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Universal electromagnetic fields

Modified electrodynamics

Modified electrodynamics

Maxwell’s theory (in vacuum)

L = I1 (I1 ≡ FabF
ab, I2 ≡ Fab

∗F ab)

dF = 0, ∗d ∗ F = 0

“Corrections”

1 Classical theories (to cure infinite self-energies)

Mie 1912
Born-Infeld 1933, 1934:
L =

√
b4 + 2b2I1 + I22 − b2 (→ I1 for b→∞)

general NLE: L = L(I1, I2) (e.g. [Plebański’70])
Bopp 1940, Podolsky 1942: L = I1 + a2(∇F )2

2 Vacuum polarization in QED: Heisenberg-Euler (NLE)
[Heisenberg-Euler’36, Weisskopf’36, Schwinger’51]

3 String theory: Born-Infeld as a low-energy Lagrangian
[Fradkin-Tseytlin’85, Bergshoeff-Sezgin-Pope-Townsend’87, . . . ]
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Schrödinger’s “universal” solutions

Schrödinger’s “universal” solutions

Field equations of NLE:

dF = 0, ∗d ∗ F̃ = 0,

where F̃ ≡ αF + β ∗ F , α = α(I1, I2), β = β(I1, I2).

Difficult to find exact solutions. But:

Null fields

I1 = 0 = I2 (⇔ E2 −B2 = 0 = ~E · ~B)

⇒ α and β are constant

dF = 0, ∗d ∗ F = 0 ⇒ ∗d ∗ F̃ = 0

all null Maxwell fields satisfy any NLE! [Schrödinger’35,’43]
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Schrödinger’s “universal” solutions

E.g. Born-Infeld:

F[ab,c] = 0,

(
F ab −���G∗F ab√

1 +��F −��G2

)
;b

= 0 (F ≡ 1
2I1, G ≡

1
4I2).

Null fields:

F = ` ∧ ω, with `a`
a = 0 = `aωa

plane waves [Schwinger’51, Synge’55]

asymptotic behavior of radiative systems [Penrose-Rindler’86]

approximate field of high-energy sources [Bergmann’42, Synge’55,

Robinson-Rózga’84]

Solve also theories L = L(F ,F 2, . . . ,∇(k)F , . . .) with
higher-derivatives? (QED, string theory, . . . )

The previous argument breaks down when F̃ contains ∇(k)F . . .
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Universal solutions

Universal solutions

Definition: F universal

dF = 0, ∗d ∗ F̃ = 0,

F̃ = any 2-form “polynomial” in F ,F 2, . . . ,∇(k)F , (∇(k)F )2, . . .

e.g. F̃ab = c1Fab + c2Fc[aF
c

b] + c3F
c

ab;c + c4Fab;cdF
cd + . . .

Theorem

F is universal provided

1 F is null: F = ` ∧ ω
2 (a) ` is a Kundt vector field (κ = σ = ω = θ = 0)

(b) the spacetime is of Petrov type III (w.r.t. `)
(c) Sab`

b = 0 = S[ab`c], where Sab ≡ Rab − R
4 gab (traceless-Ricci).

2(b,c) simply mean: Rabcd = R
6 ga[cgd]b + (terms with “many” `)
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Universal solutions

Explicitly:

ds2 = 2P−2dζdζ̄ − 2du
(
dr +Wdζ + W̄dζ̄ +Hdu

)
,

F = du ∧
[
f(u, ζ)dζ + f̄(u, ζ̄)dζ̄

]
(`adxa = du),

where (some constraints omitted . . . )

P = P (u, ζ, ζ̄), W = rg(1)(u, ζ, ζ̄) + g(0)(u, ζ, ζ̄),

H = r2H(2)(u, ζ, ζ̄) + rH(1)(u, ζ, ζ̄) +H(0)(u, ζ, ζ̄),

all the invariants of F vanish (including derivatives)
[M.O.-Pravda’16]

also p-forms in n-dimensions

holds in Minkowski, (A)dS (plus possible waves)

test fields (no backreaction)

coupling to gravity also possible: further restrictions
cf. also [Güven’87, Horowitz-Steif’90, Coley’02]

NLE in [Kichenassamy’59, Kremer-Kichenassamy’60, Peres’60]
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Universal solutions

Example

A simple example:

ds2 = 2du
[
dr + 1

2x (r − ex) du
]

+ ex(dx2 + e2udy2)

F = ex/2c(u)du ∧
(
− cos

yeu

2
dx+ eu sin

yeu

2
dy

)

` = ∂r is Kundt and recurrent (`a;b ∼ `a`b)
Petrov type III, Ricci-flat [Petrov’62]

F is universal
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Universal solutions

Proof

Sketchy proof

Recall: F̃ = “polynomial” in F ,F 2, . . . ,∇(k)F , (∇(k)F )2, . . .

assumptions⇒ F is VSI (all invariants are zero) [M.O.-Pravda’16]

⇒ all ∇(k)F are VSI ⇒ contain “many” ` (type III) [Hervik’11]

any quadratic 2-tensor ∼ `a`b, but antisymmetry ⇒ 0!

⇒ F̃ linear in F (and ∗F ) and ∇(k)F
e.g. F̃ab = c1Fab + c2F

c
ab;c + c3 F

c
[a|c; |b]︸ ︷︷ ︸
=0!

+c4F
cd

ab;cd + . . .

use the Ricci id. “[∇,∇]F = F · Riem” to isolate terms
F c...
[a|c; |b]... = 0 and F c...

ab;c...

Weitzenböck id. with ∆F = 0 and Rabcd = R
6 ga[cgd]b + . . .

⇒ F c
ab;c ∼ RFab

⇒ F̃ c
ac; = 0, Q.E.D.
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Gravity analog: universal spacetimes

Gravity analog: universal spacetimes

Certain type N vacuum pp -waves solve any
L(Riem,∇Riem, . . .)
e.g. quadratic gravity, Lovelock gravity, string corrections, etc.
[Deser’75, Güven’87, Amati-Klimč́ık’89, Horowitz-Steif’90]

formal definition of “universal” metrics and more examples in
4D [Coley-Gibbons-Hervik-Pope’08]

results for type III/N and II in 4D and HD
for example: all Kundt Einstein spacetimes of Weyl type N are
universal
[Hervik-Pravda-Pravdová’14, Hervik-Málek-Pravda-Pravdová’15,

Hervik-Pravda-Pravdová’17]

slightly different approach [Gürses-Şişman-Tekin’14,’17]
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Hervik-Pravda-Pravdová’17]
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Hervik-Pravda-Pravdová’17]
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