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Introduction

80 years ago Myron Mathisson published his known paper Neue
mechanik materieller systeme. Acta Phys. Pol. Vol. 6 , 163
(1937) (received on September, 8, 1937); Translation in English:
GRG, Vol. 42, 1011 (2010).

M. Mathisson (14.12 1897, Warsaw — 13.09 1940, Cambridge)

INTERNATIONAL CONFERENCE DEVOTED TO MYRON
MATHISSON: HIS LIFE, WORK, AND INFLUENCE ON
CURRENT RESEARCH (Wsrsaw, October 18-20, 2007)

Acta Phys. Pol. B. Proc. Suppl. vol. 1, (2008).
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Neue Mechanik materieller Systeme
Nowa mechanika systeméw materialnych
Von MYRON MATHISSON, Warschau
(Blngegangen am 8. Septemver 1957)
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Dr. M. Mathisson

THE death of Dr. Myron Mathisson on September 13
at the early age of forty-three has cut short an
interesting line of research. Mathisson had been
engaged for many years in studying the general
dynamical laws governing the motion of a particle,
with possibly a spin or a moment, in a gravitational
or electromagnetic field, and had developed a powerful
method of his own for passing from field equations to
particle equations. The subject is of particular
interest at the present time, as it has now become
clear that quantum mechanics cannot solve the
difficulties that arise in connexion with the inter-
action of point particles with fields, and a deeper
classical analysis of the problem is needed. It is
much to be regretted that Mathisson’s death has
occurred before the relations between his method and

those of other workers on the subject have been -

completely elucidated.

Mathisson carried out his work at the Universities
of Warsaw and Kazan and at an institute which he
started in Cracow, and, since the spring of 1939, at
Cambridge. P. A. M. Drrac.
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Mathisson’s equations

The Mathisson egs. can be written as

D A\ DSM\ 1 oo
gs <mu + u“ds) =—5U S” Ry e (1)
DSH DS DSHe
H — U =
ds + utu, 0 U Uy 0 0, (2)

where u* = dx?/dsis the particle’s 4-velocity, SM is the
tensor of spin, D/dsis the covariant derivative with respect to
the particle’s proper time S; R;}pg is the Riemann curvature
tensor (units ¢ = G = 1 are used). The natural relationship for

the tensor of spin used by Mathisson:

SMu, =0 (3)
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Some stages of investigations after Mathisson

J. Weyssenhoff, A. Raabe, Relativistic dynamics of spin fluids
and spin particles. Acta Phys. Pol., vol. 9, 7 (1947).

J. Weyssenhoff, A. Raabe, Relativistic dynamics of
spin-particles moving with the velocity of light. Acta Phys. Pol.,
vol. 9, 19 (1947).

J. Weyssenhoff, On two relativistic models of Dirac’s electron.
Acta Phys. Pol., vol. 9, 46 (1947).

A. Papapetrou, Spinning test-particles in general relativity.
Proc. Roy. Soc. A, vol. 209, 248 (1951).

“It has been noticed already when the general pole-dipole
particle has been discussed in special relativity (Mathisson,
1937).
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Some stages of investigations after Mathisson

E. Corinaldesi, A. Papapetrou, Spinning test-particles in general
relativity.Il. Proc. Roy. Soc. A, vol. 209, 259 (1951).

W. Tulczyjew, Motion of multipole particles in general relativity
theory. Acta Phys. Pol., vol. 18, 393 (1959).

SMP, =0. (4)

W. G. Dixon, A covariant multipole formalism for extended test
bodies in general relativity. Nuovo Cim., vol. 34, 317 (1964);
Mathisson’s new mechanics: its aims and realisation. Acta Phys.
Pol. B. Proc. Suppl. vol. 1, 27 (2008).

A. H. Taub, Motion of test bodies in general relativity. J. Math.
Phys., vol. 5, 112 (1964).

1

About the Mathisson supplementary condition: "... arises in a

natural fashion in the course of the derivation".
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Some stages of investigations after Mathisson

P. Bartrum, Rotation in general relativity with applications th
the case of rotating "particle". Proc. Roy. Soc. A, vol. 284, 204
(1965).

B. Mashhoon, Particles with spin in a gravitational field. J.
Math. Phys., vol. 12, 1075 (1971).

R. Wald, Gravitational spin interaction, Phys. Rev. D, vol. 6,
406 (1972).

C. W. Misner, K. S. Thorn, and J. A. Wheller, Gravitation
(1973). (Refs. without Mathisson’s paper).
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From Dirac’s to Mathisson’s egs.

