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The paper GRG (1978) contains formulation of variational principle
leading to the formula firstly presented at MG meeting (1990) and
then full analysis is given in GRG (1998).

The metod has been applied to several topics like
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The paper GRG (1978) contains formulation of variational principle
leading to the formula firstly presented at MG meeting (1990) and
then full analysis is given in GRG (1998).

The metod has been applied to several topics like

@ Energy positivity theorem
@ Bondi mass

@ Thermodynamics of black holes
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The paper GRG (1978) contains formulation of variational principle
leading to the formula firstly presented at MG meeting (1990) and
then full analysis is given in GRG (1998).

The metod has been applied to several topics like

@ Energy positivity theorem

Bondi mass

Thermodynamics of black holes
aAdS symplectic structure on scri

Linearized gravity

Initial-boundary problem in GR
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Simple examples — other theories

scalar field

0 [ (g~ pom) + M)+ [ o, J
Vv ov
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Simple examples — other theories

scalar field
0 [ (g~ pom) + M)+ [ o, J
1% oV
Maxwell field
o:/ (bchAk—AkéDk) +57—L+/ AeD® + [ F3BsAg, J
Jv Jov Jov

where

_ 1
H o= / (AdhD* + DH(Aso — Ag) — L) = 2/(D2+|32)
v v
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Homogeneous formula

Time-like vector-field X = Jy, variational formula proved by
Kijowski in dimension 3 + 1, for a Lorentzian metric interacting
with a matter field ¢:

I R A Y Sy 1/' .
0 = > V(P 8k — &rioP )Jr,y av()\éa adA)
1
4+ (2v6Q — 20v46Qa + vQBogas) (1)
27y Jov

+/ (/5590—9'95/3)+/ pip
JV JovVv

v = 8m, g and PX describe gravitational Cauchy data on V, ¢ and p
represent the matter fields, if any. Q’s describe various components of
the extrinsic curvature of the world tube 99, whereas v, v, and gag
encode the metric induced on 99 using an (2 4+ 1) decomposition.

A = /det gap is the volume form on OV whereas o denotes the
hyperbolic angle between V and 0.
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In Differential geometry and its applications (Opava, 2001) the
formula was generalized to the case when X is spacelike. Next, in
Phys. Rev. D 70 (2004), 124010, arXiv:gr-qc/0412042 the field
was allowed to be null-like. Finally, it has been pointed out in
Phys. Rev. D87 (2013), 124015, arXiv:1305.1014 [gr-qc] that the
formula remains true for vacuum metrics, possibly with a
cosmological constant, in any space-dimension n > 2, with a
constant v which depends upon dimension.
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Full generality

The above equation appears in the most general form in
Phys. Rev. D92 (2015), 084030, arXiv:1507.03868v1 [gr-qc]
one obtains the variational formula for a general vector field
X = X080 +Y:
0= / (ﬁxgk/5pkl — Lx Pkl5gk/>
Vv
+2/ (Lx0g,06 X — Lxog,Aocx)
ov

— / X°(2v6Q — 2046Qa + vQ*Bigas)
JovV

- / (2Y"(5P"k - Y”Pk’égk,)
ov
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Theorem
Field dynamics in a four-dimensional region O is equivalent to

1
5/L:—/ gk[5”kl,
(o) 167T 00

where gy is the three-dimensional metric induced on the boundary
00 by gy, and I is the extrinsic curvature (in A.D.M. densitized
form) of 00.

shows the universality of the symplectic structure:

Sk A 0g -
00
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AdS

In the case of AdS metric
. I? 14+ 22\? _ 1—22\?
fras = [cjlz2 — < 5 ) de? + ( 5 ) dQ,

we have

~ V4
8ads = Q2gAds, where € := 7 .

Cosmological constant A = —3//?
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asymptotic AdS

Our four-dimensional asymptotic AdS spacetime metric § assumes
in canonical coordinates! the following form:

/2
g = Gudz" ©dz2" = 5 (2@ dz+ hpdz? ©dz%)  (3)

and the three-metric h obeys the following asymptotic condition:

(0) ()
h=hypdz? @dz? = h + 22 h + 23y + O(z%). (4)

The term x vanishes for the pure AdS given by (2). Moreover, the
(0) (2)
terms h and A have the standard form

0 2
. %(sz _ap) B - —%(dﬂg +dB).

!Sometimes it is called Fefferman-Graham coordinate system.
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AdS

In our case a boundary data on S consists of the three-metric hap
and canonical A.D.M. momentum Q2 which is related with
extrinsic curvature K, in the usual way:

Qo = V—h (Rab - /;Cdkcd/;ab> :

Conformal rescaling of the three-metric and extrinsic curvature

T -2 7 r3b —1 1
hab:Q haba Kab:_$:Q Kab_;hab

/ h33
enables one to analyze the symplectic structure as follows:
F’abééab = 9 (Flabéab> - éabé'/;ab

=0 <773b©ab) + Qaph?P. (5)
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AdS

In particular, (5) implies
/5BabA5Qab = / §Qap A SHP.
S S
Moreover,

- - 2
Q.p0h™ = Q72/—h ( ab = —hap = chhab) 5hP (6)
_ 403t TOV=h+ Q" 2/"h ( ab—thKthab) Sheb .

