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Quantum Gravity and String Field Theory

Classical General Relativity Derived from Quantum Gravity

Boulware and Deser, Ann. Phys. 89 (1975):

“A quantum particle description of local (noncosmological) gravitational
phenomena necessarily leads to a classical limit which is just a metric
theory of gravity. As long as only helicity +2 gravitons are included, the
theory is precisely Einsteins general relativity.”

v

Closed String Field Theory

Closed string theory contains massless spin 2 particles in its spectrum. The
low energy limit of the covariant interacting closed string field theory must
be the Einstein’s general relativity. The closed string field theory may
provide a consistent framework to describe a finite quantum theory of the
spin 2 particles, the gravitons. We need to examine the graviton scattering
amplitudes of the covariant string field theory and compare them with
those of the perturbation theory of the gravity in the low energy region.

Taejin Lee (KNU) 4th Conf. of Polish Soc. on Relativity Sep. 26, 2017 3/26



String Field Theory in the Proper-Time Gauge

[. Open string field theory in the proper-time gauge

We constructed a covariant string field theory on Dp-branes, and
calculated three-string scattering amplitude and the four-string scattering
amplitude in the low energy limit.

TL, Phys. Lett. B 768, 248 (2017); arXiv:1609.01473;

arXiv:1703.06402, to be published in PLB.

S. H. Lai, J. C. Lee, Y. Yang and TL, arXiv:1706.08025, to be published in
JHEP.
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The Proper-Time Gauge

@ The length parameters are fixed by using the reparametrization
invariance: For three-string vertex, a1 = ap =1, ap = —2

@ The length parameters are written in trms of the two dimensional
metric on the string world sheet.

@ The BRST invariance guarantees that the physical S-matrix does not

depend on the length parameters.

e TL, String theory in covariant gauge, unpublished (1987) ;
Ann. Phys. 183, 191 (1988) .

String in the proper-time gauge
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Closed String Field Theory in the Proper-Time Gauge

[I. Closed string field theory in the proper-time gauge

We will construct a covariant string field theory and calculate three-string
scattering amplitude and the four-string scattering amplitude in the low
energy limit by extending the previous works on the open string field

theory.
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Fock Space Representation of
the Closed String Field Theory in the Proper-Time Gauge

Closed String Field Theory in the Proper-Time Gauge

S = (BKD)+ % <<q>\¢ 0 ®) + (®o ¢|¢>> .

The closed string field theory in the proper-time gauge generates the string
scattering diagrams, which can be represented by the Polyakov string path
integrals:

1

B 3 oOXH OXY
4oy

SP = Do 50_3 Nuv

/deO’\/hha w,v=0,...,d—1.
M

String Scattering Amplitudes

Ay = / D[X]D[h] exp [—i /M dea,c].
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String Scattering Amplitudes of Closed String Field Theory
and Polyakov String Path Integral

Strategy of Calculation of String Scattering Amplitudes

© Construct the covariant closed string field theory

@ Rewrite the scattering amplitudes generated by the closed string field
theory by using the Polyakov string path integral

© Re-express the Polakov string path integrals in terms of the oscillator
operators

© Identify the Fock space (operator) representations of the string field
theory vertices

© Choose appropriate external string states, corresponding to the
various particles and evaluate the scattering amplitudes.

Taejin Lee (KNU) 4th Conf. of Polish Soc. on Relativity Sep. 26, 2017 8 /26



Closed String Theory: Review

Free String Theory

51/d7d08X'8X.

e
Decomposition of X in terms of left-movers and right-movers
X(1,0) = X(T 4+ 0) + Xg(T — 0).

Mode expansions

Xi(r,0) = i+ Sprto)+iy LS Zaneinrro)
L\ L 2 L 2 n n ;

n#0
Xp(r,0) = x +\/g/ (r — )+i\/ﬁlzl"ef""(?”)
R\T,0 - R 2PR7' o 2 7é0nan )
n

where x = x| + xg.
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Closed String Theory: Review

Canonical commutation relations
e
[XRa PR] =1 57

[m,an] = [@m,dn] = md(m+ n).