S. Wong, Int. J. Theor. Phys., vol. 5, 221 (1972).
L. Kannenberg, Ann. Phys.(N.Y.), vol. 103, 64 (1977).

R. Catenacci and M. Martellini, Lett. Nuovo Cimento, vol. 20,
282 (1977).

J. Audretsch, J. Phys. A, vol. 14, 411 (1981).

A. Gorbatsievich, Acta Phys. Pol. B, vol. 17, 111 (1986).

A. Barut and M. Pavsic, Classical Quantum Gravity, vol. 4, 41
(1987).

F. Cianfrani and G. Montani, Int. J. Mod. Phys. A, vol. 23,
1274 (2008).

Yu. N. Obukhov, A. Silenko, and O. Teryaev, Phys. Rev. D, vol.
80, 064044 (2009)
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Mathisson’s egs. in the comoving tetrad representation

It follows from the propagation set of Mathisson’s equations:

Mm@y = St Rm@E)E) (5)

—9@)#)4) ~ V@)@)#)V(2)(3)(4)): (6)

my@)ay4) = Sty (R@)@)2)@)

T 2)4)(4) ~ VE)(@)4)V(2)(3)(4))- (7)

The consequence of the second set of Mathisson’s equations:

Vi)(ky4) = 0 (8)
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Particle’s acceleration

Wi 4) = aG)- (9)
There is the relationship following from this representation in

the linear spin approximation for any metric [R. Plyatsko, Phys.
Rev. D, vol. 58, 084031 (1998)]:

St St g1
ai =~y Ro@ee) = -, By

p= (10)

where a(;) are the local components of the particle
3-acceleration relative to geodesic free fall as measured by the
comoving observer; 8(1) is the single nonzero component of the
particle spin. Gravitomagnetic components by |K. Thorne,

J. Hartle, Phys. Rev. D, vol. 31, 1815 (1985)]:

| »
) =~ A" D mme ™ - (11)
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Equatorial motions in Schwarzschild’s background.

Accrleration at low velocity

Condition for a test particle:

|Sor56<<1, (12)

where |Sp|is the absolute value of the particle’s spin.

The first case:
El €0, (13)

where § = |uy | < 1. Note that M/r? numerically is equal to
the Newtonian acceleration of free fall which is caused by a
body with the mass M. The acceleration of a spinning particle
is much less than the M/r?.
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Equatorial motions in Schwarzschild’s background.

Accrleration at high velocity

The second case (u; > 1):

—E7°, (14)

where ~vis the Lorentz factor calculated by the tangential
velocity v, . Expression (14) shows that for any small value
eone can choose such the high values « which would lead to

8] > M/r?.

So, according to the Mathisson eqs., from the point of view of
the observer comoving with a spinning particle in
Schwarzschild’s background, the spin-gravity interaction is much
greater at the highly relativistic particle’s velocity than at the
low velocity.
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Strong repulsive action of spin-gravity coupling: highly

relativistic circular orbits

It is known that according to geodesic equations a spinless test
particle with nonzero mass can move on circular orbits in
Schwarzschild’s background only for r > 1.5rg.

The Mathisson equations admit highly relativistic circular orbits
of a spinning particle in Schwarzschild’s background for

r = 1.5rgand in the space region ry < r < 1.5rgbecause of the
significant repulsive action of the spin-gravity coupling. The
necessary values of the particle orbital velocity for the motions
on these orbits correspond to the relativistic ~-factor of the

order 1//¢.

Strong spin-gravity attractive action on the highly relativistic
circular orbits in the space regin r > 1.5r4.
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Numerical estimates

By the numerical estimates for an electron in the gravitational
field of a black hole with three of the Sun’s mass the necessary
value of the ~y-factor for the realization of some highly
relativistic orbits by the electron near this black hole is of order
108 . This ~ -factor corresponds to the energy of the electron
free motion of order 10" eV. Analogously, for a proton in the
field of such a black hole the corresponding energy is of order
10"8 ¢V. For the massive black hole those values are greater: for
example, if Mis equal to 108 of the Sun’s mass the
corresponding value of the energy for an electron is of order
10" eV and for a proton it is 1021 6V,

For a neutrino near the black hole with three of the Sun’s mass
the necessary values of its v -factor for motions on the highly
relativistic circular orbits correspond to the neutrino’s energy of
the free motion of order 10°eV. If the black hole’s mass is of
order 108 of the Sun’s mass, the corresponding value is of order
108 eV.
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Some publications

R. Plyatsko, M. Fenyk, Highly relativistic circular orbits of
spinning particle in the Kerr field. Phys. Rev. D, vol. 87, 044019
(2013).

R. Plyatsko, M. Fenyk, Highly relativistic spin-gravity coupling
for fermions. Phys. Rev. D, vol. 91, 064033 (2015).

R. Plyatsko, M. Fenyk, and O. Stefanyshyn, Solutions of
Mathisson-Papapetrou Equations for Highly Relativistic
Spinning Particles [In book: Equations of Motion in Relativistic
Gravity, (Springer, 2015), Chapter IV].

R. Plyatsko, M. Fenyk, Antigravity: Spin-gravity coupling in
action. Phys. Rev. D, vol. 94, 044047 (2016).

R. Plyatsko, M. Fenyk, and V. Panat, Highly relativistic
spin-gravity- A coupling. Phys. Rev. D, vol. 96, 064038 (2017).
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Conclusions

The Mathisson equations are an important source of knowledge
about basic properties of gravitational interactions in the highly
relativistic region.

Highly relativistic motions of a spinning particle in the
Schwarzschild, Schwarzschild-de Sitter, and Kerr backgrounds
give the new theoretical data concerning physical effects
following from general relativity. At the same time, it is useful
to take into account the corresponding results in the practical
high energy physics, astrophysics, and cosmology.
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