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Scalar field and vector field

Scalar field
AZ
flt,x,y1,2,)
fee — Af =0. (1)
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Vector field

z

A

o — AR =0,
8@52 — AE =0,
05 — AE3=0.
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PDE in spherical coordinate system

@ Square of line element in spherical coordinate system is
ds® = dt* — dr* — r*d6® — rsin® 0d¢°. 3
@ Scalar wave equation — single equation

&_ lg rzif + 1 2 Singif + 1 & =0
ot2 r2 or or r2sin6 00 09 r2sin20 092 )

(4)

@ Vector wave equation — coupled system of equations

2 .
8E,7C2 AE,*2E7 2 3( st) 2 8E¢):0,

ot? r2  r?sinf a0 "~ r2sinf 8¢

o2 2 2 OE, 2cosf OEy

Cl_(ar - 42 ) =0

821?2 ¢ ( r2sin? 9 te 80 r2sin26 0¢ ’

0°E, > E, 2 OE 2cosf O
—(aE, - == =0.

ot? ¢ ( 7 F2sin20 | r2sinf 0p = r2sin?0 0¢ 0

(5)
E(t, r,0,¢) = E.(t,r,0,9)F + 0+ Es(t,r,0, qﬁ)q@ — electric
field vector, c— speed of light in vacuum.
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The Kerr space-time

Rotating black hole space-time is described by Kerr metric, the square of line
element in Boyer-Lindquist coordinates is (geometrized units are used
¢ = G =1, G — gravitational constant)

.2
ds? = (1 - %Mr) dt® + WLzsmedtdqﬁ - %drz —Yde*—

_ (r2 +a°+ 72Mra;sin2 0) sin® 0d¢®,  (6)
M — black hole

mass parameter; a — angular momentum
per unit mass; ¥ = r? 4 a2 cos? 0;
A=r"—2Mr+a° = (r—r)(r—r),
where ri = M + v/ M2 — 32,
r-=M—+/M?— 22 r, tar_ are event

horizon and Cauchy horizon respectively.

Ergosphere
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Decoupling of equations in Newman-Penrose approach

@ In 1972 Teukolsky (Phys. Rev. Lett. 29 1972) by using NP approach has
obtained decoupled equations for > and g in Petrov type D space-time

DApz — 862 + (27 — 1) D2 + (2a — )bz — (2p + f + € — €) A+
+@r—7+a+0)dp2+(212p+p+e—Ey—22r—7T+a+8)+
+2(B+71)T—2(e+p)pp+20a—2Dy+ W) p2 =0; (7)

PAB — P20A0B — P10ALB — P1LAOB + YoltAalB — Maxwell spinor,

p2: w2 — C, p1: 1 — C, @o: po — C — components of pag in sninor
. . A A A A

dyad, 0a, ta basis spinors, 0at” =1, 1ta0” = —1, tat” = 0a0” =0;

r?+a? a oY
wa ~ r2—_2Mr+a? Bt + + r2—2Mr+.;12 %’
2\ 0 2\ O
A'l/] W((r +a)aqu ( 2/\/7I’+a)w+a ),

: o 610 i Oy
5w f(r+lacos€) (IaSInei + 50 T sir:@%) )

o) = ﬂi( /asm96d’ _|_7 - s.ée%)-

r—iacos0)

(8)
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Decoupling of equations in Newman-Penrose approach

1 r’ —2Mr + a°
@ p=—-—""— u=— - - >
r — iacosf 2(r + iacos )(r — iacosf)
(r* = 2Mr 4 2*)(r + iacos ) — (r — M)(r? + a* cos® )

2(r + iacos 0)2(r — iacos 6)? '

_(r+iacosf)cos —2ia , cosf _
2v/2sinf(r — iacos9)? ’ 2v/25sinO(r + iacosh)’
iasin 0 iasin @
— , m=————— — NP scalars,
V2(r 4 iacos 0)(r — iacos ) V2(r — iacos )2
v, = —.L — component of Weyl spinor.