Momentum eigentate with eigenvalue P, n # 0:

1 Py P_n,a_p, a_,a_, P,-P_,
Py = \/exp{< + — — )}|0>
™n n n n 4n

Mapping from cylindrical surface onto the complex plane

[xc, pi]

z=e’ =t _p<p<n
Green's function on complex plane (¢ > &), A =1[£ —¢/|,

Ge(z,Z)) = In|z—Z
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Closed String Interaction in the Proper Time Gauge

CS mapping from the world sheet of three closed string scattering onto the
complex plane. For the three-string vertex in the proper-time gauge,

p=In(z=1)+Inz.

The local coo vrdinates ¢, = &, + in,, r = 1,2, 3 defined on invidual string
world sheet patches are related to z as follows:

1
-G — LT
¢ ¢ z(z—-1)’
1
- a7
¢ ¢ z(z—1)’
e = _e7? z(z—1).

For convenience we choose, by using SL(2, C) invariance

21:07 22:1, Z3:OO.
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Local Coordinates

p:'[-+-i(y p=’C+iG
A2n i : 0 27 - :AO
I n I
] | L& | ,
° T : n3 C‘3 —TT i ’ C3
X T: &t l
0 ol v® \ 40 A
To To
T > T >
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Neumann Functions of the Closed String Vertices

Fourier components of the Green’s function on complex plane
Gelprps) = Inlz — 24|

= 0 {Z GQZA (ein(né—nr) + e—in(né—nr)) — max(g,g')}

n=1

+ § : Crs elnl&rtimiés ginir gimn;

n,m
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s
Integral Formulas for C

~rs
COO

rr
COO

~rs
n0

~rs
Cnm

In|Z, — Zs|, r#s,
—Z—In|Z Z|+—T(§f)
i#r ar

COn_

1 dZ 1 _”C()
az oz >1
on 27riz—Zse » A=

1 oG (2)-mC(2')
- r s > 1
2nm 27r17{ 27i (z — 2') 2 o mim=

Reality conditions of the Green's function

Crs =C*s  C* =0, nm>1.

n—m» —nm
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Scattering Amplitude of Three Strings

Scattering amplitude

W o= /DXexp( Z/ ) X(rr, )da—/deo*ﬁ)

LR P PSR STt

r n=1

n,m

+Z Crs e|n|§,+\m|£sP(r) P(S) }

= (Plexp (Z&Lg)> [VIND).
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Neumann Functions of Three-Closed-String Vertex

Neumann functions of three-closed string vertex and those of
three-open string vertex:

G = NE=In|Z —Zl|, r+#s,

- 1
& = Np=-3Smiz - Zl+ m,
i#r r
_ - 1- 1 dz 1
s _ rs o _ s — He —n¢r(2) >1
0 =0 = 0 = on f, 2miz— Z,© M=
C.r:fn = Cisn m — §er;fn
1 G (2)-mCl(2')
e _— r s > 1
2nm 271'1?{27rlz—22 p M=t
Egim = Cisnm - 0
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Factorization of Three-Closed-String Scattering Amplitude

AL2,3] = g({k"}]

NG NG O ()
ol (s ot et )

r,s nm>1 n>1
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Factorization of Three-Closed-String Scattering Amplitude

Factorization of three-closed-string scattering amplitude

-Aclosed[]-7 2a 3] = Aopen[la 25 3] «Aopen[]-7 27 3]

Scattering amplitude of three closed strings can be completely factorized
into those of three open strings except for the zero modes.

Question: Can we factorize general closed string scattering

amplitudes into those of open string theory?

