,&S, tensions



Summary of massive gravity part

* Nonlinear massive gravity (dRGT 2010)
free from BD ghost

* FLRW background
No closed/flat universe

* More general fiducial metric f
closed/flat/open FLRW universes allowed

* All FLRW solutions in the original dRGT theory have
strong coupling and ghost instability

 Stable cosmology requires either (i) new class of
cosmological solutions or (ii) extended theories



Thank you!