(r — iacos9)3

@ In the Kerr space-time in Boyer-Lindquist coordinates decoupled equation
(M) is

(rP+a®)? 2.2 92y 2 1 Y
(rZ—ZMrJraz a s (9) otz ( 2Mr+a ) drz sin(0) db‘ (Sm(e) )b‘)
_ 1 _ a? 824 4Mar —M) _ icos(9)) oy
(sinz(ﬂ) r2—2Mr+az> Eral + r2—2Mr+a2 8t6¢> +2 <r2 2Mr+a2 sin2(0) | 9¢ +

2

+2 (7,2 (;,\;,i)z r—ia cos(6‘)> %‘t + (ctg?(0) + 1)y =0, (9)

¥ =p 2pa = (r — iacos0)*ps
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Separation of variables

Teukolsky use the method of separation of variables in the form:
Y =e ™ S(0)R(r), (10)

which gives following ODE's (equation for ¢2)

2 i(r— .
(2 —2Mr + a?) & (B + (KEGMIE — diwr - 2) R=0, (11)

. 2
sir]1-9 % (sm 9%) + (a2w2 cos2 0 — Sezg +2awcosf + % ‘;?:23 + A) S=0,
(12)

«where K = (r2 + az)w —amand A = A+ a%w? — 2amw. Equation (12), together with boundary
conditions of regularity at & = 0 and 7, constitutes a Sturm-Liouville eigenvalue problem for the
separation constant A =g Aml(aw). For fixed s, m, and aw, eigenvalues is labeled by |. The smallest
eigenvalue is | = max(|m|, |s|). From Sturm-Liouville theory, the eigenfunctions ,SI'" are complete and
orthogonal on 0 < 6 < 7 for each m, s, and aw. When s = 0, the eigenfunctions are the spheroidal
wave functions S,m(fazwz, cos ) (cf. Flammer 1957). When aw = 0, the eigenfunctions are the
spin-weighted spherical harmonics s Y} =5 S"",(G)e'.m¢, and A = (I — s)(/ + s + 1) (cf. Goldberg et al.
1967). In general case, we shall refer to the eigenfuctions as "spin-weighted spheroidal harmonics".

Numerical calculation of these functions and the corresponding eigenvalues is described-in Paper |1».
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One-way null Maxwell field

@ For obtaining solution in analytical form we consider algebraically special
Maxwell field (Wald 1973, Chandrasekhar 1984).

@ Let us choose the spin basis so that principal spinors aa Ta g of the
Maxwell spinor wag = c(aBg) are proportional to the principal spinor
va = 7104 of the Weyl spinor 9)agcp = y(av8dcdpy. Then spinor pas
takes the form
PAB = P20A0B. (13)
Maxwell field the form (13) we will call outgoing one-way null field
(outgoing OWN).

@ Maxwell tensor Fap = 2¢2l,mp) + 2@2 12 M.

@ The system of Maxwell equtions for outgoing OWN field is (in Petrov
type D spacetime)

DSOZ + (26 - p)@2 = Oa (14)
dp2 + (28 — T)p2 = —ja;

s AA . 4 .
J2 = Jaarl U, Jaar — 4-current spinor.
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General solution for OWN field in the Kerr spacetime

@ The system for outgoing OWN field (14) in Boyer-Lindquist coordinates
s (p2 = p2(t,r,0,9))

rzzaz awz Lpz + i% + r— Iacosng 0’
iasin 06‘” + 6“”2 + 55 6¢> + (ctg€—|— ria;:i2029> 02 = —/2(r + iacos 8)o.
(15)

@ Solution of the system (15) is

PR S— (eF“M’z) — \@/ij sin6’d9> : (16)

sin 6(r — iacos 0)

F (11, 12) is arbitrary function of integrals of the system (15)

¢1=t—r—MInA—\/%In<: ”)—I—lacosﬁ (17)

2= 2 in (=) —iln e, (18)
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General solution for algebraically special fields

@ V. O. Pelykh, Y. V. Taistra Class of general solutions of Maxwell
equations in Kerr space-time, Mathematical methods and
physicomechanical fields 59, 1, 2016.

@ J. Jezierski, T. Smolka A geometric description of Maxwell field in a Kerr
spacetime Class. Quant. Grav. 33, 2016.

@ P. P. Fiziev Classes of exact solutions to the TME, Class. Quantum Grav.
27 2010.

@ S. Chandrasekhar On Algebraically Special Perturbations of Black Holes,
Proc. R. Soc. Lond. A 392, 1984.

@ G. F. Torres del Castillo 3-D Spinors, Spin-Weighted Functions and their
Applications, Pr. in Math. Ph. 32, 2003.
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Separation of variables for OWN field

@ Let us consider the homogeneous system (15) and let us rewrite it for
function 1(t, r,0,¢) = sin0(r — iacos 0)pa(t, r, 0, $)"

rP+aoy oy ady

e

A Ot A D

iasinea—w+8fw+7@ 0 (19)
ot 09  sinf ¢ ’

@ We are finding the solution of (19) in the form
U(t,r,0,0) = ™ R(r)S(H). The following system of ODE'’s is
obtained
2, .2
/ . r-+a . a _
R+ (Iwr2—2Mr+a2 +lmr2—2Mr+a2) R(r) =0, (20)
/ . m _
S'(6) + <ctg0 — awsinf — @) S(6) = 0.