With the help of standard variational identitites:

0V—h= %\/Thh"%ham ORap(h) = 0T apjc = 0T ol

5 (\/ThR(h)> = V=h (Rab - 1habR> 5h? (7)
+0, [F (habarcab hacarbab)] ,
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we analyze the singular part of (6) as follows:

I 1 1
sing(Q.p0h??) = 6 <4Q‘3/\/—h) +V-hQ %z (Rab - 2habh°d72cd) Shb

%5 {4973\/ —h+ Q72 —hR} + full divergence (8)

which is a full variation up to boundary terms.

. . / (0) 0) ()
Iim/ 85Qup NOR?P = 3/2/ 5[ —det h (Xab— habxcc)] NN Rt
Se 2

e—0

(0)
:/ ST NG h b, (9)J
B2

where S, := {z = x3 = ¢} is a tube close to infinity,
symplectic structure (9) on conformal boundary consists of the

(0) (0) (0)
metric h ., and momenta 72 := 3/2\/ —det h <ch hab — Xab>.
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Linearized gravity

The 6 dynamical, second order equations can be written as the
system of 12 first order equations:

. A
Pu=—Neu+ 5 (hoow - nklhoo""m) (10)

. 1
i = 2N (P — 577k/P) + hok|s + hoijk (11)

: 1
Emk :=0Rmk = 0 6Rminj = E(hi"'”‘ + hf(‘,m — h\mk*hmk“/)

V/det nmnBjj = Pye’;
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Both Ex and By are symmetric and traceless.

EKy) =0 (12)
B¥, = 0 (13)
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Linearized gravity

The constraint equations can be written as follows
P¥ =0 (14)

Wy — A% =0 (15)

Equations (14) and (15) are called the vector constraint and the
scalar constraint respectively.
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The gauge splits into its time-like component &p:
NPy — NPy — Eopua + i€ ™ m
and a 3 dimensional gauge &:

hir — i + g+ Ewi

The Cauchy data (g, P¥') in V are equivalent with (g, ﬁkI) if
they can be related by the gauge transformation with £, vanishing
on dV. The evolution of canonical variables P and hy given by
equations (10 - 11) is not unique unless the lapse function (h%)
and the shift vector (h%;) are specified. The dynamics contains
however the gauge-invariant sector which does not depend upon
the choice of the lapse and the shift.
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P&h

X = 2XkXIEk/ y y = 2XkXIBk/ .

A
o hO _ hO mn 5hkl: 1
/S(r) > ( olki — Tki PojmnTl ) (16)

—103 / Ah3 36H + A/785(x — V¥ —H)
2 S(r) ’ r
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P&h

polar part of/ AEgShH =
S(r)

%(5/ Az {x(A+2)"'x — 3(rx) A" (A +2)7105(rx) } +
s(n '

A1l
83/ = [ 5M%(A +2)710 (x = W) +rd3(r) ATHA +2) 71 (r X 1)
sin |2 —
2K
1
axial part of/ ANEoh = 76/ Ny A™H(A +2) ooy
5(r) 2 Js(r)

A
+33/S( ) ) [(fz’fACCSXAB||BC)A71(A + 2)71(f280Y)]
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hé P

/ ho P =
S

(r
51/ Mly-o)ty + Zos(2y)at(a + 2)2os(ry)
2 S(r) r2 r2
+AFxAH(A +2) " dox}

1.
+0s / |:/\h0A||BEAB(—A)_15y+2Hr5P33]
S(r)

+33/ [(ATIX = rPx?B  ag) AHA +2)715(rQ)]
S(r)
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Linearized gravity

Energy functional H takes the following form in Minkowski
spacetime:

Ho= o (507 (@ 42750 + (9)ATH (8 +2) 1) +
+ (rx),3A_1(A + 2)_1(rx)’3 —x(A+ 2)_1X + (17)

+(ry) sA7HA +2)7Hry) s — y(A + 2)_1y} dr sin BdAdy

1

0=—
167'(' b

<P"’(5hk, _ hk,éPk’) L OH ’
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Linearized gravity

The following formula describes the true energy of linearized
gravitational field:

167H = /(E"’b( A)‘lEab+Bab(—A)‘1Bab)

L [FRRE) @),

axld =7 x|

It is manifestly covariant with respect to the Euclidean group.

In the future we also plan to incorporate boundary terms because
we want to generalize the above formulae to finite region with
boundary.
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For localized data H = H.
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Final remarks

@ In full gravity the Hamiltonian is always a boundary term
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Final remarks

@ In full gravity the Hamiltonian is always a boundary term

@ In linearized gravity the control data is rigid when the volume
is a ball
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Final remarks

@ In full gravity the Hamiltonian is always a boundary term

@ In linearized gravity the control data is rigid when the volume
is a ball

@ The method should be generalized in the future to generic
volume
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Final remarks

@ In full gravity the Hamiltonian is always a boundary term

@ In linearized gravity the control data is rigid when the volume
is a ball

@ The method should be generalized in the future to generic
volume

@ How to choose a boundary? The concept of rigid or round
sphere.

@ Problem of division boundary data into charges (mono-dipole
part) and wave data

@ Relation between quasi-local formulas in full and linearized
gravity: test for quasi-local mass.
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