Realization of the Kawai-Lewellen-Tye (KLT) relations in the framework of
the second quantized string theory .
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Three-Graviton Scattering Amplitude

Decomposition of the spin-2 field into graviton, anti-symmetric tensor, and
scalar field

1 1 1 1
By = {EMW+WW)—W%ﬁ%}+{§MW—hW&+mW{EWJM
We choose the covariant gauge condition
0"h =0,
which becomes de Donder gauge condition for the graviton

1
- A Vhoa = V.
g—2" 0

For three-graviton scattering, we choose the external string state as

0" by —

|w3<;>=f[{h P61 10).

r=1
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Three-Graviton Scattering Amplitude

Three-graviton scattering amplitude

3 3
r r 2
A[3—graviton] = /H dp( )5 <Z P( )> ?g <WSG’E[§iosed[1> 2, 3]|0>
r=1 r=1
2 20T 2 [T a5 (S o)
? e r=1 o /H dp 6 Z p
CRNCREN I R Do e
i=1 r,s=1
3 1 3 |
Iy t nim~ ~\m
(S o) 5 g
t=1
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Three-Graviton Scattering Amplitude

We note that Az_graviton) Can be written also as

2\ 1 (1T 0005 (3= o0
A[’o’—graviton] = ? ? H dp‘'’é Z p
i=1 i=1
: Ny 5(1) () 0 0
(0] {H th(p(I))all . 51: V} E[3pec?auge] E[3pe£auge]!0>‘

Making use of the Neumann functions of the open string

1 — 1 —
M= g W= M-

— 1 1 1
N1112 = N1211 = ?7 N11 = N11 = 5: N11 = N11 = 57
_ _ 1 _
NG = Nf:z, NG = -1,
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Three-Graviton Scattering Amplitude

We are able evaluate the three-graviton interaction term as follows

Ao = <2g> <25> / Hdp (gpm)

By (PM) iy, (PP )hum(P %)
{_271477#1/»12')#3 + 2%77/»‘1#3[)#2 + %n

1 1 1
—?77“2“1 pHs + ﬁnusmpuz + ﬁnuauzpm}

213 1
123

V2v3 o V1

1 1
gnw& p”2 + =

_27];]’771121/1':)1’3 _'_ %UV3VIPV2 + 2%771/31/2')1/1}.

1
{ P TUA s Ui
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Three-Graviton Scattering Amplitude

A[3—graviton] 1S precisely the three-graviton interaction term which may be
obtained from the Einstein’s gravity action.

3 3
A[3*graviton] = /Q/Hdp(’)(s (Z P(I)>
i=1 i=1

hpyun (P (1))hu2V2( (2))hu3V3( (3))
{77#1#2 Y3 + pHersp (2)M1+n#3u1 (3)M2}

771/11/2 1)1/3+771/2V3 (2)1 +77V3l/1 (3)1/2}

where & 2L V327 Gyo.
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Scattering Amplitude of Four Strings

Using the Cremmer-Gervais identity, we may write the scattering
amplitude of four closed strings as follows

Z,— Zpl21Zy — Z. |2 Z. — Z,|?
AL,2.3.4] — /H 472\ %= Zo%1Z0 — ZeP| |

d?Z,d?Z,d?Z,
(r) p(s)
H |Z, — Z|? 7

2
o))
() (%)
r<s r<s
<{k<’>}|exp{12 > (C“ W at - a a(nr”‘“%”>
r,s nym>1

(s) (s)
rs ~(f)T P rsx (f)T p
o3 (S(eant el )
1 (1(p 2
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Shapiro-Virasoro Amplitude

Scattering of four closed string tachyons

(1) p(2) 2 ,3)
ATachyon[1a2a3a4] = g2/dZZ|Z’2p2.pZ|1—Z‘2p2'pz

= g2/d22|2|2(—§—2)|1_2\2(—5—2)

T(-1-Fr(-1-§r(-1-%)
r+5)re+5r+y

= 2rg

Mandelstam variables:
_ 2 _ 2 _ 2
s=—(p1+p2)°, t=—(pt+p3), u=—(p1+ps).
The Koba-Nielsen variables:

21:0, ZQZZ, Z:J,:l7 Z4:OO.
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Conclusions and Discussions

o

Construction of covariant closed string field theory in the proper-time
gauge.

Neuman functions and Fock space representations of closed string
vertices.

Scattering amplitude of three closed strings.
Complete factorization of three-closed-string amplitudes.

Three-graviton scattering and its relation to the three-gauge-particle
scattering.

Generalized Kawai-Lewellen-Tye (KLT) relations.
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