V. 0. Pelykh, Y. V. Taistra Acta Ph. Pol. B Proc.. Suppl. 10; 2, 2017.
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Solution with separable variables

@ Solution with separable variables is

C Caweoso (1 — cost9)'"><

wa(t,r0,9) = sinO(r — iacos ) sin™ 6

e |\ . r—ry
) im0 iz =)

r=r— r—r

. M2
% elw(tfrfMInAf T2 In

;o (21)
wER, meZ.

@ It is outgoing wave solution with singularities on the axis of rotation
(6=0,60=m).
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Interaction of angular mom. of Maxwell field with Kerr BH

@ The phase of wave solution (21) is (red is Schwarzshcild logarithmic
phase term, blue - Kerr phase term)

q§:m¢+w<t—r—2M|n‘r72M+§+

2 2 2 _ 42
+MIn 17&+17M|n‘17 2VM® — a ) (22)
r r2 2wy M2 — 32 r— M4+ M2 — 32

@ A critical point that is found as solution of equation 8¢~>/8r =0is

— ]2 _ e 2
rer. R (23)

@ If we require that such point lies out of the horizon
fer. > Iy (24)

then the wave is outgoing in the region (rer., 00) and ingoing in the region
(r+, rer.). Condition (24) coincides with superradiant condition?.

2Teukolsky 1973, Starobinskii, Churilov 1973.
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Polarization

@ To obtain electric vector let us go to locally orthogonal frame
Y2 = _Ei - iEé? (25)

electric vector components E; and E; are
. ~ c1r — cxacosf
E; = \/QA\/fsm (gb — arctgm) ) (26)
E; = \/QA\/fsin ((;3 - arctgw + E) ) (27)

cor + ciacosf 2

(1 — cos O)m e~ aw cos 6
sin™19(r2 + a2 cos?2 §)’

@ The square of electric vector is

A=

—2aw cos O 2
e 1 cosf
? 2 2 2 2 - . 28
E1 + E5 = |(p2| = (Cl CZ)SinZ 9(,,2 a2 cos? 0) sin 6 ( )
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Polarization

@ w > 0 — right circular pol. Azo
(RCP), w < 0 — left circular pol. (LCP).
@ Amplitude of RCP wave N
\E;
AR ~ e “R cos 0 (29)

and LCP

AL ~ eaw,_ cos@7 (30)

WR,WL € R+.
@ We expect the effect of suppresion

“E,
of RCP in northern hemisphere (6 = 0)
and LCP in southern hemisphere (6 = 7). a
y
al = 2.992 - 10%*. (Bl) 4
X0
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Exact polarization formula in wave optics

@ Rotation of polarization angle

A +Ad_|_acos€A A2d
® = arctan 2C1 12_ ! acosg( fcz 12' 2) (32)
ARC2 + ALd2 + f(ARC1 — A,_dl)
1 1—cosf\™ eTwacos?
ALr=—
T ( sin 6 ) r? 4+ a2 cos? 6 (33)
@ In high frequency limit and ¢c; =0
® = —arctan (aci>59> . (34)

M
® G. Skrotskii (1957): A® =372,

N. Balasz (1958), J. Plebanski (1960),
M

Pinault, Roeder (1977):A¢ = 23—2,
p

M M
I. Dymnikova (1987): A® = 2arctan <%> cos = 23—,

2

3aM
M. Abyshev (2008): Ad = 3— abo A® = 422
p2

@ The exact analysis to the polarlzatlon of the X-rays from type AGN and
BH becomes possible thanks to XTP and eXTP missions.
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@ The problem of electromagnetic perturbation in the Kerr spacetime still
remains complicated and usually is solved by numerical and approximate
methods.

@ Consideration of OWN field gives partial solution in analytic form

C —aw cos 6 (1 — cos e)m X
sin 6(r — iacos ) sin™ 6

% eiw(tfrfMlnAfﬁln(:::t))+im(¢7m/ﬁln<%>>. (35)

902(1’7 r, 67 ¢) =

@ Solution has coordinate dependent singularities at § = 0, 7. We expect to
find physical effects of Maxwell and Kerr field interaction beyond these
these points.

@ Solution describes free electormagnetic waves with right (w > 0) and left
(w < 0) circular polarization.

@ Outgoing Maxwell field with its own angular momentum interacts with
Kerr black hole angular momentum. When re,. > ry holds (superradiant
condition) such field is ingoing in (ry, rer.) and outgoing in (rer., 00).
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